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I.  TECHNICAL  DISCUSSION 


The  work  performed  by  Science  Applications  International  Corporation 
(SAIC)  on  this  contract,  "Laboratory  Plasma  Studies,"  Contract  Number 
N00014-89-C-21 1 1,  SAIC  Project  Number  01-0157-13-0988,  encompasses  a 
wide  range  of  topics  in  experimental,  computational,  and  analytical  laboratory 
plasma  physics.  The  accomplishments  described  in  this  report  were  in  support 
of  the  programs  of  the  Beam  Physics  Branch  (Code  6790)  and  the  Plasma 
Physics  Division  of  the  Naval  Research  Laboratory  (NRL)  and  cover  the  period 
25  March  1989  to  30  September  1993.  In  the  following  subsections  we  will 
describe  each  of  the  topics  investigated  and  the  results  obtained.  Much  of  the 
research  work  has  resulted  in  journal  publications  and  NRL  Memorandum 
Reports  in  which  the  investigation  is  described  in  detail.  These  reports  are 
included  as  Appendices  to  this  Final  Report. 

A.  NIKE  KrF  Laser  Support 

SAIC  scientists  and  engineers  have  played  a  major  role  in  supporting  the 
design,  construction,  and  testing  of  the  Krypton  Fluoride  Laser  (NIKE)  Facility 
at  NRL.  This  effort  has  also  been  supported  by  SAIC  consultatns:  Mr.  Orville 
Barr  of  Pharos  Technical  Enterprises,  Drs.  Alex  Velikovich,  Avraham  Bar 
Shalom,  and  Nicholas  Krall.  When  completed  NIKE  will  produce  intensities  in 
excess  of  2  x  1014  Watts/cm2  on  flat  foils  for  laser  plasma  experiments  related 
to  direct  drive  inertial  confinement  fusion.  The  primary  goal  of  NIKE  is  to 
produce  uniform,  high  intensity  illumination  on  target,  with  a  goal  of  less  than 
2%  RMS  distortion  in  the  desired  focal  profile.  During  the  past  year  we 
achieved  a  major  milestone,  demonstrating  the  required  uniformity  with  the 
penultimate  laser  amplifier  in  the  NIKE  system.  To  our  knowledge,  this  is  the 
most  uniform  laser  illumination  ever  produced.  Additionally,  this  laser 
produced  the  120  Joules  required  to  drive  the  final  amplifier  stage,  which  will 
eventually  produce  greater  than  5  kJ  of  output.  If  the  focal  profile  uniformity 
can  be  maintained  (and  all  indications  are  that  it  will)  NIKE  will  be  the  first 
laser  to  meet  the  theoretically  predicted  intensity  uniformity  requirements  of 
direct  drive  ICF. 
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SAIC’s  responsibility  has  been  the  design,  specification,  testing  and 
implementation  of  the  optical/optomechanical  system.  A  large  portion  of  the 
optical  paper  design  was  previously  completed  by  R  Lehmberg  of  NRL.  Details 
of  the  laser  front  end  were  completed  by  SAIC  in  collaboration  with  S. 
Obenschain  of  NRL.  Optical  components  then  had  to  be  specified  and  procured 
to  assure  that  the  system  would  be  true  to  the  design.  This  procurement  is 
nearing  completion.  Approximately  two-thirds  of  the  optical  system  is  in 
operation  and  recently  we  have  demonstrated  seven  times  diffraction  limited 
performance  at  248  nm.  This  is  in  excellent  agreement  with  predictions  from 
the  optical  design  codes.  The  remainder  of  the  components  to  complete  the 
optical  system  are  now  arriving  and  being  tested. 

Optomechanical  design  required  stable  mounts  that  do  not  distort  the 
optics.  Because  of  the  large  number  of  optics  components  in  the  system  (~ 
350)  it  was  also  required  that  these  mounts  be  inexpensive.  Mounts  for  each 
optical  component  were  designed,  prototyped,  and  tested  before  large 
quantities  were  made.  All  of  these  mounts  have  met  the  stability  requirements 
and,  in  most  cases,  have  cost  less  than  originally  estimated.  In  conjunction 
with  mechanical  engineers,  SAIC  supervised  the  design  and  fabrication  of 
structures  for  mounting  large  numbers  of  individual  optics.  These  structures 
had  to  provide  rigid  mounting  to  reduce  vibration  of  optical  components.  They 
were  then  tested  to  assure  adequate  performance  as  they  were  delivered. 

The  majority  of  work  has  involved  characterization,  modification  and 
operation  of  the  laser  system.  Diagnostics  have  been  developed  and  added  to 
the  system  as  required  for  laser  beam  characterization.  SAIC  has  made 
significant  changes  to  the  laser  oscillator,  which  improved  overall  system 
performance  and  was  crucial  to  attaining  the  high  energy  uniform  focal  profiles 
mentioned  above.  The  laser  is  beginning  to  operate  on  a  routine  basis  and 
SAIC  personnel  continue  to  be  involved  in  planning  and  performing 
experiments. 

The  following  specific  contributions  are  described  below. 

NIKE  laser  oscillator  and  focal  profile  diagnostics  SAIC  collaborated 
with  Steve  Obenschain  of  NRL  to  develop  and  test  two  methods  for  producing 
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uniform  laser  focal  profiles.  This  profile  is  to  be  amplified  and  used  to  perform 
flat-target  direct-drive  fusion  experiments,  which  require  a  very  uniform  profile. 
In  addition,  methods  to  attenuate  and  measure  the  focal  profile  with  high 
accuracy  were  developed  and  tested. 

The  first  method  involved  the  development  of  a  novel  oscillator 
configuration  with  large  angular  divergence.  It  is  described  in  a  paper  entitled, 
"A  KrF  oscillator  system  with  uniform  profiles,"  which  has  been  accepted  for 
publication.  The  proofs  are  included  as  Appendix  A  in  this  report.  The  paper 
also  describes  the  method  to  attenuate  the  beam  and  measure  the  focal  profile 
to  high  accuracy. 

The  second  method  involved  illuminating  a  Lambertian  diffuser  with 
spatially  incoherent  light  and  using  the  far-field  of  the  diffuser  as  the  uniform 
profile.  This  is  presently  installed  in  the  NIKE  laser. 

Pulse  slicing  Another  important  milestone  was  completed  by  SAIC  as 
follows.  We  sliced  a  4  ns  pulse  out  of  the  30  ns  oscillator  output.  We  used  two 
Pockels  cells  in  series  between  crossed  polarizers.  With  a  60  times  diffraction 
limited  beam,  we  were  able  to  obtain  an  energy  contrast  of  3000:1.  We 
determined  that  the  pulse  slicing  system  did  not  appreciably  distort  the  beam. 
We  were  also  able  to  partially  compensate  for  the  stress-induced  birefringence 
of  the  crystal  by  imposing  a  low  electric  field  parallel  to  the  direction  of 
propagation  of  the  light.  The  NIKE  laser  will  deliver  a  4  ns  pulse  to  the  target. 
The  high  contrast  ratio  is  necessary  to  avoid  prepulse,  which  could  degrade  the 
laser  fusion  experiments. 

Laser  bandwidth  measurement  SAIC  measured  the  spectral  profile  of 
the  KrF  oscillator  with  a  grating  spectrometer  and  found  that  the  full  width  at 
the  half-maximum  points  is  0.3  nm.  With  an  echelle  spectrometer,  E.A. 
McLean  and  C.  Pawley  of  NRL  collaborated  with  SAIC  to  measure  the 
bandwidth  of  the  oscillator  at  various  stages  of  amplification  through  the  20  cm 
amplifier.  The  full  width  at  the  half-maximum  points  is  0.2  nm,  and  the 
bandwidth  decreases  as  the  beam  is  amplified.  The  RMS  deviation  of  the  focal 
profile  due  to  its  incoherence  is  (x/T)1/2,  where  x  is  the  laser  coherence  time, 
and  T  is  the  pulse  width.  Because  beam  uniformity  is  very  important  for  direct- 
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drive  laser  fusion,  it  is  important  to  know  the  bandwidth  when  optimizing  the 
laser  uniformity.  For  example,  if  it  is  necessary  to  get  a  smoother  focal  profile, 
one  could  broaden  the  bandwidth,  and  therefore  would  need  to  be  able  to 
monitor  the  bandwidth. 

Computerised  data  acquisition,  archival,  retrieval,  and  display  SAIC 
designed,  tested,  implemented,  and  used  a  computerized  data  acquisition 
system  using  IEEE-488  instruments  and  the  Unix  operating  system.  The 
system  allows  the  user  to  take  data  from  a  set  of  instruments  (cameras, 
oscilloscopes,  etc.),  and  Simultaneously  archive  and  display  the  data.  In 
addition,  the  data  can  be  retrieved  from  disk  for  later  analysis. 

The  archival  and  retrieval  software  is  written  in  ANSI  C,  and  runs  on 
SCO  Unix,  DEC  Ultrix,  and  SUNOS  4.1.  The  analysis  and  display  software  is 
written  in  Interactive  Data  Language  (IDL),  a  commercial  product  from 
Research  Systems,  Inc. 

SAIC  has  trained  various  members  of  the  NIKE  group  in  its  use.  It  is 
now  being  routinely  used  by  the  NIKE  group,  and  it  is  planned  to  be  used  for 
the  plasma  physics  experiments. 

Smooth  beam  amplification  SAIC  has  worked  with  NRL  personnel  to 
amplify  the  uniform  beam  through  the  20  cm  aperture  amplifier  (over  100  J  in 
4  ns).  The  results,  obtained  in  August  1993,  were  presented  by  Tom  Lehecka 
of  SAIC  at  the  APS  meeting.  The  abstract  follows: 

Production  of  Uniform  Laser  Illumination  with  the  NIKE  Laser.* 

T.  LEHECKA,  A.V.  DEN1Z,  J.  HARD  GROVE,  Science  Applications  International 
Corp„  S.E.  BODNER,  K.A.  GERBER,  R.H.  LEHMBERG,  E.A.  McLEAN,  S.P. 
OBENSCHAIN,  C.J.  PAWLEY,  M.S.  PRONKO,  J.D.  SETHIAN,  J.A.  STAMPER, 
Plasma  Physics  Division,  Naval  Research  Laboratory:  NIKE  is  a  KrF  laser  at 
the  Naval  Research  Laboratory  designed  to  produce  uniform  illumination  on 
flat  targets  for  hydrodynamic  and  laser  plasma  interaction  experiments.  The 
goals  for  NIKE  include  >  2  x  1014W/cm2  intensity  on  target  (>  2kJ,  4  ns,  600 

pm  diameter)  and  less  than  2%  RMS  fluence  nonuniformities.  Approximately 
one-half  of  the  fined  system  is  operational  and  is  currently  being  tested.  To 
date  we  have  produced  more  than  120  J  in  a  4  ns  pulse  with  4%  peak  to  valley 
linear  tilts  and  2%  RMS  deviation  from  a  flat  top  profile.  Modifications  are 
being  made  to  reduce  this  below  the  desired  2%  peak  to  valley  tilt  level. 
Experimental  results  and  future  plans  will  be  presented. 


•This  work  is  sponsored  by  the  U.S.  Department  of  Energy. 


Laser  beam  nonuniformity  effects  from  random  phase  distortion  and 
nonlinear  optical  processes  An  investigation  was  performed  in  collaboration 
with  NRL  scientists  to  determine  the  magnitude  of  laser  profile  distortion  due  to 
random  amplitude  and  phase  nonuniformities,  nonlinear  refraction,  and  self- 
seeded  stimulated  rotational  Raman  scattering.  The  investigation  included 
both  numerical  simulations  and  experimental  measurements.  This  was 
reported  at  the  SPIE  Conference  on  Laser  Coherence  Control:  Technology  and 
Applications,  January  1993  and  is  included  in  this  report  in  Appendix  B. 

A  number  of  earlier  papers,  posters,  or  talks  in  which  SAIC  participated 
include: 


"Design  and  Development  of  the  NIKE  20-cm  Aperture  KrF  Amplifier,"  a 
poster  presented  at  the  Conference  on  Lasers  and  Electro-Optics  (CLEO)  in 
Anaheim,  CA,  May  1990  (CWF45). 

"Production  of  Flat  KrF  Laser  Focal  Profiles  with  Echelon  Free-Induced 
Spatial  Incoherence,"  a  poster  presented  at  the  above  CLEO  Meeting  (CWF47). 

"Large  Aperture  Discharge  Excited  KrF  Laser  Amplifier  Development  for 
the  NIKE  Laser  Facility,"  a  paper  presented  at  the  above  CLEO  Meeting 
(CWG4). 

"Optomechanical  Considerations  for  the  NIKE  Laser,"  a  paper  presented 
at  the  KrF  Laser  Technology  Workshop  in  Banff,  Alberta,  Canada,  September 
1990. 


"Overview  of  the  NIKE  Laser  Facility,"  a  paper  presented  at  the  IAEA 
Technical  Committee  Meeting  on  Drivers  for  Inertial  Confinement  Fusion  in 
Osaka,  Japan,  April  1991. 

"Energy  Deposition  and  Extraction  from  the  NIKE  200  -cm  KrF 
Amplifier,”  a  poster  presented  May  1991  at  the  Conference  on  Lasers  and 
Electro-Optics  (CLEO)  in  Baltimore  (CWF43). 
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"NIKE  Laser  Optical  Design  and  Propagation  Issues."  a  paper  presented 
at  the  above  CLEO  Meeting  (CTUI5). 

"Production  of  Flat  KrF  Focal  Profiles  for  Laser  Fusion  Experiments,"  a 
paper  presented  at  the  above  CLEO  meeting  (CTUI6). 

"High  Fidelity  Amplification  of  Light  Using  Induced  Spatial  Incoherence 
for  Laser  Fusion,"  a  paper  presented  at  the  above  CLEO  Meeting,  May  1992,  in 
Anaheim,  CA  (CThI9). 

"Calculation  of  Focal  Spot  Distortion  in  the  NIKE  Laser,"  a  paper 
presented  at  the  above  CLEO  Meeting  (CFA2). 

"Overview  of  the  NIKE  KrF  Laser  Facility,"  a  paper  presented  at  the  Illrd 
Workshop  on  KrF  Laser  Technology  at  the  Rutherford  Appleton  Laboratory  in 
Great  Britain,  November  1992. 

"Effects  of  Random  Phase  Distortion  and  Non-Linear  Optical  Processes 
on  NIKE  Laser  Beam  Uniformity,"  a  paper  presented  at  the  above  Rutherford 
Appleton  Laboratory  Meeting. 

"The  NIKE  Optical  System,"  a  paper  presented  at  the  above  Rutherford 
Appleton  Laboratory  Meeting. 

"An  ISI  Oscillator  System  with  Uniform  Profiles,”  a  paper  presented  at  the 
above  Rutherford  Appleton  Laboratory  Meeting. 

"The  NIKE  KrF  Laser  Facility,"  a  paper  presented  at  the  Division  of 
Plasma  Physics  Meeting  of  the  American  Physical  Society,  November  1992  in 
Seattle,  WA. 

Mirror  control  system  SAIC  developed  a  mirror  control  system  for  the 
NIKE  laser  system;  the  system  controls  more  than  600  mirrors  from  a  PC 
located  in  the  NIKE  control  room.  The  system  was  required  to  involve  low 
power  consumption  for  low  heat  dissipation,  have  low  outgassing,  and  provide 
easy  user  operation.  A  stepper  motor  was  selected  for  our  linear  actuators  to 
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move  the  mirrors  along  the  X  and  Y  axes.  A  motor  driver  card  was  developed 
that  can  drive  8  motors  per  card  and  allows  for  multiple  cards  per  card  cage.  A 
card  cage  is  placed  at  each  mirror  array  location  in  the  propagation  bay  where 
it  performs  the  function  of  moving  the  stepper  motors  in  the  linear  actuators. 

In  addition  to  the  manual  control  an  automatic  system  was  developed  in 
which  a  camera  system  acquires  the  image  of  the  laser  beam,  calculates  the 
centroid  of  the  beam  and  determines  the  distance  required  to  move  the  beam  to 
the  center  of  the  mirror. 

An  active  damping  system  is  currently  being  developed  to  stabilize  the  20 
and  60  cm  mirrors  from  both  ground  vibration  and  large  movements  due  to  the 
effects  of  the  large  magnetic  fields  being  used  with  these  KrF  lasers.  Currently 
a  preliminary  prototype  has  been  developed  so  that  NRL  will  be  able  to  evaluate 
several  different  real  time  control  systems. 

Control  system  design  and  implementation  The  NIKE  laser's  controls 
are  implemented  in  split  system  consisting  of  a  Modicon  984-485 
programmable  logic  controller  (PLC)  executing  critical  control  logic  and  U.S. 
Data's  Factory  Link  graphical  operator  interface  running  on  a  PC. 

During  this  period  tasks  have  included  the  following,  among  others: 

Modification  and  expansion  of  the  oscillator  room  logic  and  interfaces. 

Control  of  the  60-cm  high-voltage  equipment. 

Control  of  the  60-cm  magnet  power  supply. 

Expansion  of  the  access  controls  to  include  the  alleyways  outside  the 

facility  and  motion  detectors  in  the  amplifier  room. 

Adding  data  recording  of  power-system  parameters  for  trouble-shooting 

support. 

Adding  the  third  operator  display  monitor. 
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Automating  the  log-in  process. 


All  changes  are  documented  and  backed-up.  Backups  are  kept  at  NIKE  and  at 
Pharos. 

There  have  been  a  few  minor  problems  to  resolve  during  this  period. 
Included  are  the  following: 

The  PC  for  FactoryLink  was  too  small  and  slow.  The  replacement  NRL 
provided  was  incompatible  with  our  hardware,  particularly  the  multiple  VGA 
display  adapters.  I  found  another  PC  that  met  all  requirements. 

FactoryLink  slowed  down  when  the  real-time  trending  displays  were 
added  for  the  operator,  to  the  point  that  it  could  not  sustain  the  desired  one- 
second  update  rate.  Some  tasks  were  moved  to  the  PLC,  the  priority  of  some 
tasks  was  adjusted,  and  the  earliest  parts  of  the  display  logic  were  generally 
cleaned  up  some.  The  display  update  is  now  reliably  once-per-second  again. 
More  cleanup  will  be  needed  as  the  controls  expand,  but  we  are  well  over  the 
hump  now. 

The  PLC's  remote  I/O  processor  in  the  amplifier  room  crashed  three 
times  with  failure  in  the  60-cm  high  voltage  system.  The  problem  was  traced  to 
an  unavoidable  ground  loop  in  an  18-inch  coaxial  cable  burled  in  our  cabinet. 
This  was  fixed  so  that  now  one  can  take  a  Tesla  coil  directly  to  this  coax  cable 
without  looking  up  the  processor,  although  there  is  about  a  3  percent  change 
causing  it  to  halt  for  about  one  second.  No  further  problems  caused  by  high- 
voltage  arcs  have  been  observed. 

The  PLC  ran  out  of  logic  memoiy  long  before  we  expected  it  to.  The 
problem  was  that  we  had  inadvertently  specified  the  wrong  memory  module  for 
it.  Modicon  shipped  us  the  correct  one  for  a  couple  of  hundred  dollars  and  the 
small  one  in  trade.  Now  the  PLC  memory  is  running  about  50-percent 
utilization. 

On-going  tasks  include  the  following: 

Integration  of  the  propagation  bay  into  the  safety  system. 


Addition  of  the  south  Marx  bank  on  the  60-cm  amplifier. 


Automation  of  gas  and  vacuum  controls  for  the  20-cm  and  60-cm 
amplifiers. 

Providing  an  integrated,  automatic  shot  sequencer,  including  interfacing 
with  the  data  acquisition  system. 

Switching  the  60-cm  amplifier  to  the  UVC  power  supply. 

Expansion  into  the  target  area. 

Supporting  on-going  installation  and  testing  of  laser  system  components 
and  subsystems. 

Target  area  controls  planning  Preliminary  plans  have  been  made  to 
extend  the  control  system's  tentacles  into  the  target  area.  These  should  gel 
quickly  as  the  target  area  construction  is  completed. 

Amplifier  magnet  construction,  installation,  and  testing  The  magnet 
coils  were  designed  about  three  years  ago.  During  this  period  they  were 
fabricated,  installed,  tested,  and  are  now  in  regular  use.  Tasks  included  the 
following: 

•  Inspecting  the  magnet  coils  often  during  fabrication  and  participating  in 
their  installation  and  testing. 

•  Designing  and  installing  the  power  supply  interface  to  the  control 
system. 

•  Analyzing  the  fabricator's  field  mapping  data  for  NRL. 

•  Reviewing  the  electrical  installation  for  proper  grounding. 

•  Calculating  and  measuring  power  line  distortion  caused  by  the  power 
supply.  As  a  result,  we  installed  various  constant  voltage  transformers 
and  back-up  power  supplies. 

Our  original  cooling  estimates  were  incorrect  and  thus  the  magnet's 
operation  is  limited  to  a  lower  duty  cycle  than  planned.  We  designed  an 
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improved  cooling  system,  but  the  duty-cycle  limitation  has  not  been  a  problem 
so  NRL  hasn't  installed  the  improved  system. 

The  power  supply  proved  sensitive  to  interference  from  the  adjacent  high 
voltage  equipment,  so  we  added  appropriate  shielding  and  filtering  to  solve  the 
problem. 

60-cm  amplifier  test  support  We  have  provided  as-needed  support 
throughout  the  installation  and  testing  of  the  60-cm  amplifier.  Included  are 
the  following: 

Designing  and  installing  most  of  the  control  interfaces. 

Trouble-shoohng  the  Physics  International  controls  and  correcting  the 
design  to  work  with  two  Marx  generators. 

Trouble-shooting  the  UVC  power  supply  when  it  failed.  We  found  five 
bad  solder  joints  and  several  failed  resistors,  but  UVC  eventually  traced  the 
problem  to  a  failed  high-voltage  capacitor. 

Helping  with  the  vacuum  system  and  just  about  everywhere  else  non¬ 
mechanical. 

Three  major  remaining  tasks  on  the  60-cm  amplifier  are  the  following: 

Bringing  up  the  UVC  power  supply  again,  since  it  has  been  repaired.  We 
expect  it  will  not  tolerate  the  power  line  notching  produced  by  the  magnet 
power  supply.  A  line  filter  for  it  does  not  look  economically  attractive. 
Remaining  alternatives  are  time-staggering  the  two  power  supplies  or  running 
in  separate  power  for  the  UVC  supply. 

Getting  the  vacuum  and  gas  controls  into  the  control  system. 

Bringing  up  the  south  Marx  generator.  We  have  redesigned  PI  controls 
so  they  will  function  properly  with  both  Marx  generators,  but  we  have  not  yet 
installed  the  changes. 
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Safety  We  provide  limited  safety  consulting  to  the  NIKE  project.  This 
activity  has  included  the  following: 

Review  of  class  3b  HeNe  laser  hazards, 

safety  walk-through, 

contracting  DOE  and  NASA  facilities  concerning  inert-gas-filled  spaces, 

and 


interviewing  potential  safety  consultants. 

The  second  and  last  items  are  continuing. 

Program  management  consultation  At  NRL's  request,  Orville  Barr  of 
Pharos  Technical  Enterprises  and  a  consultant  to  SAIC  served  as  an  outside 
reviewer  of  diy-runs  for  the  DOE  ICFAC  KrF  laser  program  review.  He  also 
attended  the  review.  Most  comments  were  provided  verbally,  but  one  written 
summary  also  was  provided.  He  provided  comments  on  plans  for  the  review, 
starting  several  months  before  the  actual  review  dates.  He  also  provided 
comments  on  NRL's  plans  for  an  earlier  (December  1992)  DOE  review  of  part  of 
LLNL's  ICG  program. 

Investigation  of  electron  deposition  and  kinetic  instability  in  an  e- 
beam-driven  KrF  laser  A  study  of  various  Monte  Carlo  treatments  of  e-beam 
deposition  was  completed.  In  addition  to  the  different  results  of  the  diverse 
models,  neglect  of  return  currents  due  to  boundary  conditions  or  electron 
density  buildup  was  investigated.  The  details  of  this  analysis  are  presented  in 
Appendix  C  of  this  report. 

Strongly  coupled  plasma  effects  Possible  stabilization  of  Rayleigh- 
Taylor  (RT)  instability  of  ablatively  accelerated  foils  caused  by  strongly  coupled 
plasma  (SCP)  effects  has  been  analyzed  as  a  general  concept,  as  possible 
explanation  of  earlier  NRL  experiments  (Grun  et  al„  Phys.  Rev.  Lett.,  1987), 
and  as  a  reason  to  pursue  further  experimental  research  on  SCP.  The 
stabilizing  influence  of  SCP  effects,  such  as  modification  of  equation-of-state. 
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plasma  viscosity,  thermal  conductivity,  surface  tension  and  mechanical  rigidity 
(in  the  case  of  plasma  phase  transition  to  the  condensed  state),  estimated  from 
above  in  a  most  generous  way,  has  been  found  insufficient  for  suppressing  RT 
instability,  in  particular,  in  the  case  of  the  experiment  cited  above.  An 
alternative  explanation  has  been  suggested  for  lack  of  observed  perturbation 
growth  in  the  short-wave  range  in  this  experiment. 

A  report  entitled  "On  possible  stabilization  of  ablatively  accelerated  foils 
by  strongly  coupled  plasma  effects"  has  been  completed  and  presented  to  NRL. 
The  report  includes  some  new  analytic  results,  in  particular,  those  of  Sect.  3 
(viscosity  of  a  light  fluid  has  been  shown  to  be  a  stabilizing  factor  only  as  long 
as  th^  effective  Atwood  number  differs  from  unity),  and  in  Sect.  4  (RT 
dispersion  curves  for  a  partly  frozen  fluid  layer  have  been  obtained).  A  detailed 
discussion  of  the  ’87  NRL  experiment  concluding  that  its  seemingly  surprising 
results  could  be  accounted  for  within  conventional  hydrodynamic  theory,  are 
presented.  The  full  report  is  included  here  as  Appendix  D. 

A  new  approach  to  stabilization  of  ablatively  accelerated  foils,  attempting 
to  combine  the  advantages  of  the  snowplow  and  dynamic  stabilization 
mechanisms  has  been  suggested. 

Stability  of  a  shock-wave-driven  acceleration  of  a  plane  stratified  layer 
has  been  studied  using  the  linearized  Chester-Chisnell-Whitham  (CCW) 
equation.  A  shock  wave  propagating  in  the  direction  of  increasing  density  has 
been  shown  to  be  absolutely  stable  (amplitudes  of  perturbations  decrease  with 
increased  distance  traveled  by  the  shock  wave).  Since  the  CCW  approximation 
is  not  justified  for  the  planar  piston  problem  (which  is  the  most  important  one 
in  the  context  of  laser  fusion  studies),  self-similar  solutions  of  gasdynamic 
equations  for  the  case  of  stratified  density  have  been  constructed.  There  are 
some  indications  that  the  above  conclusion  concerning  stability  would  not  be 
changed  if  the  stability  of  these  exact  solutions  was  studied.  A  numerical 
experiment  aimed  at  elucidating  this  point  has  been  suggested. 

Opacity  calculations  Several  important  steps  were  taken  to  develop  a 
mechanism  for  reliably  carrying  out  opacity  calculations  relevant  to  the  NIKE 
program.  We  make  use  of  a  technique  developed  by  SAIC  consultant,  Bar- 


12 


Shalom,  that  employs  Super  Transition  Arrays  and  is  known  as  the  STA 
method.  The  following  elements  were  completed. 

Configuration  interaction  In  this  work  the  theory  that  facilitates  for  the 
first  time  the  inclusion  of  configuration  interaction  (Cl)  in  the  calculation  of 
emission  and  absorption  LTE  spectra  was  developed.  The  theory  is  combined 
with  the  STA  method,  bypassing  the  need  for  huge  numbers  of  matrix 
diagonalizations.  Analytical  expressions  for  the  corrected  intensities  of  super¬ 
transition  arrays  due  to  Cl  were  obtained.  These  analytic  expressions  serve  as 
working  formulas  in  the  STA  codes  and  in  addition,  reveal  a  priori  the 
conditions  under  which  Cl  effects  are  significant  (Bar-Shalom  et  al.,  1993a). 

Orbital  relaxation  The  treatment  of  orbital  relaxation  was  improved.  At 
first  for  each  super  array  the  potential  was  optimized  for  the  initial  super¬ 
configuration  only.  This  was  good  enough  for  transition  energies  of  the  order  of 
the  temperature.  But  comparison  with  measurements  (Bar-Shalom,  et  al., 
1993b)  has  shown  that  for  transitions  of  higher  energy  there  is  a  need  also  to 
optimize  the  potential  of  the  upper  super-configuration.  This  improvement  was 
applied  to  the  code  in  a  few  steps  and  now  the  comparison  with  the  available 
experiments  is  satisfactoiy. 

Scattering  The  treatment  of  the  scattering  of  photons  was  improved  by 
including  two  correlation  effects:  one  due  to  exchange  and  the  other  due  to 
Coulomb  interaction  (Boercker,  1987).  These  effects  are  important  in  cases 
where  scattering  is  a  dominant  mechanism,  i.e.  high  temperatures  and  high 
photon  energies. 

Low  temperature  cases  When  the  atom  is  almost  neutral  the  Average 
Atom  (AA)  model  overestimates  the  contribution  of  negative  ions  (especially  for 
Hydrogen)  since  in  this  case  the  electrostatic  interaction  between  the  electrons, 
which  is  ignored  in  the  Boltzman  factor  in  the  AA  model,  is  comparable  to  the 
interaction  with  the  nucleus.  A  special  procedure  which  ignores  negative  ions 
has  been  developed. 

Line  shapes  The  line  shape  of  the  individual  line  is  approximated  by  a 
Voigt  profile.  The  parameters  needed  for  this  profile  are  the  intensity,  the  line 
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center,  Gaussian  width  and  Lorentzian  width.  The  intensity  and  the  line  center 
are  obtained  from  STA  calculations,  the  Gaussian  width  is  the  root  mean 
square  of  the  STA  and  Doppler  widths.  The  Lorentzian  width  due  to  collisions 
with  electrons  is  calculated  by  the  method  proposed  by  Dimitrijevic  and 
Konjevic  (19801.  We  have  improved  the  Lorentzian  width  determination  using 
the  proper  radial  integrals  and  a  different  method  for  evaluating  the  collisional 
cross  section.  Care  is  taken  to  include  the  line  far  wings  in  cases  where  they 
contribute  significantly  to  the  opacity.  For  this  purpose  a  new  algorithm  was 
added  to  the  procedure  for  calculating  the  Voigt  profile. 

B.  Microwave  and  Millimeter  Wave  Experiments' 1 

At  the  start  of  this  contract  period  a  Ka-band  gyrotron  oscillator 
experiment  was  completed.  Using  a  1-1.35  MeV  multi kiloampere  beam  from  a 
pulse  line  accelerator  it  generated  approximately  250  MW  at  35  GHz  in  a 
circular  TEe2  mode  with  a  peak  efficiency  greater  than  10%.  Details  of  this 
experiment  are  included  in  this  report  in  Appendix  E,  previously  published  in 
Physics  of  Fluids  B  (1990). 

An  experiment  was  carried  out  using  a  gyrotron  configuration  in  which 
the  electron  beam  current  exceeded  the  vacuum  space-charge-limited  value. 
This  limit  was  circumvented  by  introducing  background  plasma  produced  by 
an  array  of  four  plasma  guns  positioned  immediately  downstream  of  the 
electron  gun  anode.  Details  of  this  experiment  have  been  published  in  Applied 
Ph>  ics  Letters  in  1990;  the  paper  is  included  in  this  report  as  Appendix  F. 

A  gyroklystron  amplifier  experiment  was  performed.  The  device  operated 
at  an  accelerating  voltage  of  1  MV,  consisted  of  two  cavities  with  fundamental 
mode  TEin  ,  and  demonstrated  a  linear  gain  of  15  dB,  an  unsaturated  output 
power  -40  kW,  and  intracavity  gain  and  power  ~  4dB  higher.  The  second 
cavity  tracked  the  driver  cavity  over  a  range  of  300  MHz  around  a  center 
frequency  of  35  GHz.  This  investigation  was  described  in  detail  in  IEEE 
Transactions  on  Plasma  Science  (1990)  and  is  included  in  this  report  in 
Appendix  G. 
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C.  Microwave  and  Millimeter  Wave  Experiments- 2 


Efforts  to  increase  the  bandwidth  of  millimeter  wave  rf  amplifiers  are  of 
critical  importance  for  applications  such  as  high  resolution 
radar/communications  and  missile  jammers  for  Navy 
measure/countermeasure  systems.  In  most  applications,  tenth  of  kilowatts  of 
rf  power  generated  from  low  magnetic  field  and  low  beam  power  is  required  in 
the  frequency  range  of  the  Ka-band  (26  -  40  GHz)  and  W-band  (75  -110  GHz). 
Today’s  most  commercially  available  microwave  tubes  such  as  helix  TWTs  and 
coupled  cavity  TWTs  do  not  meet  the  Navy's  tube  development  program  needs 
of  rf  power  >  20  kW  for  millimeter  wave  radiation. 

Gyro-TWT  amplifiers  can  produce  much  higher  power  than  the  linear 
beam  devices  due  to  a  relatively  large  circuit  dimension  and  thus  higher  beam 
power  injection  in  the  circuit.  Any  uniform  waveguide  cannot  produce  an 
instantaneous  bandwidth  of  more  than  3%,  unless  the  waveguide  is  loaded 
with  dielectric  slabs  or  with  a  periodic  structure  so  that  the  wave  phase  velocity 
becomes  constant  over  a  wide  frequency  range  in  the  slow  wave  region  (vph  < 
c).  Tapering  the  waveguide  is  another  way  of  obtaining  continuous  phase 
synchronism  of  beam  and  waveguide  mode  in  the  fast  wave  region  (vph  >  c). 
SAIC  in  collaboration  with  NRL  researchers  has  designed  two  gyro-TWT 
amplifiers  that  produce  Ka-band  radiation  power  of  50  kW  in  the  frequency 
range  29  -  36  GHz  and  W-band  millimeter  radiation  of  10  kW,  using  a  low 
magnetic  field. 

I.  Dielectric  loaded  slow  wave  cyclotron  amplifier  (SWCA) 

With  dielectric  slabs  inserted  in  the  waveguide,  the  waveguide  cutoff 
frequency  is  shifted  down  and  the  waveguide  becomes  so  much  less  dispersive 
that  the  rf  phase  velocity  is  below  the  speed  of  light.  The  dielectric  loaded  slow 
wave  cyclotron  amplifier  is  designed  so  that  a  constant  wave  group  velocity  is 
maintained  over  a  wide  frequency  range  when  the  wave  group  velocity  in  the 
dielectric  loaded  waveguide  is  close  to  the  beam  axial  velocity  in  the  slow  wave 
region  (vph  <  c).  The  amplifier  operated  with  low  external  magnetic  field 

(lower  by  a  factor  of  2  compared  to  fast  wave  gyro-devices)  and  wide  bandwidth 
(>  20  %)  In  the  Ka-band  frequency  range. 


In  the  design  of  the  amplifier,  there  are  several  issues  to  take  into 
account:  (1)  high  quality  electron  beam  formation  and  propagation,  (2)  amplifier 
stability  and  performance,  (3)  broadband  rf  coupler  and  vacuum  window,  and 
(4)  dielectric  heating. 

The  designed  interaction  is  a  first  harmonic  TEx  10-even  interaction  to 
reduce  mode  competition  and  enhance  interaction  efficiency.  A  strong  second 
harmonic  gyro-BWO  of  a  TEx10-odd  mode  might  limit  the  bandwidth  of  the 
amplifier.  A  two-stage  circuit  with  a  sever  has  been  configured  to  achieve 
stable  operation  of  the  SWCA  without  oscillations  in  the  higher  order  modes. 
Another  reason  that  a  sever  is  inevitable  in  the  circuit  is  that,  since  the 
dielectric  mode  converter  is  designed  such  that  only  TExiO'ev®11  mode  in  the 
dielectric  loaded  circuit  can  couple  with  the  TEjo  mode  in  the  standard  Ka- 
band  waveguide,  all  other  hybrid  modes  might  be  excited  by  a  beam  instability 
and  would  be  completely  trapped  in  the  circuit.  Using  a  non-linear  slow-time- 
scale  code  developed  by  NRL  (Ganguly  and  Aim,  1990),  SAIC  examined  the 
large  signal  performance  on  the  two-stage  SWCA.  It  predicts  a  saturated 
efficiency  of  17  %  (output  power  >  50  kW),  a  gain  of  28  dB,  and  bandwidth  of 
20  %  (29  -  36  GHz)  at  V  =  60  kV,  1  =  5  A  .  a  *  1.  Avz/vz  *  2  %  (Choi  et  al.. 
1992).  The  efficiency  is  very  sensitive  to  the  velocity  spread.  This  is  because 
the  SWCA  interaction  takes  place  at  large  values  of  the  propagation  constant. 
k||.  The  paper  by  Choi  et  al  is  included  in  this  report  as  Appendix  H. 

One  of  the  main  concerns  in  the  dielectric  loaded  circuit  was  an  issue  of 
electron  beam  interception  on  the  dielectric  and  charge  drain-off.  Since  the 
peak  rf  field  is  located  in  the  dielectric  in  the  slow  wave  region,  the  beam 
should  be  propagated  close  to  the  dielectric  surface  for  high  efficiency. 
However,  in  practice,  a  beam  radius  (or,  a  Larmor  radius  in  an  axis-encircling 
beam)  can  not  be  more  than  0.9  d  because  of  difficulties  in  aligning  a  beam 
axis  to  a  magnetic  field  axis  and  in  having  a  straight  field  axis.  In  the  present 
design,  a  30  mil  clearance  between  a  beam  and  a  dielectric  surface  was  chosen. 
SAIC  developed  a  double  ridged  circuit  to  prevent  electron  begun  bombardment 
on  dielectrics.  It  consists  of  two  dielectrics  lined  on  the  waveguide  narrow 
walls  and  four  metal  ridges  next  to  the  dielectrics.  Beam-wave  coupling  in  the 
ridged  circuit  is  expected  to  be  stronger  than  the  circuit  without  ridges  because 
a  peak  electric  field  shifts  from  the  dielectric  region  to  the  vacuum  region. 


Rf  couplers  in  the  SWCA  should  have  a  broadband  coupling 
characteristic.  In  addition,  a  return  loss  on  each  component  has  to  be  better 
than  the  gain  of  the  amplifier.  Both  a  directional  coupler  and  a  mode  converter 
were  designed  by  SAIC  so  that  the  maximum  rf  power  can  be  transferred  into 
the  desired  mode  in  the  circuit,  TEX 1 0-even  mode.  Cold-tests  on  the  1.5"  long 
compact  directional  coupler  show  a  coupling  value  of  -0.4  dB  in  the  frequency 
range  of  22.4  to  over  40  GHz,  which  corresponds  to  -3  dB  bandwidth  of  60% 
(Choi  et  al.,  1993a).  A  broadband  rf  vacuum  window  should  cover  the 
bandwidth  of  the  amplifier.  In  addition,  the  window  material  is  chosen  for  good 
thermal  conduction  with  low  heat  loss.  SAIC  designed  and  cold-tested  a 
broadband  rf  window  which  is  a  three  step  1  /4  wavelength  long  BeO  dielectric 
(Choi,  et  al.,  1993a].  Cold-tests  on  the  rf  vacuum  window  show  a  return  loss  of 
better  than  -20  dB  in  the  frequency  range  of  24  -  37  GHz. 

The  dielectric  material  chosen  is  a  Transtar  (99.9  %  of  AI2O3).  It  has  a 
relative  dielectric  constant  of  10.1,  low  loss  tangent  (10-4),  and  very  high  bulk 
breakdown  field  (~  190  kV/cm).  It  is  known  that  the  dielectric  properties 
change  temperature.  It  has  been  pointed  out  by  SAIC  that  the  temperature 
change  due  to  a  finite  loss  tangent  and  the  risk  of  electron  beam  heating  on  the 
dielectric  could  result  in  rf  pulse  shortening.  Therefore  we  suggest  monitoring 
the  temperature  rise  during  experiments.  A  circuit  has  to  be  designed  for  good 
heat  conduction  to  the  outside.  The  paper  by  Choi  et  al  (1993a)  is  included  in 
this  report  as  Appendix  I. 

II.  Frequency  multiplied  harmonic  gyro-TWT  amplifier 

Broadening  bandwidth  in  the  fast  wave  interaction  is  achievable  by 
tapering  both  waveguide  and  magnetic  field  along  the  axis.  A  frequency 
multiplied  harmonic  gyro-TWT  amplifier  has  unique  features  that  will  meet  the 
requirements  of  the  Navy  electronic  countermeasure  system.  It  is  designed  to 
operate  the  amplifier  at  a  low  magnetic  field  that  cam  be  provided  by  a  PPM 
(periodic  permanent  magnet)  while  the  bandwidth  can  be  maintained  over  10% 
(90  -  100  GHz)  in  W-band.  The  interaction  circuit  consists  of  two  linearly 
tapered  waveguides  of  rectangular  cross-section  separated  by  a  uniform  drift 
section.  The  two  stage  configuration  is  used  to  isolate  the  input  and  output 
signals  and  to  enhance  the  gain  and  efficiency  by  pre-bunching  the  beam.  The 
concept  of  "frequency  multiplier"  was  first  introduced  in  the  US  by  SAIC  and 
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NRL  researchers  (Choi  et  al.  1993b);  a  low  frequency  drive  signal  (Ka-band)  is 
injected  in  the  tapered  input  section  to  modulate  the  gyrating  beam  and 
amplified  radiation  in  the  tapered  output  section  is  extracted  with  frequencies 
(W-band)  increased  by  a  factor  of  the  harmonic  numbers.  The  beam-circuit 
clearance  in  the  output  circuit  is  tight  since  the  operating  mode  is  chosen  to  be 
the  lowest  rectangular  waveguide  mode.  Due  to  such  a  tight  beam  clearance, 
the  output  circuit  was  designed  to  be  of  square  cross-section.  Longitudinal 
slots  parallel  to  the  desired  electric  field  were  needed  to  radiate  the  undesired 
polarized  TE10  mode  from  the  circuit  and  be  absorbed  in  the  lossy  dielectric 
slabs.  For  maximum  radiation  of  the  undesired  polarization  without  affecting 
the  desired  TE10  mode,  the  slot  width  should  be  4  to  6  mils  and  the  thickness 
in  the  range  of  30  -  40  mils.  The  clearance  for  a  hot  beam  (Avz/vz  =  2%) 
changes  from  10  mils  (at  the  location  with  the  smallest  width)  to  20  mils  along 
the  output  circuit.  This  corresponds  to  a  beam  filling  factor  of  50  -  68%.  which 
is  acceptable  for  a  W-band  circuit.  It  is  crucial  that  the  magnet  provides  a 
straight  field  over  the  circuit  length  for  good  beam  propagation.  There  is  no 
concern  about  beam  interception  in  the  input  section  because  the  circuit 
width,  which  determines  cutoff  frequencies,  is  made  three  times  wider  than  the 
output  circuit  width.  The  details  of  this  work  are  described  in  Choi  et  al 
(1993b)  which  is  included  in  this  report  as  Appendix  J. 

SAIC  examined  the  performance  of  the  frequency  multiplied  harmonic 
gyro-TWT  amplifier  by  the  use  of  a  large  signal  code  that  was  developed  by  NRL 
researchers  (Ganguly  and  Ahn,  1984).  The  code  predicts  a  saturated  gain  of  30 
dB.  an  efficiency  of  10%  corresponding  to  10  kW  radiation  output  in  the 
frequency  range  of  90  -  100  GHz  at  Avz/ vz  =  2%,  50  kV,  2  A.  a  =  1  to  1.4. 
Input  (Ka-band)  and  output  (W-band)  couplers  will  be  multi-hole  directional 
couplers  similar  to  that  mentioned  in  the  SWCA.  A  coupling  value  of  better 
than  -  0.4  dB  over  70  -  110  GHz  is  predicted  by  a  3-D  electromagnetic  code. 
HFSS  (HP  High  Frequency  Structure  Simulator  User's  Reference,  1992).  A  W- 
band  rf  vacuum  window  will  be  a  three  step  1/4  wavelength  BeO.  HFSS 
simulations  show  a  return  loss  better  than  -  25  dB  in  the  frequency  range  of  90 
-  100  GHz.  A  paper  submitted  to  the  IEEE  Plasma  Science  Journal  entitled, 
"Design  of  a  50  kW,  Broad  Ka-Band  Slow-Wave  Cyclotron  Amplifier"  is  included 
in  this  report  as  Appendix  K. 
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D.  Studies  of  Novel  Accelerator  Concepts  and  Free  Electron 
Lasers 


1.  Magnicon  Amplifier 

The  magnicon  employs  a  scanning  beam  that  is  obtained  by  the  passage 
of  a  magnetized  pencil  beam  from  an  electron  gun  through  a  deflection  system 
to  generate  microwave  radiation.  The  magnicon  has  the  potential  of  extremely 
high  efficiency  and  is  therefore  a  candidate  to  power  future  high-gradient  radio¬ 
frequency  accelerators.  We  have  employed  a  combination  of  analytical  methods 
and  numerical  codes  to  study  and  design  a  magnicon  amplifier  for  operation  at 
X-band  (11.4  GHz)  at  NRL.  Cold  tests  of  the  cavities  are  in  progress  at  the 
magnicon  laboratory. 

2.  Diffraction  of  Directed  Beams 

Propagation  of  directed  beams  of  electromagnetic  radiation  is  of  interest 
in  a  number  of  applications  including  power  beaming  and  remote  sensing.  A 
number  of  researchers  have  proposed  and  analyzed  novel  electromagnetic 
wavepacket  forms,  claiming  superior  propagation  characteristics  as  compared 
to  conventional  Gaussian  wavepackets.  We  have  made  a  detailed  analysis  of 
these  proposals.  Our  conclusion  is  that  in  every  case  a  careful  comparison 
reveals  that  the  claimed  superior  propagation  property  is  unfounded.  These 
results  have  been  described  in  more  detail  in  two  publications:  (1)  Journal  of 
the  Optical  Society  of  America  A  (1991)  and  (2)  Physical  Review  Letters  (1991). 
They  are  included  in  this  report  as  Appendices  L  and  M  respectively. 

3.  Synchrotron-Betatron  Parametric  Instability  in  Free- Electron  Lasers 

It  is  shown  that  the  nonlinear  coupling  of  the  synchrotron  motion  and 
the  betatron  oscillation  of  electrons  in  free-electron  lasers  leads  to  an  instability 
which  grows  exponentially  in  time.  This  parametric  instability  is  of  a  different 
physical  character  from  those  analyzed  previously.  This  work  has  been 
described  in  more  detail  in  two  publications:  in  Physical  Review  A  (1990)  and  in 
Nuclear  Instruments  and  Methods  in  Physics  Research  A  (1990),  which  are 
included  in  this  report  as  Appendices  N  and  O  respectively. 
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4.  Electron-Beam  Quality  in  Free-Electron  Lasers 

The  beam  quality  requirement  in  free-electron  lasers  (FEL)  is  often 
expressed  as  X  =  ne,  where  X  is  the  wavelength  and  e  is  the  unnormalized 
emittance.  We  have  obtained  a  generalization  of  this  expression  valid  for  an 
FEL  in  the  gain  guiding  regime  of  operation.  This  work  has  been  described  in 
more  detail  in  a  publication  in  Nuclear  Instruments  and  Methods  in  Physics 
Research  A  (1990),  which  is  included  in  this  report  in  Appendix  P. 

5.  Effect  of  Tapering  in  Free-Electron  Lasers 

We  have  performed  numerical  simulations  of  a  high-power  free-electron 
laser.  We  have  shown  that  tapering  improves  the  quality  of  the  optical  beam  by 
reducing  the  growth  of  sidebands.  Additionally,  we  find  that  as  the  tapering 
rate  increases,  the  effect  of  refractive  guiding  is  significantly  reduced.  This 
work  has  been  described  in  detail  in  two  publications:  (1)  Physical  Review 
Letters  (1990)  and  (2)  Nuclear  Instruments  and  Methods  in  Physical  Research 
A  (1990),  which  are  included  in  this  report  as  Appendices  Q  and  R  respectively. 

E.  Studies  for  the  Modified  Betatron  Accelerator  (MBA) 

SAIC  made  substantial  contributions  to  the  analysis  and  simulation  of 
NRL's  modified  betatron  accelerator  (MBA)  experiment  up  to  the  time  that  the 
program  was  terminated  in  mid  1992.  Much  of  the  work  is  included  in  the  NRL 
Memorandum  Report  entitled,  "Final  Report,  The  NRL  Modified  Betatron 
Accelerator  Program,"  NRL/MR/6793-92-7161  (1992)  included  in  this  report  as 
Appendix  S.  Specific  elements  of  SAIC’s  contributions  are  described  below. 

1.  Using  the  Poisson  code,  a  Poisson  equation  solver,  SAIC  designed  the 
extractor  component  compatible  with  the  extraction  scheme  that  was  to  be 
implemented  for  the  beam  extraction  in  the  MBA.  The  scheme  for  the  ring 
extraction  was  based  on  three  stages.  During  the  first  stage,  the  ring  is 
displaced  radially  outward  by  mismatching  the  vertical  magnetic  field  to  the 
electron  energy  with  a  local  time  dependent  magnetic  field  (t  =  5-10  nsec). 
During  the  second  stage,  a  local  vertical  magnetic  field  disturbance,  generated 
by  the  agitator  coil,  transforms  the  ring  into  a  helix  in  the  toroidal  direction. 
The  minor  radius  of  the  helix  increases  with  each  passage  through  the  agitator 
coil  (t  =  40-60  nsec).  Finally,  during  the  third  stage,  the  electrons  reach  the 
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• 

extractor  (the  component  designed  by  SAIC),  which  has  the  property  that  it 
cancels  out  the  external  magnetic  fields  transverse  to  its  axis.  Thus,  the 

•  electron  ring  unwinds  into  a  straight  beam  (t  =  2nsec).  This  work  has  been 
described  in  more  detail  in  a  presentation  given  at  a  technical  review  workshop 
in  June  1989.  It  is  included  here  as  Appendix  T. 

•  2.  SAIC  made  extensive  calculations  for  the  design  of  the  stellarator 
windings  that  were  implemented  in  the  MBA  and  led  to  the  successful 
acceleration  of  the  beam.  It  can  be  shown  that,  due  to  the  large  values  of  the 
stellarator  field  index  at  the  initial  stage  of  the  acceleration,  the  beam 

•  confinement  is  improved  with  strong  focusing.  Initially,  stellarator  and 
torsatron  winding  configurations  were  considered.  Both  configurations  have 
advantages  and  shortcomings.  The  stellarator  configuration  was  finally 
selected  not  only  because  of  the  small  net  vertical  field  and  the  lower  current 

•  per  winding  but  also  because  it  was  compatible  with  the  contemplated 
extraction  scheme.  The  stellarator  current  must  be  appropriately  chosen; 
otherwise  it  may  cause  an  unstable  behavior  of  the  beam  centroid  due  to  the 
integer  resonances  of  the  bounce  and  strong  focusing  modes  of  the  stellarator 

•  windings  (see,  for  example.  Fig.  23,  on  p.  121  of  the  final  report  in  Appendix  S). 
Further  details  can  be  found  in  two  papers:  (1)  Proceedings  of  SPIE  (1990) 
included  here  in  Appendix  U  and  (2)  Physical  Review  Letters  (1990)  -  Appendix 
V. 

•  SAIC  analyzed  and  interpreted  the  experimental  data  from  the 
acceleration  experiments  that  were  associated  with  the  cyclotron  resonances 
present  in  the  device  during  acceleration.  The  experimental  results  were  also 
consistent  with  the  excitation  of  the  electron-cyclotron  instability,  which  is 

•  caused  by  the  coupling  of  the  electron-cyclotron  mode  with  the  TEn  waveguide 
mode  of  the  torus.  Attempts  were  made  to  measure  the  poloidal  and  toroidal 
fields  of  the  electromagnetic  modes  inside  the  torus.  Measurements  with 
wideband  probes  yielded  null  results.  Therefore,  the  beam  loss  was  attributed 

•  to  the  crossing  of  the  electron  cyclotron  resonances,  i.e.,  when  the  ratio  of  the 
toroidal  to  the  vertical  magnetic  fields  becomes  an  integer.  The  excitation  of 
these  resonances  is  due  to  field  errors  in  the  toroidal  or  vertical  external 
magnetic  fields.  Additional  details  of  this  work  can  be  found  in  Appendix  V, 

I  referred  to  above,  and  in  a  paper  published  in  Physics  of  Fluids  (1991)  and 

included  in  this  report  as  Appendix  W. 


I 


21 


I 


4.  The  diffusion  of  the  magnetic  field  through  a  toroidal  conducting  shell  was 
studied  under  the  assumption  of  small  aspect  ratio.  The  external  field  that 

*  diffuses  into  the  toroidal  shell  can  have  an  arbitrary  field  index  and  magnetic 
flux  on  the  minor  axis  of  the  torus.  The  diffused  field,  field  index,  magnetic 
flux  and  wall  current  were  computed  analytically  and  compared  with  the 
numerical  results  from  the  TR1DIF  code.  Three  time  constants  determine  the 

>  evolution  in  time  of  the  diffusion  process,  namely,  the  L/R  time,  t0.  the 
diffusion  time,  x\,  and  X2  =  xj/2.  The  delay  time  depends  linearly  on  To,  ti,  and 
also  on  the  flux  condition  of  the  external  field.  The  agreement  between  the 
theoretical  and  numerical  results  was  quite  good.  A  measurement  of  the  delay 

^  time  in  the  toroidal  chamber  of  the  NRL  modified  betatron  gave  a  delay  time 

equal  to  approximately  34  psec,  i.e.,  less  that  10%  smaller  than  the  theoretical 
value  of  37  psec.  The  main  conclusion  of  the  study  was  that  the  diffusion 
process  in  a  toroidal  conducting  shell  is  much  more  complicated  than  that  in  a 

*  conducting  cylinder.  Therefore,  the  results  for  a  cylinder  cannot  be  generalized 
to  apply  to  a  toroidal  device.  This  work  has  been  described  in  more  detail  in  a 
publication  in  the  Journal  of  Applied  Physics  (1991)  and  is  included  here  as 
Appendix  X. 

I 

5.  The  diffusion  of  the  self  magnetic  fields  of  an  electron  beam  through  a 
resistive  toroidal  chamber  was  studied.  The  computed  image  fields  were  used 
in  explaining  the  resistive  beam  trapping  in  the  MBA  immediately  after  the 

1  beam  injection.  The  resistive  trapping  is  due  to  the  negative  radial  component 

of  the  image  magnetic  field  of  the  beam  that  acts  on  its  centroid,  when  such  a 
beam  moves  poloidally  inside  a  resistive  chamber.  This  field  component 
crossed  with  the  axial  (toroidal)  velocity  of  the  beam  produces  a  poloidal  force, 

>  which  is  in  the  opposite  direction  to  the  poloidal  motion  of  the  beam.  In  the 
absence  of  strong  focusing  and  when  the  self-fields  dominate  the  external  fields 
(high-current  regime),  the  poloidal  force  in  conjunction  with  the  axial  (toroidal) 
magnetic  field  drives  the  beam  to  the  wall  (drag  instability).  However,  in  the 

)  presence  of  strong  focusing  the  direction  of  the  poloidal  motion  can  be  reversed 

and  the  beam  spirals  to  the  minor  axis.  Two  modifications  were  introduced  to 
the  original  resistive  trapping  model.  First,  the  beam  motion  is  not  limited  near 
the  minor  axis  and  therefore  nonlinear  effects  and  the  fast  diffusion  times 

>  become  important.  Second,  in  order  to  take  into  account  the  intermediate 
motion  of  the  beam  that  was  omitted  in  the  calculation  of  the  image  fields  of 
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the  beam,  the  wall  surface  resistivity  was  completed  using  the  skin  depth  that 
corresponds  to  the  frequency  of  the  intermediate  mode  and  not  the  actual 

•  thickness  of  the  chamber.  With  these  modifications,  the  revised  model  of 
resistive  trapping  is  in  agreement  with  the  experimental  observations.  Further 
details  concerning  this  investigation  can  be  found  in  two  papers:  (1)  Physical 
Review  A  (1991)  included  here  as  Appendix  Y  and  (2)  an  NRL  Memorandum 

•  Report  (1991)  presented  here  in  Appendix  Z. 

6.  Beam  trapping  in  the  modified  betatron  could  be  achieved  by  means  of  a 
localized  bipolar  electric  field  pulse  rather  than  a  magnetic  field  pulse  that  was 

•  actually  used  in  the  experiment.  The  pulseline  that  generates  the  bipolar 
electric  pulse  was  constructed  and  tested  but  was  not  installed  in  the  MBA. 
SAIC's  contribution  in  the  paper  by  J.  Mathew  et  al.  was  the  computation  of 
the  eigenfunctions  and  eigenvalues  in  a  toroidal  cavity  that  supports  quasi-TE 

•  and  quasi-TM  modes.  This  paper  is  included  here  as  Appendix  AA  and  was 
published  as  an  NRL  Memorandum  Report  (1992). 

7.  SAIC  investigated  the  dynamic  behavior  of  an  electron  ring  close  to  a 

•  cyclotron  resonance  in  a  modified  betatron  accelerator.  In  the  presence  of  a 
vertical  field  error,  there  is  a  threshold  value  of  the  field  error  amplitude  that 
separates  two  distinct  regimes.  Below  threshold  (Fresnel  regime)  and  for  zero 
initial  perpendicular  velocity,  the  perpendicular  velocity  increases  by  a  finite 

&  amount  as  the  resonance  is  crossed.  The  increase,  as  well  as  the  time  it  takes 

to  cross  the  resonance,  are  inversely  proportional  to  the  square  root  of  the 
acceleration  rate.  Above  threshold  (lock-in-regime),  the  perpendicular  velocity 
is  proportional  to  the  square  root  of  the  acceleration  rate  and  increases  with 

i  the  square  root  of  time  while  -$e  remains  on  the  average  constant,  where  y  is 

the  relativistic  factor  and  Pe  is  the  ratio  of  the  ring  toroidal  velocity  to  the 
velocity  of  light.  Therefore  the  ring  locks  into  the  resonance.  The  threshold  is 
predicted  by  the  slow  equations  of  motion  that  were  derived  by  averaging  out 

I  the  fast  cyclotron  motion.  The  origin  is  the  nonlinear  dependence  of  7^9  on  the 

perpendicular  velocity  and  the  fact  that  the  cyclotron  frequency  is  inversely 
proportional  to  yfo.  Possible  ways  to  increase  the  threshold  were  studied.  One 
possible  way  is  to  increase  the  acceleration  rate,  since  it  was  shown  that  the 

f  threshold  value  is  proportional  to  the  3/4  power  of  the  acceleration  rate. 

Another  possible  way  is  dynamic  stabilization,  i.e.,  the  addition  of  a  small  time- 
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dependent  field  to  the  main  toroidal  field,  which  provides  an  effective  increment 
to  the  acceleration  rate  if  it  has  a  negative  time  derivative  during  the  resonance 
crossing.  Finally,  the  multiple  crossing  of  the  same  resonance  was  analyzed  in 
the  presence  of  dynamic  stabilization  with  some  interesting  results  (see,  for 
example.  Fig.  14  in  the  paper  in  Phys.  Rev.  47.  2043  (1993),  included  here  as 
Appendix  BB.  Additional  details  have  been  presented  in  two  SPIE  Proceedings 
(1991  and  1992)  included  respectively  in  Appendices  CC  and  DD  and  in  an 
NRL  Memorandum  Report  (1992)  included  in  Appendix  EE. 

F.  PHAROS  m  Studies 

Several  studies  were  carried  out  by  SAIC  researchers  in  support  of 
PHAROS  III  Nd-glass  laser  experiments  performed  at  NRL.  In  one  study  the 
effect  of  induced  spatial  incoherence  (I SI),  a  beam  smoothing  technique  to 
provide  highly  uniform  illumination  for  direct-drive  laser  Fusion,  in  suppressing 
certain  deleterious  plasma  instabilities  was  investigated.  Suppression  had 
been  noted  for  stimulated  Raman  scattering  (SRS)  and  stimulated  Brillouin 
scattering  (SBS).  In  these  experiments  ISI  reduced  3  cdo/2  emission  from  laser- 
irradiated  targets  at  0.53  pm.  However,  the  mechanism  appears  to  differ  from 
suppression  of  SRS  or  SBS.  This  has  been  described  in  more  detail  in  a 
publication  in  Physics  of  Fluids  B  (1991),  included  in  this  report  as  Appendix 
FF. 

An  experiment  to  investigate  instability  mechanisms  in  laser-produced 
plasma  jets  was  carried  out  at  NRL.  It  used  the  beams  from  the  PHAROS  III 
Nd-glass  laser  operating  at  wavelength  1054  nm,  employed  2  ns  pulses  with 
energies  between  30  and  300J.  Dramatic  structuring  instabilities  developed 
with  growth  rates  much  larger  than  characteristic  of  Rayleigh-Taylor  or  Kelvin- 
Helmholtz.  The  results  represented  the  first  detailed  observations  of  large- 
scale-length  electron-ion  hybrid  instabilities  in  a  laser-produced  plasma.  This 
work  has  been  published  in  Physics  of  Fluids  B  (1992)  and  is  included  here  as 
Appendix  GG. 

An  experiment  to  investigate  the  large  Larmor  radius  regime  was  carried 
out.  The  plasma  is  formed  by  placing  a  small  A1  disk  target  in  the  focal  region 
of  one  or  two  beams  of  the  PHAROS  III  Nd  laser.  In  this  regime  in  which  the 
expansion  speed  is  sub-Alfvenic  the  experiment  demonstrated  linear  and 


nonlinear  properties  of  a  flutelike  instability.  The  observations  are  similar  to 
those  from  barium  releases  in  the  Active  Magnetospheric  Particle  Tracer 
Experiment  (AM PTE)  and  from  the  Combined  Release  and  Radiation  Effects 
Satellite  (CRRES)  magnetospheric  barium  releases.  This  work  is  described  in 
detail  in  a  publication  in  Physics  of  Fluids  B  (1993)  and  appears  here  in 
Appendix  HH. 

G.  Electron  Beam  Diagnostics 

The  NRL  SuperlBEX  accelerator  produces  an  intense  relativistic  electron 
beam  (1=  1 5kA,  E=5MeV).  SAIC  researchers  played  a  major  role  in  developing  a 
Faraday  cup  to  measure  time-dependent  relativistic  electron  beam  profiles. 
Details  of  this  diagnostic  and  the  experimental  measurements  are  described  in 
the  Review  of  Scientific  Instruments  (1991);  the  publication  is  included  in  this 
report  in  Appendix  II. 

H.  Microwave  Energy  Deposition  in  the  Upper  Atmosphere 

During  the  last  contract  period  the  utilization  of  microwaves  and  lasers 
developed  at  the  Plasma  Physics  Division  of  the  Naval  Research  Laboratory  to 
accomplish  remote  monitoring  of  the  atmosphere,  stratosphere  and  ionosphere 
was  assessed.  Results  of  the  ongoing  effort  were  often  presented  orally  during 
the  duration  of  the  contract.  An  important  milestone  of  the  effort  was  the 
invention  of  a  novel  technique  for  optical  diagnostic  of  the  minority 
atmospheric  constituents  in  the  troposphere  and  the  stratosphere.  A  brief 
description  of  the  technique  follows: 

The  technique  relies  on  excitation  of  atoms  and  molecules  of  minority 
species  by  electron  impact  during  and  following  impulsive  atmospheric 
breakdown.  Radio  waves  in  the  2-15  GHz  range  generated  on  the  ground  and 
focused  using  a  34  meter  dish  at  the  relevant  atmospheric  altitude  can  trigger 
breakdown  if  the  combination  of  pulse  length  and  effective  radiation  power 
(ERP)  exceeds  a  threshold  whose  value  depends  on  a  combination  of 
atmospheric  and  microwave  parameters.  Electron  fluxes  with  energy  up  to  30 
eV  are  produced  during  the  ionizing  pulse.  During  both  the  energization  stage 
and  the  cooling  stage  the  electrons  deposit  their  energy  in  the  atmospheric 
atoms  and  molecules.  The  excited  atoms  and  molecules  radiate  part  of  this 


energy  as  prompt  or  delayed  emissions  in  the  visible,  UV  and  IR  bands.  By 
measuring  the  emission  rate  due  to  minority  species  whose  diagnosis  is  desired 
and  by  comparing  them  to  the  emissions  from  majority  species  such  as  O2 
their  mixing  ratio  can  be  determined  and  monitored  with  high  accuracy. 
Altitude  profiles  cam  be  determined  by  chamging  the  focal  spot  of  the 
microwaves.  The  technique  allows  for  measurement  of  winds  and  atmospheric 
turbulence  by  following  the  after  glow  tramsport. 

During  the  past  contract  period  a  strawman  facility  was  designed.  The 
facility  was  based  on  10  GHz  microwaves  focused  by  a  34  meter  dish  at  30-50 
km  altitude.  Pulse  lengths  of  the  order  10-50  namoseconds  were  required  for 
power  of  the  order  of  a  few  Gigawatts.  A  strawman  diagnostic  system  was  also 
designed.  Photometers  as  well  as  lidairs  were  considered.  An  assessment  of 
the  capability  of  such  a  system  indicated  that  it  can  detect  species  with  mixing 
ratios  below  one  pairticle  per  trillion.  Experimental  parameters  for  a  laboratory 
proof  of  principle  were  ailso  determined.  Comprehensive  analysis  is  presented 
in  a  paper  accepted  for  publication  by  the  Journal  of  Geophysical  Research. 

I.  Visualization  Tools  and  Parallel  Processing  for  Physics 
Applications 

The  following  outline  describes  visualization  tools,  software  development 
and  other  support  provided  by  SAIC  to  NRL  researchers  for  a  variety  of  physics 
applications. 

1.  SAIC  designed  a  3D  visualization  tool  to  model  the  position  in  space 
of  magnetic  windings  around  a  half-torus  accelerator.  The  data  for 
the  magnetic  windings'  location  in  space  came  from  the  input  deck 
to  the  Mafco  magnetic  field  solver  code.  By  using  this  input  deck 
SAIC  was  able  to  produce  images  that  were  directly  related  to  the 
proposed  experimental  setup.  After  debugging  the  visualization 
code,  SAIC  used  it  to  analyze  the  location  of  the  windings  and  to 
determine  if  the  windings  were  correctly  terminated.  These 
terminations  were  impossible  to  locate  without  the  use  of  the 
visualization  software  because  their  location  was  represented  by 
severed  input  parameters  and  mathematical  functions.  This  software 
provided  a  check  for  the  Mafco  input  parameters. 
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2.  SAIC  also  improved  the  IDL  point  plotting  package  and  supplied  a 
user's  tutorial  for  this  package. 

3.  SAIC  researched  potential  graphical  interfaces  to  determine  the 
optimal  setup  for  executing  acoustical  simulations. 

4.  SAIC  developed  a  series  of  software  tools  for  manipulating  the  GDEM 
soundspeed  database.  These  tools  made  it  possible  to  update  the 
database  and  to  account  for  physical  phenomena  such  as  the 
movement  of  the  Gulf  stream.  SAIC  also  designed  and  developed 
tools  to  map  regions  of  the  ocean  and  to  graphically  display  their 
sound  speed  profiles.  It  is  now  possible  to  examine  specific  latitude 
and  longitude  locations  and  to  determine  the  sound  speed  profile  at 
each  location.  This  tool  was  used  to  add  the  region  of  the  Tasman 
sea  to  the  GDEM  database  in  order  to  numerically  study  this  region. 

5.  SAIC  ported  several  computer  codes  from  the  VAX  environment  to 
the  SGI  workstations.  This  conversion  involved  replacing  VAX 
specific  FORTRAN  code,  interfacing  with  newly  developed  SGI 
graphics  routines  and  solving  problems  arising  from  VMS-UNIX 
incompatibilities. 

6.  SAIC  developed  a  point  plotting  package  for  the  SGI  workstations  to 
handle  visualizing  lineplotted  data  and  providing  output  to  the 
Tektronic  color  printer. 

7.  SAIC  integrated  their  point  plotting  package  into  a  simulated- 
annealing  propagation  code.  The  resulting  code  generated  a  multi¬ 
window  display  which  graphically  kept  track  of  several  key  variables 
at  run  time.  This  animation  provides  scientists  with  a  method  for 
determining  the  accuracy  of  their  model  in  real  time.  This  code  was 
successfully  used  to  analyze  data  during  an  at-sea  experiment. 

8.  SAIC  created  software  to  generate  a  3-D  representation  of  the  GDEM 
sound  speed  database.  The  results  generated  by  this  program  were 
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used  as  input  to  a  3D  visualization  program  which  was  also 
improved  by  SAIC. 

9.  SAIC  developed  a  conversion  program  on  the  VAX  to  read  output 
data  collected  from  a  matched-field  processing  run  and  created  a  file 
that  could  be  viewed  by  graphics  code  on  the  SGI  workstations.  To 
facilitate  the  data  transfer  between  the  VAX  and  the  SGI 
workstations,  SAIC  implemented  the  TRANSL8  software.  SAIC  has 
subsequently  translated  several  other  data  files  into  an  SGI  format. 

10.  SAIC  developed  comprehensive  documentation  for  their  point 
plotting  package  to  allow  stand-alone  use  at  sea. 

1 1 .  SAIC  integrated  the  HITS  ship-location  database  with  the  matched- 
field  processing  (MFP)  code  so  that  ship  noise  could  be  more 
accurately  modeled  in  propagation  simulations.  This  integration 
involved  modifying  the  MFP  code  and  porting  mathematical  library 
functions  from  the  IMSL  libraiy.  Several  random  ship  distributions 
were  created  using  this  software.  Graphical  descriptions  were  then 
generated  to  depict  these  ship  distributions  as  well  as  the  average 
ship  distributions  as  reported  by  HITS.  These  descriptions  were 
combined  with  the  MFP  command  file  to  create  target  detection 
simulations.  These  combinations  were  tested  for  several  cases  with 
varying  source  levels  and  ship  distributions.  The  results  were  used 
to  help  determine  the  position  of  experiments  in  order  to  minimize 
the  interference  due  to  ship  noise. 

12.  SAIC  tested  fVamsmaker  and  instructed  government  personnel  in  the 
use  of  this  desktop  publishing  software.  SAIC  also  served  as  a 
reference  for  scientists  and  analysts  to  deal  with  issues  concerning 
the  use  and  applications  of  the  UNIX  operating  system. 

13.  SAIC  (in  collaboration  with  NRL  and  PSI)  continued  a  major  research 
effort  using  the  Connection  Machine  200  under  the  6.0  version  of 
CMFortran.  This  effort  involved  upgrading  several  existing  routines 


and  solving  incompatibility  problems  arising  due  to  the  differences 
in  the  SUN  and  SGI  operating  platforms. 

14.  The  team  included  the  backscatter  correction  in  the  Wide  Area  Rapid 
Acoustical  Prediction  (WRAP)  model  and  implemented  this  version 
on  the  Connection  Machine  200. 

15.  The  team  redesigned  the  connection  machine  code  to  take  advantage 
of  some  parallel  structures  that  needed  representation  in  polar 
coordinates.  The  connection  machine  architecture  had  drastically 
limited  the  Cartesian  model  because  several  times  more  grid  points 
were  needed  to  describe  the  area  in  Cartesian  coordinates  and 
because  the  Cartesian  layout  caused  many  processors  to  attempt  to 
collide  when  accessing  data  arrays.  This  conflict  was  avoided  in  the 
polar  model  because  redundant  grid  points  were  eliminated  when 
describing  the  256x256  millimeter  Cartesian  grid.  The  algorithms 
were  also  tailored  toward  the  other  coordinate  system.  In  polar 
coordinates  the  radials  were  independent  so  that  eachradial  could  be 
calculated  in  parallel.  This  parallel  structure  allowed  processors  to 
be  used  to  calculate  several  acoustical  modes  at  once.  This  savings 
in  processor  allocation  increased  the  performance  of  the 
backscattered  wrap  model  several  times. 

16.  SAIC  designed  a  series  of  cshell  scripts  to  analyze  data  collected  at 
sea.  These  scripts  automated  many  of  the  repetitive  data  processing 
programs.  By  using  this  method,  several  man-weeks  were  saved. 
Subsequently,  SAIC  modified  several  of  the  scripts  to  increase 
efficiency  for  other  projects  as  well. 

17.  Sediment  Inversion  Model:  SAIC  used  the  Simulated-Annealing 
method  for  perturbing  parameters  to  determine  the  optimal  model 
for  ocean  sediment  properties  in  the  specified  region.  After 
perturbing  the  parameters  the  model  generated  a  file  containing  the 
acoustic  modes.  This  mode  file  propagated  the  signal  from  source  to 
receiver  along  the  path  used  for  taking  the  experimental  data.  The 
model  then  generated  a  transmission  loss  plot  along  the 


experiment's  track.  The  simulated  transmission  loss  (TL)  array  was 
then  compared  against  the  experimental  TL  curve.  Based  on  the 
results  of  this  comparison  the  parameters  were  kept  or  rejected  and 
the  process  restarted.  A  cooling  schedule  was  set  up  limiting  the 
number  of  changes  in  parameters  to  be  accepted  based  on  how 
many  time  steps  the  program  has  advanced.  The  model  yielded 
some  promising  results. 

18.  At-Sea  Experiment  Track  Determination  Simulation:  SAIC  used  the 
Parabolic  Equation  model  for  acoustic  propagation  monitored  by 
Kevin  Heaney  to  determine  the  difference  in  accuracy  of 
transmission  loss  data  taken  for  several  radials  at  different  angular 
spacing.  This  information  was  used  to  determine  the  experiment's 
track  in  order  to  maximize  spacing  between  radials  while  minimizing 
loss  of  accuracy.  This  project  is  still  in  progress  and  has  generated 
graphical  manipulation  spinoffs. 

19.  Focalization  Code:  SAIC  used  a  trial  source  determination  method 
which  locates  a  source  when  limited  environmental  data  is  available. 
While  this  technique  is  not  reliable  if  information  is  available  for 
source  (or  receiver)  location  only,  it  is  quite  successful  with  specific 
information  available  at  both  source  and  receiver  locations. 

20.  Global  Positioning:  SAIC  tested  the  data  collection  process  of  the 
Global  Positioning  System  (GPS)  and  wrote  a  users  manual  that 
enabled  scientists  to  set  up  and  collect  data  for  several  at-sea 
experiments. 

21.  SAIC  automated  several  programs  to  perform  repetitive  tasks  and  to 
enable  the  codes  to  handle  their  own  operation.  This  automation 
saves  time  and  increases  productivity. 

22.  SAIC  interfaced  the  acoustical  Parabolic  Equation  code  with  a 
graphical  software  application  so  that  the  program  generated 
animated  graphics  as  the  acoustic  modes  propagate  in  range.  These 
animations  were  used  as  a  video  for  presentation. 


23.  SAIC  was  first  author  on  a  paper  that  appeared  in  Shock  Waves. 
Proceedings  of  the  18th  International  Symposium  on  Shock  Waves. 
(1992)  entitled  "Enhanced  Mixing  from  Shock-Generated  Turbulence 
in  Dusty  Air,"  by  P.  Boris,  J.  Boris.  R  Hubbard,  E.  Oran,  and  S. 
Slinker.  This  paper  is  included  in  this  report  as  Appendix  JJ. 

24.  SAIC.  working  with  PSI  and  NRL,  continued  modeling  reverberation 
properties  using  the  Connection  Machine  Backscatter-Wrap  code. 
The  paper,  "Reverberation  Modeling  with  the  Adiabatic  Normal  Mode 
Model  Applications  to  the  ARSRP  Experiment,"  by  D.  Dacol,  P.  Boris, 
E.  Jennings,  and  E.  Kim,  shows  the  reverberation  information 
graphically.  This  paper  is  included  here  as  Appendix  KK. 

Several  other  papers  have  resulted  from  the  work  described  above.  They 
are  included  in  the  Appendices  as  follows: 

"Hydrodynamic  Simulations  of  Beam-Generated  Turbulence  in 
Channels."  P.  Boris,  J.  Boris,  R  Hubbard,  E.  Oran,  J.  Picone,  S.  Slinker;  NRL 
Memorandum  Report  6677,  "NRL  1989  Beam  Propagation  Studies  in  Support 
of  the  ATA  Multi-Pulse  Propagation  Experiment."  SAIC  also  presented  number 
iii.  at  the  DARPA  SDIO  Charged  Particle  Review  1990  as  a  poster.  See  Appendix 
LL. 


"Beam  Propagation  in  Channels,"  R.F.  Hubbard,  S.P.  Slinker,  R.D. 
Taylor,  R.F.  Femsler,  A.W.  Ali,  G.  Joyce,  and  P.  Boris;  NRL  Memorandum 
Report  6675:  "NRL  Beam  Propagation  Theory  Studies  in  Support  of  SuperlBEX, 
PULSERAD,  RADLAC,  PURE,  and  DELPHI."  See  Appendix  MM. 

"Foil  Focusing  for  Transport  and  Conditioning,"  R  Femsler,  R  Hubbard, 

S.  Slinker,  P.  Boris,  Proceedings  of  1989  DARPA/SDIO/Services  Charged 

Particle  Beam  Propagation  Review.  See  Appendix  NN. 

*  * 

Two  additional  contributions:  'Wire  Cells  I:  Vacuum"  in  Appendix  OO 
and  "Beam  Stability  and  Range  Extension  Predictions  for  the  ATA  Multi-Pulse 
Propagation  Experiment"  in  Appendix  PP. 
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of  a  faufe  later  system  Wit  will  utilise  the  edition-free  induced  spaual  incoherence  technique  to  oMaia  uniform  lUtmuaatioa  of 
planar  tarsets  for  fusioc  research.  With  this  system,  focal  profiles  with  mull  loos  scale  leaps  noauaifonmues  have  been  obtained. 
The  aoduaifonsny  was  dcunamed  toy  performing  a  least-squares  fit  to  a  sens*  of  profiles,  and  calculating  We  deviation  of  cacS 
fir  from  a  flaMop  profile.  With  a  linear  fit.  ibe  deviation  averaged  over  the  senes  is  zO.3%.  and  with  a  quadratic  fit.  U  is  ±1.4%. 
Details  of  the  osallaior  system  configuranon.  focal  iHufonmtytneaniw  meat  irrlmiqurs,  and  resulting  focal  profiles  ere  prenasrd 


1.  Introduction 

One  of  the  requirements  for  high-gain  direct-drive 
inertial  confinement  fusion  is  a  highly  symmetric 
implosion  of  the  spherical  fuel  pellet.  Ablation  pres¬ 
sure  nonunifonnities  less  than  a  few  percent  are 
thought  to  be  required.  If  an  ultraviolet  wavelength 
is  used  (which  couples  more  efficiently  to  the  target 
than  longer  wavelengths),  then  there  is  only  modest 
lateral  smoothing  of  the  ablation  pressure  {1]. 
Therefore,  success  with  direct  drive  laser  fusion  re¬ 
quires  the  development  of  techniques  for  highly  uni¬ 
form  illumination  of  fuel  pellets.  It  is  perhaps  im¬ 
possible  with  today’s  technology  to  have  a  uniform 
focal  illumination  with  a  nearly  diffraction  limited 
beam.  Progress  has  instead  been  made  by  methods 
that  employ  controlled  spatial  and  temporal  incoh¬ 
erence  with  focal  profiles  that  are  smooth  when  av¬ 
eraged  over  many  temporal  coherence  times  (2-11], 
These  smoothing  techniques  have  been  shown  to  re¬ 
duce  laser  plasma  instabilities  (12-18].  However, 
with  existing  high  energy  glass  lasers,  pesk-to-valley 
focal  nonuniformities  still  are  typically  - 10%  with 
these  techniques  [9-1 1  ]. 


The  NIKE  KrF  laser  system  (19-21]  currently 
under  construction  at  the  Naval  Research  Labora¬ 
tory,  is  being  built  to  have  focal  profiles  that  are  uni¬ 
form  enough  to  produce  ablation  pressures  flat  to 
within  2%  on  planar  targets.  NIKE  will  use  the  ech- 
eionfree  induced  spatial  incoherence  (EFISI)  tech¬ 
nique  [3]  to  produce  60  time  diffraction  limited  flat- 
top  focal  profiles  with  at  least  two  kilojoules  in  4  ns 
on  target 

The  EFISI  technique  is  illustrated  in  fig.  1.  An  os¬ 
cillator  with  spatially  incoherent  output  illuminates 
an  object  aperture,  whose  image  is  relayed  by  the  two 
lenses  to  the  image  plane.  Light  from  each  point  in 
the  object  aperture  illuminates  an  aperture  at  the 
Fourier  plane  with  the  same  intensity.  The  light 
passes  through  the  object  aperture,  is  amplified  at 
the  Fourier  plane,  and  is  then  focused  at  the  image 


Fig  I.  A  amplified  icbemauc  of  the  tcheioo-ftee  induced  speuti 
iacohtfTHCt  tcduuqoe. 
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plane.  With  the  EFISI  tecnnique.  the  image  profile 
would  not  be  strongly  affected  by  the  spatial  non- 
uniformtty  of  the  amplifier  gain  because  light  from 
each  point  in  the  object  aperture  is  amplified  by  the 
same  amount.  Also,  because  the  image  is  already 
many  times  diffraction  limited,  it  will  not  be  strongly 
affected  by  the  phase  aberrations  of  the  laser  system. 

There  are  several  requirements  that  the  oscillator 
must  meet: 

( i )  The  light  at  the  object  aperture  must  have  suf¬ 
ficient  spatial  incoherence  (divergence)  to  fill  the 
Founer  aperture. 

(ii)  The  oscillator  output  must  have  sufficient 
temporal  incoherence  to  produce  a  time-averaged 
smooth  profile. 

(iii)  The  light  at  the  object  and  Founer  apenures 
must  produce  a  uniform  flat-top  profile  at  the  image 
plane. 

( iv )  The  light  from  each  point  in  the  object  ap¬ 
erture  must  illuminate  the  Founer  aperture  with  the 
same  profile. 

Requirements  (i)  through  (iii)  are  perhaps 
straightforward.  Requirement  (iv)  is  necessary  so 
that  the  focal  profile  be  insensitive  to  gain  nonuni- 
fomutics  of  an  amplifier  located  at  the  Fourier  plane. 
These  requirements  are  discussed  in  the  next  section. 

Here  we  report  on  agnurF  oscillator  system  with 
unconventional  resonator  optics  that  has  come  close 
to  meeting  the  above  requirements.  This  oscillator, 
with  a  two  stage  Pockels  cell  pulse  slicer.  produces  4 
ns  flat-top  focal  profiles  (using  an// 130  lens)  with 
tilts  on  the  order  of  1%  and  the  temporal  coherence 
time  of  0.6  ps.  When  a  nonuniform  amplifier  gain 
was  simulated  by  locking  half  the  Fourier  aperture, 
the  tilts  were  still  less  than  3%.  This  system  ap¬ 
proached  the  focal  uniformity  goals  for  the  NIKE 
laser. 

In  this  oscillator,  the  laser  medium  is  imaged  back 
onto  itself  by  the  resonator  optics.  Thus  a  photon  that 
makes  a  large  angle  with  the  longitudinal  axis  will 
still  pass  through  the  laser  medium,  even  alter  many 
transits  (unless  the  angle  is  so  large  that  the  finite 
size  of  the  laser  chamber  windows  blocks  it).  The 
output  of  this  oscillator  therefore  has  greater  angular 
divergence  than  the  output  of  an  oscillator  with  con¬ 
ventional  stable  resonator  optics.  In  addition,  the 
Founer  aperture  is  illuminated  more  nearly  uni¬ 


formly  by  each  point  in  the  object  aperture,  as  re¬ 
quired  by  the  EFISI  technique. 

The  next  section  describes  the  oscillator  setup  in 
greater  detail  and  presents  tu  measured  character- 
isucs.  Section  3  presents  details  of  the  pulse  slicing 
system.  Section  4  presents  details  of  the  imager  usea 
to  measure  the  profiles.  Section  5  presents  the  focal 
profiles  and  the  algorithms  used  to  evaluate  them. 
Section  6  summarizes  the  results  and  presents  the 
conclusions. 


2.  The  oscillator  system 

As  mentioned  in  the  introduction,  the  oscillator 
output  must  be  spatially  incoherent  so  that  it  can 
produce  a  beam  that  is  many  tunes  diffraction  lim¬ 
ited.  The  focal  profile  does  not  then  depend  strongly 
on  the  phase  errors  encountered  during  propagation. 
The  focal  profiles  presented  are  60  times  diffraction 
limited,  although  the  NIKE  system  has  been  de¬ 
signed  to  propagate  beams  which  are  up  to  120  times 
diffraction  limited  without  vignetting.  If  both  the 
object  and  Fourier  apertures  are  circular,  then  the 
beam  is  N„  times  diffraction  limited  with 

N4mDdtXf,  (1) 

where  D  is  the  Fourier  aperture  diameter,  if  is  the 
object  aperture  diameter,  a  is  the  wavelength  of  the 
light  (248  nm),  and /is  the  focal  length  of  the  lens 
between  the  object  and  Fourier  apertures. 

The  second  requirement  is  that  the  oscillator  out¬ 
put  be  temporally  incoherent  At  any  given  time,  the 
focal  profile  is  a  complicated  speckle  pattern.  After 
one  coherence  time,  it  is  a  different  pattern.  The 
measured  profiles  are  time-integrated,  so  that  if  the 
measurement  is  made  over  more  coherence  times, 
then  both  the  shot-to-sbot  variation  due  to  the  spec¬ 
kle  and  the  random  variation  from  one  coherence 
zone  to  the  next  ^mrf^Screased.  The  coherence  time 
must  be  short  enough  so  that  these  variations  are  not 
too  large. 

The  third  requirement  is  that  light  from  each  part 
of  the  object  aperture  illuminate  the  Fourier  aper¬ 
ture  with  the  same  angular  energy  distribution.  This 
requirement  can  be  stated  more  precisely  as  follows: 
Let  /(j,  *)  be  the  time-averaged  intensity  profile  at 
point  k  within  the  Fourier  aperture  due  to  light  from 
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several  coherence  zones  (which  have  a  size  of 
-<f/60)  around  point  x  in  the  object  aperture.  The 
requirement  becomes 

?,/(i.A)»0.  (2) 

Note  that  f(x,k\  need  not  also  be  uniform  across  the 
Fourier  aperture.  If  eq.  ( 2 )  is  satisfied,  then  the  fo¬ 
cal  profile  will  be  flat,  even  if  the  light  is  subjected 
to  nonumform  amplification  at  the  Fourier  aperture. 

Equation  (2)  can  be  checked  by  placing  a  small 
pinhole  in  the  object  aperture  and  measuring  the 
time-averaged  intensity  profile  at  the  Founer  aper¬ 
ture.  The  resulting  Founer  intensity  profile  should 
be  the  same  regardless  of  where  the  pinhole  is  placed 
within  the  object  aperture.  Adherence  to  eq.  ( 2 )  can 
also  be  checked  by  blocking  various  regions  of  the 
Founer  apenure.  and  observing  whether  or  not  the 
image  maintains  its  flat-top  shape.  The  latter  method 
was  used  in  this  work. 

Figure  2  shows  the  optical  setup  for  the  oscillator 
used  for  the  results  presented  here.  The  oscillator  op¬ 
tics  image  the  laser  medium  back  onto  itself.  All  the 
oscillator  configurations  investigated  used  alcmx 
2  cm  x  80  cm  discharge  pumped  KrF  laser  medium. 
The  rear  optics  consist  of  a  positive  lens  and  a  high- 
reflecuvity  flat  mirror  with  an  apenure,  and  the  front 
optic  is  a  30%  reflectivity  flat  minor.  The  distance 
between  each  minor  and  the  lens  is  equal  to  the  focal 
length  of  the  lens  (1m).  Light  from  point  a  inside 
the  laser  medium  will  be  imaged,  after  reflection  by 
both  the  front  and  rear  optics,  at  point  b.  This  prop¬ 
erty  of  imaging  the  laser  medium  back  onto  itself 
produces  a  large  angular  divergence. 

Conventional  discharge  oscillator  optics  did  not 
satisfy  these  requirements.  A  stable  resonator  setup 
consisting  of  a  flat  front  mirror  and  a  rear  minor  with 
a  large  radius  of  curvature  (3  m.  10  m,  and  oo )  was 
tested.  While  the  image  of  the  object  apenure  was 
flat,  the  angular  divergence  was  too  small  to  produce 
the  required  60  times  diffraction  limited  beam. 

The  from  of  the  laser  medium  (which  is  approx- 
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Fig.  2.  The  optical  setup  for  the  oscillator. 


imately  10  cm  from  the  chamber  window »  was  re¬ 
layed  with  a  telescope  to  the  object  apenure.  This 
geometry  was  found  empirically  to  produce  the  flat¬ 
test  images.  The  image  was  not  as  flat  when  the  cen¬ 
ter  of  the  discharge  was  imaged  onto  the  object  ap¬ 
erture.  or  when  the  object  apenure  was  -  50  cm  from 
the  from  oscillator  mirror  outside  the  oscillator  ( no 
telescope  was  used  in  the  latter  case ). 

The  images  produced  by  this  setup  had  flat-top  fo¬ 
cal  profiles,  but  with  residual  tilts  on  the  order  of  10% 
in  the  vertical  direction.  This  was  most  likely  due  to 
lrregulanues  in  the  laser  ceil  and/or  electrodes.  The 
tilts  also  varied  during  the  oscillator  pulse.  Finally, 
there  was  a  shoyt-to-shon  variation  of  the  ults.  pre¬ 
sumably  caused  by  irreproducibtlities  of  the  dis¬ 
charge. 

All  profile  tilts  were  substantially  reduced  by  add¬ 
ing  the  telescope  system  shown  in  fig.  3.  The  oscil¬ 
lator  output  was  split  into  two  beams  and  then  re¬ 
combined.  One  beam  passed  through  a  single 
telescope,  and  the  image  was  inverted.  The  other 
beam  traveled  the  same  distance  but  passed  through 
two  telescopes,  and  the  image  was  not  inverted. 
Combining  the  beams  at  the  object  apenure  resulted 
in  images  with  a  very  small  tilt  ( ~  1%),  independent 
of  when  the  oscillator  pulse  was  sliced.  The,tilts  of 
the  profiles  also  had  a  very  small  shortTo-shon^ 
variation. 

The  rear  reflector  of  the  oscillator,  which  is  lo¬ 
cated  close  to  a  Fourier  plane,  was  apenured  to  limit 
the  angular  divergence  of  the  output  at  the  object  ap¬ 
enure.  This  affected  the  concavity  of  the  profile  at 
the  image  plane  (after  passing  through  the  Fourier 
apenure).  Decreasing  the  angular  divergence  by 
placing  a  smaller  apenure  at  the  rear  reflector  tended 
to  make  the  image  concave  up,  while  increasing  the 
divergence  had  the  opposite  effect.  With  no  rear  re¬ 
flector  aperture,  the  image  was  slightly  concave  down. 


Fig.  i.  The  optic*)  setup  for  the  oscillator  and  telescopes. 
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The  rear  reflector  apenure  was  made  smaller  until 
the  concavity  was  nearly  eliminated.  For  the  results 
in  this  work,  the  divergence  trom  the  object  aperture 
was  limited  to  '8  mrad  in  the  vertical  direction,  and 
-  14  mrad  in  the  horizontal  direction.  This  diver¬ 
gence  is  sufficient  to  ovenlll  the  Founer  aperture, 
which  requires  only  5  mrad. 

The  object  apenure  diameter  of  3  mm  was  limited 
by  the  transverse  dimension  of  the  laser  medium  ( l 
cm  by  2  cm ).  and  the  Founer  apenure  size  was  lim¬ 
ited  by  the  size  of  the  Pockels  cells  to  0.5  cmx 
0.5  cm.  which  implies  a  focal  length  of  1  m.  The  re¬ 
quired  angular  divergence  of  the  oscillator  is 
6(U/d-  5  mrad.  which  is  less  than  the  measured  an¬ 
gular  divergence. 

Two  KD*P  Pockels  cells  in  senes  were  used  to  slice 
a  4  ns  pulse  out  of  the  30  ns  oscillator  output.  The 
setup  is  shown  in  fig.  4.  A  pair  of  dielectric  polarizers 
polanzed  the  beam  horizontally  before  the  object  ap¬ 
enure.  The  beam  then  passes  through  the  Founer  ap¬ 
enure.  the  two  Pockels  cells,  and  the  remaining  sets 
of  dielectnc  polarizers.  The  energy  contrast  ratio,  de¬ 
fined  as  the  ratio  of  the  transmitted  fluences  with  and 
without  voltage  applied  to  the  Pockels  cells,  was  3000 
to  l. 


3.  The  imager 

The  imager  is  a  cooled,  slow-scan,  two-dimen¬ 
sional  charge  coupled  device  (CCD)  camera.  It  is 
capable  of  measunng  the  energy  profiles  to  an  ac- 

_ _  curacy  of  better  than  1%.  and  it  has  a  spatial  reso- 

lution  of  384  by  576.  TTk  camera  parameters  are 
shown  in  table  l.  The  CQgjs  coated  with  a  phosphor 
in  order  to  increase  its  quantum  efficiency  at  248  nm 
to  -0.25. 

The  imager  has  a  vacuum  window  to  prevent  for¬ 
mation  of  frost  on  the  CCD.  This  window  has  an  anti- 
reflection  coating  on  each  surface  with  a  power  re- 
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Fij.  4.  The  pulse  slicing  system. 


Ttbie  I 

Parameters  oi  the  CCD  camera. 


Pjrarecter 

Value 

Formal 

3S4  by  576  puds 

Pixel  ILK 

23  urn  try  23  um 

Readout  none 

23  electrons 

Chaise  iraasier  efficiency 

0.99991 

Full  well  capacity 

1 60000  electrons/ pixel 

Quantum  etficiency 

0.25  at  241  nm 

Dart  current 

1 5  electrons/  sec/ pud 

Exposure  time 

0.1  s 

Difituer  resolution 

12  bits 

CCD  temperature 

-4S*C 

Window  thickness 

1.0  cm 

Window  retlecuvuy 

0.25V  ends  surface 

flecu Yity  of  0.25%  at  248  nm,  0*  incidence.  This 
introduced  a  negligible  error  in  the  measurement  of 
the  profile  because  the  coherence  length  of  the  light 
( I.9x  i0~2  cm )  was  much  shorter  than  the  window 
thickness. 

For  temporally  coherent  light,  the  noise  in  a  cooled 
CCD  measurement  is  due  mainly  to  the  statistical 
nature  of  the  photoelectric  process  (the  electron  shot 
noise )  and  the  preamplifier  noise.  For  the  measure¬ 
ments  presented  the  signal  was  large  enough  that  the 
preamplifier  noise  was  negligible.  Because  the  num¬ 
ber  of  photoelectrons  in  one  pixel  for  several  mea¬ 
surements  of  identical  light  levels  has  a  Poisson  dis¬ 
tribution.  the  electron  shot  noise  o^  for  one 
measurement  is 

•  (3) 

The  noise  in  one  pixel  is  independent  of  the  noise  in 
another. 

In  addition  to  the  noise  in  the  CCD  measurement, 
there  is  a  random  variation  o,  associated  with  the 
temporal  incoherence  of  light.  If  a  pixel  in  the  de¬ 
tector  is  smaller  than  a  spatial  coherence  zone,  then 

ffjaiV,  (r/r),/J.  (4) 

where  T  is  the  laser  pulse  length,  r  is  the  coherence 
time.  .V,  is  the  average  number  of  photoelectrons  in 
the  pixel  measured  in  ume  T,  and  a,  is  the  shot-to- 
shot  RMS  variation  of  the  signal  in  electrons.  In  th»« 
case,  there  is  correlation  in  the  measurements  of  ad¬ 
jacent  pixels.  If  on  the  other  hand  there  are  Nc  co¬ 
herence  zones  in  a  pixel,  then 
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a,m.\\lT/\tT)'-:  (5) 

In  this  case,  the  random  vanauon  for  adjacent  pixels 
is  independent.  The  bandwidth  (  ■  l/r)  of  the  os¬ 
cillator  has  been  measured  to  be  1 .6  THz.  which  gives 
a  coherence  time  of  0.6  ps.  Because  the  random  vari¬ 
ation  associated  with  the  incoherence  is  not  corre¬ 
lated  with  the  CCD  measurement  noise,  tbe  total 
random  vartauon  ay  in  electrons  of  the  number  of 
electronics  m  a  pixel  is  given  by 

ataor+a-*.  (6) 

Because  a  typical  CCD  exhibits  a  nonumform  re¬ 
sponse  to  light,  the  camera  was  calibrated  by  illu¬ 
minating  it  with  a  uniform  light  source  (fig.  5 ).  The 
oscillator  was  used  as  a  light  source  for  a  commercial 
integrating  sphere.  This  has  the  advantage  of  cali¬ 
brating  the  camera  for  the  same  wavelength  and  ap¬ 
proximately  the  same  pulse  length  used  in  the  mea¬ 
surements.  The  camera  was  placed  -  1  m  from  the 
output  apenure  of  the  sphere.  At  that  distance,  the 
variation  in  light  across  the  CCD  surface  from  a  lam- 
benian  surface  is  theoretically  1.5  x  10"*.  In  an  ac¬ 
tual  setup,  the  variation  will  probably  be  greater  the 
camera  and  integrating  sphere  might  not  be  perfectly 
aligned,  there  might  be  spurious  reflections,  and  the 
light  output  from  the  integrating  sphere  might  not  be 
perfectly  uniform. 

In  order  to  test  the  calibration  technique,  the  cam¬ 
era  was  calibrated  at  different  positions.  Tbe  dis¬ 
tance  between  the  camera  and  the  integrating  sphere 
was  varied  from  0.4  m  to  1.6  m,  the  camera  was 
moved  ±  3  mm  perpendicular  to  a  line  between  it 
and  the  sphere,  and  the  camera  was  routed  about 
that  line.  The  greatest  change  in  the  calibration  was 
a  0.3%  spaual  tilt  across  the  8.83  mm  width  of  the 
sensor.  This  corresponds  to  a  systematic  error  of  less 


Fi(.  5.  Calibration  of  the  camera.  Tbe  oscillator  illuminates  an 
mtegnunc  sphere.  A  negative  lens  ( not  shown  |  is  used  to  spread 
our  the  input  light  to  avoid  the  integrauns  sphere.  A 

lube  <  not  shown )  is  used  in  order  to  reduce  stray  light.  Apertures 
inside  the  tube  are  necessary  in  order  to  reduce  stray  reflections. 


than  0. 1%  tn  the  calculation  of  the  ttlt  of  a  2  mm  di¬ 
ameter  profile. 

Dunng  the  calibration,  there  will  be  the  random 
variation  tn  the  measurements  given  by  eq.  (6). 
There  were  several  coherence  zones  in  each  pixel,  so 
eq.  ( 5 )  was  used  to  calculate  the  random  vanauon 
due  to  the  incoherence  of  light.  The  size  6  of  a  co¬ 
herence  zone  at  the  CCD  is  approximately 

Smil/Di  .  (7) 

where  A  is  the  wavelength  of  light  and  /  is  the  dis¬ 
tance  between  the  C CD  and  the  integrating  sphere 
output  apenure.  which  has  a  diameter  A-  For  Aa  248 
nm,  /a  I  m.  and  Dt*S  cm.  6  is  4.96  pm.  Using  the 
pixel  size  from  the  table,  the  value  of  Se  (to  be  used 
in  eq.  (5))  is  (23  pm/4.96  pm)2=21.5. 

In  order  to  measure  the  noise,  the  output  from  the 
integrating  sphere  was  measured  64  times.  After  cor¬ 
recting  for  variation  in  the  total  energy  falling  on  the 
CCD.  the  notse-to-signai  ratio  (ay/N,)  for  a  given 
pixel  was  calcubted.  At  a  signal  level  of  6.6  x  104 
electrons.  th'_  result  ranged  from  2.5x10**  to 
3.0 X  10*\  compared  to  an  expected  value  ( from  eq. 
(6))  of  3.8xiO*J  (TaJO  ns,  ra0.6  ps,  and 
;Vcs21.5).  This  indicates  that  the  camera  is  capable 
of  measuring  the  profiles  with  low  noise. 

The  calibration  was  determined  by  summing  64 
measurements  (with  the  background  subtracted)  of 
the  integrating  sphere  output  (flat  fields).  The  av¬ 
erage  signal  level  was  1.5x10*  electrons,  or  3825 
counts.  The  calibration  factor  C,  for  pixel  i  is  given 
by 


C, 


(8) 


where  .Vp  is  the  number  of  pixels  on  the  CCD.  and 
/  is  the  summed  fiat  field  signal  at  pixel  i.  Because 
f  is  a  sum  of  64  measurements,  the  relative  error  of 
C,  calculated  by  eq.  (6)  due  to  the  error  in  /  is  re¬ 
duced  by  a  factor  of  8  from  2.8  x  10~*  to  3.5  x  10~*. 
The  relative  energy  e,  falling  on  pixel  i  is  given  by 

e.szC.is.-b,) ,  (9) 

where  s,  and  b,  are  respectively  the  signal  and  back¬ 
ground  at  pixel i.  The  signal  levels  of  the  profiles  pre¬ 
sented  in  the  next  section  are  6.0  X 10*  electrons,  or 
-  1500  counts,  while  the  background  levels  (which 
are  due  to  the  camera )  are  -  50  counts.  This  implies 
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ihat  the  RMS  measurement  error  due  to  the  electron 
shot  noise  and  the  calibration  error  is  0.4%  for  one 
pixel.  When  observing  longer  scale  length  focal  pro¬ 
file  nonumformuies  that  cover  many  pixels,  one  can 
reduce  this  error  by  averaging  over  more  than  one 
pixel. 


4.  The  profiles 

The  object  aperture  is  imaged  onto  the  camera 
through  a  lens,  the  Fourier  aperture,  the  pulse  slicing 
system,  a  demagmfying  telescope,  and  focusing  lens. 
A  schematic  of  the  experimental  arrangement  with¬ 
out  the  demagnifying  telescope  is  shown  m  fig.  4.  The 
telescope  is  located  before  the  second  lens,  which  fo¬ 
cuses  the  beam  onto  the  camera  after  attenuation  by 
two  reflections  by  uncoated  surfaces  and  transmis¬ 
sion  through  a  95%  flat  reflector.  The  telescope  de- 
magmfies  the  image  of  the  object  aperture  from  3  mm 
to  2  mm  diameter. 

The  measured  profiles  were  analyzed  with  the  fol¬ 
lowing  algorithm: 

(i )  Determine  the  centroid  (jc„  >•*)  of  the  profile. 

(ii)  Find  the  edges  of  the  flat  region  of  the  hori¬ 
zontal  and  vertical  cross-sections  through  the  cen¬ 
troid. 

(iii)  For  the  flat  region  of  each  cross-section:  (a) 
Perform  a  linear  least-squares  fit,  and  calculate  the 
variation  of  the  fit  from  a  flat-top  (tilt),  (b)  Per¬ 
form  a  quadratic  least-squares  fit,  and  calculate  the 
mean-to-peak  variation  of  the  fit  from  a  flat-top.  (c ) 
Calculate  the  RMS  deviation  of  the  measured  cross- 
section  from  the  tits. 

The  centroid  is  determined  by 


where  x,  is  the  x  position  of  pixel  i.  The  calculation 
of  ye  is  analogous.  The  edges  of  the  flat  region  of  a 
cross-section  is  determined  by  the  following  algo¬ 
rithm: 

(i)  Find  the  pixels  l  and  r  where  the  measured 
value  of  the  cross-section  is  just  greater  than  a  spec¬ 
ified  fraction  fp  of  the  maximum  value. 

(ii)  The  edges  of  the  flat  region  at  t  pixels  from  / 
and  r  towards  the  center  of  the  cross-section.  For  ex¬ 


ample.  if  /  is  the  pixel  on  the  left  edge  of  the  profile, 
and  pixel  numbers  increase  from  left  to  right,  the  the 
flat  region  is  between  pixels  i+t  and  r-t.  inclusive. 

For  the  results  presented,  f,  was  0.25.  and  i  was  5 
( the  cross-section  of  the  profile  is  85  pixels  across). 
The  results  do  not  depend  strongly  on  /p  or  t. 

Three  aspects  of  the  protiles  were  evaluated.  First 
the  4  ns  pulse  was  taken  at  different  times  during  the 
oscillator  output  to  check  whether  the  object  aper¬ 
ture  illumination  uniformity  changed  in  time.  It  was 
found  that  the  tilts  of  the  profiles  do  not  vary  ap¬ 
preciably  during  the  oscillator  output  Second,  a  se¬ 
nes  of  profiles  were  taken  at  the  same  time  during 
the  oscillator  output  to  determine  the  shot-to-shot 
variation  of  the  profiles.  It  was  found  that  the  ob¬ 
served  shot-to-shot  RMS  variation  of  the  tilts  was 
consistent  with  the  spatial  and  temporal  incoherence 
of  the  light  It  was  also  found  that  the  variation  of 
the  linear  fit  from  a  flat-top  profile  (a  measure  of 
tilt )  averaged  over  the  series  was  £0.5%,  and  of  the 
quadratic  fit  (a  measure  of  peaking  or  concavity) 
was  r  1.4%.  Finally,  the  Fourier  aperture  was  par¬ 
tially  blocked  to  simulate  the  effects  of  a  nonuniform 
gain  in  an  amplifier.  The  profiles  were  found  to  be 
insensitive  to  this  partial  blocking;  blocking  half  the 
Fourier  aperture  changed  tilts  of  the  profile  by  only 
a  few  percent. 

Figure  6  shows  a  typical  profile  and  its  cross-sec¬ 
tions.  The  RMS  deviation  of  the  measurement  from 
the  linear  least-squares  fit  is  1.0%  along  the  vertical 
direction  and  0.8%  along  the  horizontal.  If  the  pro¬ 
file  were  flat,  the  deviation  would  be  the  same  as  the 
total  random  variation  ay  (given  by  eq.  (6) )  in  each 
datum.  Because  a  pixel  is  smaller  than  a  coherence 
zone.  eq.  (4)  can  be  used  to  calculate  the  variation 
due  to  the  incoherence  of  the  light.  With  a  coherence 
time  of  0.6  pi  a  pulse  length  of  4  ni  and  a  signal  of 
6x10*  electrons,  the  expected  RMS  relative  varia¬ 
tion  of  each  datum  is  1.3%.  This  indicates  that  the 
observed  deviation  is  probably  due  to  the  CCD  shot 
noise  error  and  the  variation  of  the  light  energy  due 
to  the  laser  incoherence  and  the  finite  avenging  time 

Figure  7  shows  the  tilts  of  the  cross-sections  as  a 
function  of  time  during  the  oscillator  output.  Eight 
images  were  recorded  for  seven  times  spaced  S  ns 
apart  during  the  oscillator  output,  for  a  total  of  56 
images.  Each  point  on  the  graphs  is  the  tilt  of  the 
horizontal  or  vertical  cross-section  of  one  image.  Note 
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that  the  time  variation  is  negligible.  Therefore,  the 
output  of  the  oscillator  does  not  vary  appreciably 
when  averaged  over  4  ns. 


Figure  8  is  a  histogram  of  the  tilts  for  64  images. 
Note  that  the  average  tilt  is  very  nearly  zero;  it  is 
-0.75%  along  the  vertical  direction,  and  0.75%  along 
the  horizontal  The  RMS  variation  of  the  tilt  is  1%, 
which  is  dose  to  the  expected  value  of  0.7%  (this  is 
calculated  in  the  appendix).  The  RMS  variation  of 
the  tilt  of  a  single  beam  of  fig.  3  is  -5%  along  the 
vertical  direction  and  - 1%  aioeg  the  honzontai  The 
larger  venation  along  the  vertical  direction  for  a  sin¬ 
gle  beam  indicates  that  the  telescopes  shown  in  fig. 
3  are  effective  in  reducing  the  shot-to-sbot  variation 
of  the  tilt.  Furthermore,  the  average  tilt  of  a  single 
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beam  is  5  to  10%.  which  indicates  that  the  telescopes 
are  also  effective  in  reducing  the  average  tilt. 

Figure  9  is  a  histogram  of  the  mean-to-peak  vari¬ 
ation  of  the  quadratic  fit  from  a  flat-top  profile  for 
the  64  images.  The  mean  averaged  over  the  images 
is  =  1.4%  along  the  vertical  direction,  and  =0.6% 
along  the  horizontal.  The  variation  is  larger  along  the 
vertical  direction  because  there  is  more  shot-to-shot 
variation  of  the  concavity  of  the  profile,  which  is  not 
reduced  by  the  telescopes. 

Figure  10  shows  the  tilts  of  the  cross-sections  with 

Variation  Along  v 
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Variation  Along  x 
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Fig.  9.  A  histacnm  of  the  mean-to-peak  variation  of  the  qua¬ 
dratic  fits  from  a  flat-top  profile  with  the  Fourier  aperture  com¬ 
pletely  unblocked. 
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Fig.  1 0.  Variation  of  the  tilts  of  the  cross-secuoa  when  different 
pans  of  the  Fourier  aperture  are  blocked. 


1 4r3 

different  parts  of  the  Founer  apenure  blocked  m  or¬ 
der  to  simulate  nonumform  amplifier  gain.  Sateen 
images  were  recorded  wuh  <  t )  the  Founer  apenure 
completely  unblocked.  ( ti  >  the  top  half  of  the  Four¬ 
ier  apenure  blocked,  (ui)  the  right  half  blocked.  ( tv ) 
the  bottom  half  blocked,  and  <  v )  the  left  half  blocked, 
for  a  total  of  80  images.  Note  that  the  average  tilt 
changed  by  a  few  percent.  Note  also  that  when  the 
top  or  bottom  of  the  Founer  apenure  was  blocked, 
the  shot-to-shot  variation  of  the  tilt  of  the  vertical 
cross-secuon  increased,  because  different  para  of  the 
inverted  and  nornn verted  beams  were  blocked.  The 
two  beams  were  not  exact  inverses  of  each  other,  and 
the  the  tilt  of  one  did  not  cancel  the  tilt  of  the  other. 
This  larger  shot-to-shot  venation  does  not  occur  in 
the  horizontal  direction  because  the  angular  diver¬ 
gence  of  the  oscillator  output  in  the  horizontal  di¬ 
rection  is  larger  than  the  divergence  in  the  vertical 
direction. 


S.  Summary 

A  laser  oscillator  system  has  been  developed  with 
a  4  ns  pulse  output.  3000  to  l  energy  contrast  ratio, 
and  flat  focal  profile.  Its  angular  divergence  is  large 
enough  to  produce  60  times  diffraction-limited  im¬ 
ages.  The  coherence  time  was  0.6  ps,  and  the  pulse 
duration  was  30  ns.  The  focal  images  of  4  ns  slices 
of  the  beam  had  the  desired  flat  cross-sections  (tilts 
of  ~  1%).  The  shape  of  the  focal  profile  should  not 
depend  strongly  on  the  gain  profiles  of  the  laser  am¬ 
plifiers  if  they  are  placed  at  the  Fourier  apenure  of 
the  EFISI  system.  This  was  tested  by  partially  block¬ 
ing  the  Fourier  apenure  and  observing  that  the  shape 
of  the  focal  profile  was  not  strongly  affected  (the  tilts 
were  typically  on  the  order  of  a  few  percent).  The 
top,  bonom.  left,  and  right  halves  of  the  Founer  ap¬ 
erture  were  blocked.  Partially  blocking  the  Fourier 
aperture  simulates  an  extremely  nonuniform  ampli-  T  r 
fter  gain:  typical  nonuniformities  of  actual  ampli¬ 
fiers  used  in  the  NIKE  laser  are  only  approximately 
20%. 

The  oscillator  system  described  here  comes  dose 
to  fulfilling  the  goals  for  the  NIKE  system.  The  ex¬ 
isting  system  is  now  being  used  to  test  the  ability  of 
the  NIKE  system  to  maintain  uniform  focal  profiles 
after  several  stages  of  amplification.  In  future  work. 
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we  will  attempt  obutn  more  nearly  uniform  beams 
which  are  less  aiTccted  by  paruai  blocking  of  the 
Founer  aperture.  We  will  also  attempt  to  produce 
more  than  60  times  diffraction  limited  beams,  so  that 
phase  aberrations  in  the  laser  system  will  have  even 
less  effect  on  the  focal  profile. 


Nf 

Ifi  ■  I  , 

CS  m  % 

(He) 

V 

A*  I 

(ltd) 

deni 


where  .V  is  the  number  of  profiles  measured.  Note 
that  the  can  be  chosen  so  that  0,  is  zero.  Note  also 
that  in  this  case.  eq.  ( I  Id )  can  be  approximated  by 
an  integral.  Let  L  be  the  diameter  of  the  profile,  and 
let  txmL/Sf.  Then 
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Appendix 

This  appendix  presents  a  calculation  of  the  vari¬ 
ance  of  the  slope  of  the  linear  least-squares  fit.  The 
variance  is  determined  by  the  variance  of  the  data 
used  to  calculate  the  slope.  The  random  variation  of 
each  datum  in  the  measured  profile  is  due  to  both 
the  CCD  measurement  noise  and  the  random  vari¬ 
ation  associated  with  the  temporal  incoherence  of  the 
light.  The  CCD  measurement  noise  is  due  mainly  to 
the  electron  short  noise,  and  is  given  by  eq.  ( 3 ).  The 
random  variation  due  to  the  incoherence  is  given  by 
eq.  (4)  or  (5).  The  total  random  variation  <ry  (given 
by  eq.  (6))  causes  the  calculated  slope  m  to  have  a 
variance 

In  order  to  calculate  am,  let  y0  be  a  set  of  Nt  ran¬ 
dom  variables,  and  y*,  be  the  value  of  sample  i  of  ya. 
Let  jc.  be  a  set  of  Nt  numbers.  The  ya  are  the  mea¬ 
surements  at  position  xa,  .Vf  is  the  number  of  pixels 
across  the  profile.  Define 

I  v 

j.*  (u»> 

tm  I 

4  I  (ym-?a)(yt,-9t)  .  (llb) 

iml 


(12) 

*-  1*1 
L/2 

J  j^dx  (13) 

-LJ  i 

(14) 

The  variance  will  be  calculated  by  first  using  the 
standard  formula  for  the  slope  of  the  linear  least- 
squares  fit  to  a  set  of  data.  The  variance  will  depend 
on  ait.  However.  <ri,  will  be  negligible  if  the  pixels 
a  and  0  are  not  dose  together,  because  the  size  of  a 
coherence  zone  is  approximately  the  same  size  as  a 
pixel  Using  a  rough  approximation,  the  ratio  am/ay 
is  calculated. 

The  slope  m  of  the  linear  least-squares  fit  to  the 
data  pairs  (x*,  ym)  is  a  random  variable  given  by 
(after  setting  fix -0-): 

1 

mm—j;  x9ym.  (15) 

n  amt 

Let  oi  be  the  variance  of  m.  Because  x*  is  a  number 
(rather  than  a  random  variable), 

I  I.XaXfOif.  (16) 

Pi  ami  0ml 

For  the  results  presented,  there  are  60  coherence 
zones  and  85  pixels  across  a  profile;  each  coherence 
zone  spans  approximately  one  ptxeL  In  addition, 
ffj- 750 electrons  (from eq.  (4), with  7»4 os, r-0.6 
ps,  and  N.S6.0X104  electrons),  while  o.*~250 
electrons  ( from  eq.  ( 3  total  variation  at  one 

pixel  is  therefore  (eq.  (6)>w90  electrons,  which  is 
a  relative  variation  of  1.3x  10~l.  the  vari¬ 

ation  due  to  the  measurement  (?«*)  is  independent 
for  each  pixeL  while  the  variation  due  to  the  incoh- 
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erence  of  light  ( a,  jis  somewhat  correlated,  the  rather 
arbitrary  assumption  can  be  made: 

akoia  .  if  ltt-01  ■  I  • 

»0.  otherwise.  (17) 


Equation  (16)  then  becomes 

"JT  £  (jfS  +  feXo_|Jf«  +  iJCo«i Ab)  (7Sa>  (18) 

Pi  «-* 

where  xa»0  for  a»0  and  a  *  ;Vf  + 1  so  that  there  is 
no  contribution  from  the  nonexistent  points  0  and 
<Vf+l. 

Because  the  signal  level  is  nearly  the  same  for  ail 
points  on  the  profile,  the  variances  of  each  of  the  y„ 
will  all  be  approximately  equal: 


*  <7  22  = 


(19) 


Then 


2* 

Oy 


(xi+kxa_txa 


+kxa+txa) 


(20) 


With  XyjCa  *xi, 

Oy  \  fa  1 


(21) 


Approximating  by  NfL2/l2,  this  becomes 


For  a  2  mm  diameter  image  with  ty*  85  and 
IcmO.S,  <rm/ffrs»0.27/mm.  With  ay/JV«*1.3x  10“2, 
om/Nt=2.5x  10_J/mm.  or  a  0.7%  shot-to-shot  RMS 
variation  of  the  tilt  of  the  profile.  With  lc=0.75, 
am/ff,=t0.30/mm,  and  with  lc«0.25,  am/ay= 
0.23 /mm.  This  indicates  that  the  value  of  k  does  not 
strongly  affect  the  RMS  variation  of  the  tilts. 
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ABSTRACT 

One  of  the  key  requirements  for  direct-drive  laser  fusion  is  a  laser  whose  focal  profile  is  sufficiently 
smooth  and  controllable  to  produce  highly  symmetric  implosions.  To  achieve  this,  the  NIKE  laser  will 
implement  the  echelon-free  ISI  technique,  in  which  the  desired  focal  profile  is  formed  at  the  output  of  a 
spatially  and  temporally  incoherent  oscillator,  then  imaged  through  the  laser  amplifiers  onto  the  target. 
Because  the  amplifiers  are  located  in  the  quasi  far-field  of  the  oscillator,  their  large  scalelength  gain  and 
phase  nonuniformities  will  have  little  effect  on  the  image  as  long  as  the  light  remains  highly  incoherent. 
However,  small  scalelength  phase  aberrations  and  nonlinear  optical  processes  must  be  minimized  to  maintain 
good  control  over  the  image.  After  a  brief  description  of  the  NIKE  system,  this  paper  reports  on  numerical 
simulations  and  measurements  of  profile  distortion  due  to  random  amplitude  and  phase  nonuniformities, 
nonlinear  refraction,  and  self-seeded  stimulated  rotational  Raman  scattering,  and  describes  the  steps  being 
taken  to  control  these  effects. 


1.  INTRODUCTION 

The  NIKE  laser  is  a  KrF  facility  currently  under  construction  at  the  Naval  Research  Laboratory  to 
address  technological  and  physics  issues  of  direct-drive  laser  fusion.  It  is  designed  to  ablatively  accelerate 
thin  planar  foil  targets  under  conditions  close  to  the  operating  regime  envisioned  for  a  high  gain  pellet.  High 
pellet  gain  can  be  achieved  only  if  peak  to  valley  nonuniformities  of  the  ablation  pressure  are  less  than  2%. 
For  direct-drive,  this  requires  a  laser  whose  focal  spot  distribution  is  highly  smooth  and  controllable  because 
UV  light  allows  only  modest  smoothing  of  irradiance  nonuniformities  by  lateral  energy  flow  in  the 
underdense  plasma  surrounding  the  pellet. 

To  produce  such  a  beam,  NIKE  is  implementing  the  echelon-free  ISI  technique1  illustrated  in  Fig.  1.  A 
broad  bandwidth  temporally  and  spatially  incoherent  oscillator  (e.g.  an  amplified  spontaneous  emission 
source)  uniformly  illuminates  an  apodized  aperture,  which  imposes  the  desired  time-overaged  intensity 
profile  on  the  beam.  This  profile  is  imaged  onto  the  target  by  relaying  its  quasi  far-field  through  the 
amplifier  chain;  i.e.,  the  focal  distribution  at  the  target  is  controlled  directly  by  changing  the  diameter  and 
spatial  profile  of  the  apodized  aperture.  At  the  quasi  far-field,  the  information  needed  to  produce  the  focal 
distribution  is  encoded  in  large  optical  field  angles,  or  equivalently,  in  a  multitude  of  small  coherence  zones. 
It  therefore  remains  relatively  insensitive  to  the  large  scale  gain  and  phase  nonuniformities  that  are 
invariably  imposed  by  the  amplifiers  and  their  associated  optical  components.  In  NIKE,  the  image  will 
normally  subtend  an  angular  width  AS  =  60  times  diffraction  limit  (XDL),  thus  giving  coherence  zones  of 
l/60th  die  beam  diameter. 


image  distortion  can  be  easily  pre-compensated  at  the  oscillator  as  long  as  it  remains  relatively 
small  and  reproducible.  In  general,  low  distortion  requires  that  A8  remain  large  compared  to  the  angular 
perturbations  introduced  by  phase  aberrations  within  the  laser.  The  NIKE  optical  design,  which  is  described 
briefly  in  Section  2,  allows  nearly  complete  compensation  of  all  systematic  phase  aberrations,  such  as 
astigmatism,  coma,  and  spherical  aberration.  Distortion  due  to  random  phase  nonuniformities,  gain 
nonuniformities,  and  nonlinear  optical  processes  is  calculated  in  Section  3. 

The  instantaneous  focal  spot  intensity  produced  by  incoherent  beam  smoothing  schemes  such  as  1SI  L 2 
is  rapidly  fluctuating,  highly  nonuniform  speckle.  It  approaches  a  smooth  profile  F(x)  only  when  averaged 
over  intervals  much  longer  than  the  laser  coherence  time  tc  =  1  /Av,  where  Av  is  the  bandwidth.  For  fusion 
applications,  tc  must  be  much  shorter  than  the  time  required  for  the  target  to  react  hydrodynamically  to  the 
speckle.  Calculations  indicate  that  tc  *  1  psec  is  short  enough  to  provide  the  required  ablation  pressure 
uniformity  once  the  steady-state  blowoff  plasma  is  formed;  however,  shorter  coherence  times  are  desirable  to 
reduce  imprinting  of  the  laser  nonuniformities  onto  the  target  before  the  plasma  forms.3  KrF  amplifiers  have 
sufficient  Av  to  easily  achieve  this,4  but  the  optical  system  must  be  capable  of  transporting  such  band  widths 
without  distorting  the  focal  profile.  The  NIKE  optical  system  is  designed  to  accommodate  a  bandwidth  up  to 
5  THz  (tc  -  0.2  psec)  with  negligible  chromatic  aberration.  It  achieves  this  by  using  mostly  reflective  optics 
at  the  larger  apertures,  and  by  using  large  F-number  lenses  and  chromatic  correction  in  the  front  end  optics. 

2.  NIKE  OPTICAL  SYSTEM  DESIGN 

The  laser  is  a  56  beam  angularly-multiplexed  system  designed  to  illuminate  a  planar  foil  target  with 
2-3  kj  in  a  3-4  nsec  pulse.3  A  schematic  view  of  the  optical  train  is  shown  in  Fig.  2.  The  present  oscillator 
comprises  a  commercial  KrF  discharge  module,  plus  image  inverting  and  beam  combining  optics;  it  produces  a 
1.6  THz  spatially-multimode  beam  of  -80  XDL  divergence  and  nearly  uniform  time-averaged  intensity.6'  7 
Because  most  of  the  planar  target  experiments  will  require  a  flat-top  focal  distribution,  the  oscillator 
currently  uses  a  hard  aperture  of  3  mm  diameter.  Figure  3  shows  an  image  of  the  oscillator  beam,  using  a  4  nsec 
slice  of  the  pulse  and  a  pair  of  lenses  with  a  60  XDL  pupil  and  1.5  X  magnifying  telescope  located  at  the  far- 
field  plane  between  them.  Eventually,  the  output  of  the  oscillator  will  be  split  into  two  beam  lines  with 
independently  adjustable  ISI  apertures  and  pulse  shaping  systems.  The  main  line  will  provide  44  beams 
optimized  for  3-4  nsec  direct  target  illumination,  while  the  second  line  will  provide  up  to  12  beams  of  5-6  nsec 
pulsewidth  optimized  for  diagnostic  X-ray  backlighting. 

The  far-field  distribution  fix)  of  the  main  oscillator  beam  F(x)  is  image-relayed  through  the  pulse¬ 
shaping  optics,  a  commercial  discharge  preamplifier,  and  a  large  aperture  (4x4  cm2)  discharge  pre¬ 
amplifier.  (The  relay  telescopes  between  these  elements  are  not  shown  explicitly  in  Fig.  2.)  A  pair  of  neutral 
chromatic  correction  doublets,  each  consisting  of  a  MgF2  convex  lens  and  a  fused  silica  concave  lens,  can  be 
placed  at  the  input  and  output  of  the  second  preamplifier  when  broader  bandwidth  operation  is  desired.  The 
beam  is  then  split  and  relayed  into  an  array  of  three  parallel  4x4  cm2  discharge  amplifiers  identical  to  the 
one  used  in  the  preceding  stage.  (The  fourth  module  of  the  array  shown  in  Fig.  2  will  be  used  to  amplify  the  X- 
ray  backlighter  beams.)  Each  of  these  modules  has  produced  over  2  J  in  15  nsec,  with  negligible  distortion  of 
the  oscillator  image  profile.7  The  output  beams  are  split  twofold  and  differentially  delayed  by  a  stack  of  8 
folded  image-relaying  telescopes  of  unequal  length  and  2:1  magnification.  An  additional  array  of  time  delay 
mirrors  again  splits  each  of  these  beams  to  create  28  sequential  beams,  then  feeds  them  to  the  4x7  input 
array  of  the  angularly-multiplexed  amplifier  chain. 

The  angularly-multiplexed  amplifier  chain  will  comprise  two  double-passed  e-beam  pumped  stages 
and  the  associated  transport  optics.  The  diverging  mirrors  of  the  input  array  expand  the  28  beams  and 
overlap  them  at  the  concave  rear  mirror  of  the  20  x  20  cm2  amplifier.  Within  the  125  nsec  extraction  time  of 
these  sequential  beams,  this  amplifier  has  produced  150  ]  output  for  an  input  energy  <  1 J.  A  50%  beamsplitter 
at  the  output  will  create  an  additional  28  beams,  which  will  be  relayed  through  a  120  nsec  delay  line  (a  1:1 
off-axis  reflecting  telescope)  that  images  the  beamsplitter  onto  an  adjacent  re-entrant  mirror.  The  resulting 
56  sequential  beams,  which  will  extend  over  240  nsec,  will  be  overlapped  at  the  concave  rear  mirror  of  the  60 


x  60  cm2  final  amplifier  by  a  single  4  x  14  array  of  identical  planar  mirrors  and  double-passed  diverging 
lenses.  This  amplifier  is  expected  to  provide  -5  k)  output  within  240  nsec. 

A  final  4  x  14  array  of  diverging  mirrors  will  recoilimate  the  output  beams  with  15  x  15  cm2  widths, 
and  direct  them  via  the  demultiplexing  mirrors  to  the  target  chamber.  The  44  (coincident)  interaction  beams 
will  be  focused  onto  the  planar  target  through  a  7  x  7  array  of  lenses,  while  the  remainder  will  serve  as 
backlighters.  The  backlighter  beams  will  come  from  the  upper  and  lower  rows  at  the  recollimahon  array, 
where  the  shadowing  losses  in  the  final  amplifier  are  large  (12%  to  22%).  For  the  target  interaction  beams, 
these  losses  range  from  0  to  19%. 

Field  angle  divergences  within  the  optical  system  are  determined  by  the  focusing  lens  array  and  the 
required  spot  size  on  target.  Most  target  interaction  experiments  will  require  a  spot  diameter  of  600  pm  in 
order  to  achieve  the  desired  intensities  (-  2  x  1014  W/cm2)  with  3-4  nsec  puisewidths.  The  lenses  were  chosen 
to  be  6  meter  focal  length,  which  will  allow  a  reasonable  depth  of  field  around  focus  with  the  2.2  meter  wide 
7x7  array.  These  conditions  require  a  field  angle  divergence  A6p  =  100  prad;  the  normalized  divergence  of 
the  15  cm  incident  beams  will  therefore  be  A0  »  A0p/(248  nm/15  cm)  =  60  XDL,  as  stated  above. 

The  NIKE  optical  design  allows  virtually  complete  compensation  of  each  beam  for  all  systematic 
phase  aberrations  (including  a  small  amount  of  spherical  aberration)  over  a  5  THz  bandwidth.8  Astigmatism 
and  coma  due  to  the  off-axis  optics  will  be  compensated  by  tilting  the  lenses  in  the  intermediate  and  focusing 
arrays  -  typically  by  angles  less  than  3°.  Without  this  correction,  the  combined  astigmatism  and  coma  could 
be  in  excess  of  15  XDL  in  some  of  the  beams.  The  lens  tilt  angles  need  not  be  adjusted  or  maintained  with  high 
precision;  spot  diagrams  show  nearly  complete  compensation  even  for  angular  perturbations  of  1-2  mrad. 

As  indicated  in  Fig.  2,  the  front  end  encoding  telescopes  are  designed  to  image  the  far-field  profile 
fix)  to  the  vicinity  of  the  final  amplifier,  but  not  to  the  20  cm  (driver)  amplifier.  Imaging  onto  both  stages 
would  require  the  intermediate  array  to  be  replaced  by  either  a  pair  of  monolithic  relay  telescopes  (resulting 
in  excessive  multiplexing  angles  at  the  driver)  or  a  cumbersome  4  x  14  array  of  smaller  telescopes  and  turning 
mirrors.  This  is  unnecessary  because  the  large  beam  sizes  ensure  that  the  two  amplifiers  remain  optically 
close  to  one  another  for  all  field  angles  of  interest.  With  the  final  amplifier  acting  as  the  aperture  stop  of  the 
system,  and  a  60  XDL  angular  divergence,  the  chief  ray  displacement  at  the  driver  will  remain  within  ±4 
mm.  The  main  penalty  for  this  approach  is  a  lower  effective  fill  factor  (65%)  at  the  driver.  Although  both  of 
these  amplifiers  will  be  slightly  overfilled  in  order  to  suppress  ASE,  the  usable  portion  of  the  beams  (i.e., 
the  part  that  eventually  clears  the  aperture  stop)  must  underfill  the  driver  amplifier  to  avoid  vignetting. 
The  NIKE  optical  system  is  designed  to  handle  field  angle  divergences  up  to  120  XDL  without  vignetting. 

3.  ANALYSIS  OF  IMAGE  QUALITY 

Although  the  optical  design  allows  for  correction  of  systematic  phase  aberrations,  there  are  several 
other  factors  that  can  also  distort  the  image.  These  include  (i)  amplifier  gain  nonuniformities,  (ii)  phase 
distortion  due  to  random  optical  surface  imperfections,  air  turbulence,  and  transient  refractive  index 
variations  in  the  KrF  amplifiers,  and  (iii)  nonlinear  optical  effects  such  as  self-phase  modulation  and 
stimulated  rotational  Raman  scattering.  This  section  will  estimate  the  distortion  due  to  these  effects,  and 
describe  the  steps  being  taken  to  control  it. 

3.1  Amplifier  gain  nonuniformities 

Because  the  driver  amplifier  is  not  imaged  to  the  aperture  stop,  a  nonuniformity  in  its  gain  profile 
Gd(x)  can  partially  imprint  itself  onto  the  focal  spot  F(0),  as  illustrated  in  Fig.  4.  (For  simplicity,  this  figure 
omits  the  front-end  optics  and  the  large  beam  size  variations  between  the  driver  amplifier  and  focusing  lens.) 
Nonuniformity  in  the  beam  profiles  from  the  discharge  preamplifier  array  (Fig.  2)  may  also  cause  some 
imprinting  because  the  beams  split  off  after  each  of  the  folded  telescopes  are  delayed  by  different  amounts, 
and  therefore  cannot  all  be  imaged  exactly  to  the  aperture  stop  at  the  final  amplifier. 


The  lowest  order  correction  to  the  ideal  focal  profile  Fo<0)  is  a  tilt  F-j(0)  of  fractional  value 
Fi(0)/Fb(0) » -xed  •  <Vj_WGd))a  -  •  <Vxln(f))f , 


(1) 


where  Xcd  and  xcf  are  the  respective  chief  ray  displacements  at  the  driver  amplifier  and  far-field  image 
planes  (xcd,  xcf «  -6),  and  f(x)  is  the  image  of  the  beam  profile  at  the  last  discharge  amplifier  (without  the 
gain  nonuniformity  imposed  by  the  driver).  The  brackets  denote  averages  over  transverse  coordinates  scaled 
to  the  60  cm  aperture  Da  and  weighted  by  the  normalized  output  beam  profile  la  of  the  final  amplifier;  i.e.. 


<Vxln(Gd)>d-(Da/Dd)  J  Ia(x)  Vxln(Gd(xI^/p^l  (Px , 

(2a) 

<Vxln(f))f -  <Da/Df)  J  Ia(x)  VjJnlfixDf/Pi,)! d*x , 

(2b) 

J  ia(x)d2*«l. 

(2c) 

where  Dd  and  Df  are  the  usable  beam  widths  (as  defined  in  the  preceding  section)  at  the  driver  amplifier  and 
far-field  plane,  respectively. 

In  the  case  of  primary  interest,  where  Fo  is  a  flat-top  profile  of  width  A0,  and  Ia  also  remains 
approximately  uniform  (-  1/Da2)  within  aperture  Da,  the  fractional  tilt  along  the  x  direction  reduces  to8 

AxFi/Fo- (Axcd/Dd) <AxGd/Gd>  +  (Axrf/Df) <Axf/f  >  .  (3) 

Here  Ax^d  and  Axcf  are  die  chief  ray  divergences  corresponding  to  A0  (Fig.  4),  and  the  bracketed  quantities 
(assumed  to  be  less  than  1)  are  the  fractional  variations  across  the  aperture  in  the  x  direction  of  quantities 
averaged  along  the  y  direction.  At  the  driver  stage,  where  Axcd  -  8  mm  for  A0  =  60  XDL  and  the  usable  beam 
width  is  Dd  «  16  cm,  a  20%  gain  imbalance  would  contribute  only  1%  to  the  fractional  tilt.  For  the  beams 
whose  far-field  image  planes  lie  farthest  from  the  aperture  stop  in  each  direction,  Axcf/Df  -  ±  0.8%.  Thus, 
even  a  2:1  variation  in  fix)  would  produce  tilts  of  magnitude  <  0.4%,  which  would  be  nearly  cancelled  by 
other  beams  whose  far-field  planes  are  located  on  the  opposite  side  of  the  final  amplifier.  In  both  terms  of 
Eq.(3),  the  tilts  due  to  the  first  group  of  28  beams  would  be  largely  cancelled  by  those  of  the  second,  which  are 
inverted  by  the  120  nsec  delay  telescope. 

The  second  order  correction  is  a  quadratic  curvature  F2(0)  whose  fractional  value  F2(0)/Fo(0)  is 
proportional  to  the  factors  (xcd  /  Dd )(xcd /  Dd ),  (xcd/Dd)(xcf/Df),  and  (xcf/Df)(xcf/Df).  With  the  small  values 
of  Ax^/Dd  and  Axcf/Df  shown  above,  IF2(0))I/Fo(0)  <  1%  as  long  as  large  fractional  variations  of  Gd(x)  and 
fix)  do  not  occur  on  scalelengths  much  shorter  than  the  usable  beam  widths.  This  condition  can  be  satisfied 
only  if  those  usable  widths  underfill  all  of  the  amplifiers  except  the  final  stage. 

3 2,  Phase  distortion 

Random  phase  distortion  is  expected  to  arise  primarily  from  surface  imperfections  of  the  large 
aperture  optics  in  the  recollimated  beams,  the  two  e-beam  pumped  amplifiers,  and  the  optical  feed  paths 
between  them.  Most  of  the  corresponding  distortion  from  the  small  front  end  optics  will  be  astigmatism  and 
coma,  which  can  be  corrected  using  the  lens  tilting  procedure  discussed  previously. 

At  present,  the  total  random  phase  distortion  $(x)  is  described  by  a  statistical  model  that  lumps  it 
into  two  independent  components;  i.e.. 


$(x) = 0is(x)  +  teo(x) , 


(4) 


where  0i5(x)  is  the  contribution  to  the  -15  cm  beams  imposed  by  the  driver  amplifier,  beamsplitter,  delay 
telescope,  and  recollimated  output  paths,  while  0&}(x)  comes  from  the  60  cm  mirror  and  windows  of  the  final 
amplifier.  These  functions  are  summations  over  randomly-phased  Fourier  modes  that  are  periodic  within  the 
15  and  60  cm  beamwidths  This  restriction  ignores  lower  spatial  frequency  variations,  such  as  phase  tilts 
tensing,  and  astigmatism,  which  can  be  corrected  by  the  intermediate  array  lenses  and  the  beam  steering  and 
focusing  optics.  Using  optical  surface  specifications  and  interferometric  data  on  the  60  cm  windows  and  20  cm 
amplifier  mirror,  we  first  calculate  the  total  rms  phase  variations  (+I5)rms<  (+60>rms  and  the  phase 
gradients  (V$i5)rm„  (V$$o)rms-  All  of  the  optical  elements  are  assumed  statistically  independent,  with 
double  contributions  from  the  double-pass  amplifier  windows.  Because  of  the  periodicity  restriction  along 
each  transverse  direction,  the  total  value  of  ($i5>rms  had  to  be  reduced  to  (15  cm/2*)  (1/^2)  (V^islnm  in 
order  to  keep  (V4i5)rm$  within  its  specified  value.  To  construct  statistical  realizations  of  +is(x)  and  +60(x), 
the  model  starts  with  a  pair  of  2D  arrays  of  initially  independent  normally  distributed  random  numbers, 
then  repeatedly  filters  them  in  k-space  (using  Gaussian  filter  functions)  and  re-scales  them  until  they  satisfy 
the  specified  rms  values.  This  model  can  be  easily  updated  as  more  phase  measurements  become  available. 

Using  the  simulated  <|>(x)  and  again  assuming  that  ia  is  approximately  uniform,  we  evaluate  the 
point-spread  function  P(0)  at  the  target  plane,  including  the  effect  of  diffraction  from  the  60  cm  final 
amplifier  aperture.  Figure  5  shows  a  typical  result.  In  this  example,  the  effective  diameter  AQr  (i.e.,  the 
circle  that  encloses  50%  of  die  energy)  is  9  XDL,  which  is  still  small  compared  to  the  60  XDL  image.  The  90% 
energy  diameter  is  18.5  XDL,  which  agrees  with  the  corresponding  15-20  XDL  value  estimated  by  Berggren9 
using  a  different  model  for  the  phase  distortion. 

Phase  distortion  introduced  by  air  turbulence  and  thermal  gradients  is  controlled  by  enclosing  most  of 
the  NIKE  optical  chain  in  a  hermetically-sealed  double-wall  ^propagation  bay  whose  walls,  ceiling,  and 
floor  are  maintained  at  uniform  temperature  to  within  ±rC.3  Preliminary  measurements  using  a  10  cm 
diameter  633  nm  beam  propagating  over  an  80  meter  air  path  show  that  the  focal  spot  remains  nearly 
diffraction-limited.  For  most  shots,  the  centroid  of  the  spot  remained  within  a  region  comparable  to  3  pm 
(the  diffraction  limit  1.22X/D  of  248  nm  light),  as  shown  in  Fig.  6.  Moreover,  some  of  this  displacement  is 
known  to  arise  from  vibrations  and  drift  in  the  mirrors.  The  absence  of  strong  steering  effects  in  a  10  cm  beam 
suggests  that  atmospheric  distortion  is  likely  to  remain  small  in  the  larger  beams  around  the  60  cm  amplifier. 

Under  NIKE  operating  conditions,  transient  refractive  index  (TRI)  effects  are  expected  to  arise 
primarily  from  F2  bumup10  in  the  e-beam  pumped  amplifiers.  Smaller  but  significant  contributions  can  also 
come  from  plasma  dispersion,  absorbing  trimers,  and  the  KrF  excimer  itself.  Estimates  give  phase  shifts  that 
increase  to  1.7-3 .2  waves  toward  the  end  of  the  e-beam  pulse.  If  the  e-beam  deposition  profile  peaks  in  the 
center  of  the  amplifier,  the  TRI  phase  shift  will  produce  a  weak  (1.5-3  XDL)  time-dependent  defocusing 
effect,  which  can  be  partially  compensated  in  each  beam  by  adjusting  the  focusing  lenses  at  the  target 
chamber.  An  update  of  these  estimates  will  soon  be  possible,  using  far-field  measurements  at  the  output  of  the 
20  cm  amplifier. 

Using  the  point-spread  function,  one  can  relate  the  distorted  and  undistorted  image  profiles  by  the 
usual  convolution 

F(6)  =  Jne-eiFoteod2©',  (5) 

where  the  approximation  P(0, 0')  =  P(0  -  0')  is  well  satisfied  in  the  NIKE  optical  system  because  the  phase 
distortion  occurs  optically  close  to  the  aperture  stop.  As  long  as  P(0)  remains  narrow  compared  to  Fo(0)  (i.e., 
A0r  «  A9  in  Fig.  4),  its  main  effect  is  to  round-off  the  edge  of  the  flat-top  profile,  reducing  the  intensity  in  a 
zone  of  fractional  width  A0r/A0  around  the  perimeter.®  This  is  shown  in  Figs.  7a-c  for  the  A0r  *  9  XDL 
simulation  in  Fig.  5.  The  distorted  image  (7c)  is  closely  approximated  by  a  Fermi-Dirac  distribution  function 
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33  Nonlinear  optical  effects 

Self  phase  modulation  (SPM)  and  stimulated  rotational  Raman  scattering  (SRRS)  may  also  distort 
the  image  because  these  processes  can  respond  to  the  rapidly  changing  stochastic  fluctuations  of  the  beam, 
and  thus  directly  affect  the  spatial  coherence  zones.  The  effect  of  SPM  can  be  partially  characterized  by  the 
average  nonlinear  phase  shift 

B«Bi+B2,  Bjs»n2i  J(Qfedz ,  (7) 

where  Bt  arises  from  atmospheric  propagation,  B2  arises  from  the  final  focusing  lenses  and  target  chamber 
windows,  n2i  ■  n2i,  n22  are  the  nonlinear  refractive  coefficients,  and  (l)z  is  die  intensity  averaged  over  time 
and  the  transverse  coordinates  «I)2  -  70-100  MW/cm2  in  the  recollimated  output  beams).  In  general,  SPM 
tends  to  broaden  the  image  profile  and  introduce  curvature  in  the  central  portion  when  B  significantly  exceeds 
0.2.  The  magnitude  of  die  perturbation  is  proportional  to  B2.  SRRS  arises  entirely  from  propagation  in  air, 
and  can  be  characterized  by  the  gain  factors 

(® 

where  gj  is  the  steady-state  convective  gain  coefficient  of  the  jth  transition.  For  the  50-100  m  high  intensity 
air  paths  in  NIKE,  Gj  -  10-15,  which  is  approximately  a  factor  of  2-3  below  normal  threshold.  However,  self- 
seeding  will  tend  to  enhance  SRRS,  especially  at  bandwidths  greater  than  2  THz;  this  was  recently 
demonstrated  by  experiments  at  LANL.11 

Image  distortion  due  to  these  nonlinear  processes  is  being  studied  using  a  simulation  code  NIKE  BEAM, 
which  also  includes  diffraction  and  linear  losses  in  the  long  atmospheric  paths,  plus  two-photon  absorption 
in  the  focusing  lenses  and  target  windows.  Ignoring  group  velocity  dispersion,  we  use  the  paraxial  wave 
equation  for  the  complex  optical  field  amplitude  E(xx,z,t)  and  the  driven  oscillator  equation  for  the  (real) 
susceptibility  Qj(xx,z,t)  due  to  the  jth  SRRS  transition: 

O/dz  +  Vg-Wdt  +  a  -  i  Vx2/2ko)  E  =  i  0 1 E 1 2  E  +  i  £QjE  (9a) 

(d2/at2+2rja/at+<q2)q  =  (qrjgj  IeI2  .  (9b) 

Here,  vg  is  the  group  velocity,  a  is  the  linear  loss  coefficient,  ko  ■  2jcA,  Re(0)  ■  n2/2,  and  lm(0)  is  half  the 
two-photon  absorption  coefficient;  Oj  and  Tj  are,  respectively,  the  frequency  and  damping  coefficient  of  the 
jth  SRRS  transition.  NIKEBEAM  evaluates  the  time-averaged  focal  spot  intensity  by  formally  integrating 
Eqs.(9a,b)  up  to  second  order  in  J(I)zdz  for  the  SPM  and  SRRS  contributions.  The  zeroth  order  term  is  the 
linearly  distorted  profile  F(6)  found  from  Eq.(5).  For  the  chaotic  multimode  light  used  in  echelon-free  ISI,  we 
factorize  all  products  of  the  zeroth  order  complex  field  amplitudes  according  to  Gaussian  statistics. 

Image  distortion  calculations  were  carried  out  assuming  either  an  air  or  pure  Ar  atmosphere  in  the 
propagation  bay.  The  lenses  and  windows  were  assumed  to  be  fused  silica  with  the  measured  nonlinear 
parameters  n2  =  140  cm/TW  (2  x  10*14  esu)  and  2Im(0)  =  60  cm/TW.12  At  present,  there  is  still  considerable 
uncertainty  on  the  size  of  n2  in  air  around  248  nm.  The  most  thorough  measurement,  which  examined  self- 
focusing  in  a  high  pressure  cell,  yielded  n2  -  0.31  cm/TW  (2.9  x  10*16  esu)  at  308  nm.13  The  SRRS  coefficients 
gj,  o>j,  and  Tj  included  all  N2  transitions  from  J  =  0  to  16  and  O2  transitions  horn  J  =  1  to  15.14  For  chaotic  light, 
the  main  effect  of  SRRS  is  an  increase  in  the  effective  value  of  n2,  especially  at  broader  optical  bandwidths. 
Combining  the  above  measurement  with  the  contribution  from  Eq.(9b),  one  finds  that  the  effective  value  of  n2 


increases  from  -  0.4  cm/TW  at  bandwidths  <  1  THz  to  -  05  cm/TW  at  3  THz.  There  do  not  appear  to  be  any 
published  values  of  n2  in  Ar  around  248  nm,  so  a  calculation  was  carried  out  using  dispersion  formulas  of 
Hellwarth,  et.  al.15  to  obtain  n2  «  0.05  cm/TW. 

Figure  7d  shows  the  perturbed  image  profile  for  the  case  where  the  high  power  beams  propagate  in 
air.  This  example  simulates  the  beam  with  the  longest  high  intensity  pathlength  (effectively  about  93  m  at 
90  MW  / cm2),  giving  Bi  «■  031  and  B2  “  0.06.  An  overall  rounding  effect  due  to  the  nonlinear  optical  processes 
is  clearly  evident,  especially  when  compared  to  the  zeroth  order  profile  (Fig.  7c),  which  shows  only  the  edge 
rounding  arising  from  the  linear  phase  distortion. 

Figure  8a  shows  the  image  profiles  for  the  same  beam  as  in  Fig  7,  but  propagating  in  Ar.  With  Bi  now 
only  0.04  and  no  SRRS,  the  perturbed  profile  is  virtually  indistinguishable  from  the  zeroth  order  case,  and 
remains  flat  to  within  2%  over  the  central  2/3  of  its  radius.  Target  interaction  simulations  indicate  that  some 
of  the  edge  rounding  may  be  beneficial  because  it  reduces  plasma  turbulence  that  would  otherwise  develop 
around  a  sharp  discontinuity.  If  it  becomes  necessary  to  extend  the  flat  portion,  however,  it  could  be 
accomplished  by  using  phase-correction  optics  in  the  front  end,  or  by  increasing  the  image  size  beyond  60  XDL 
(at  the  expense  of  intensity).  Because  the  image  retains  good  azimuthal  symmetry,  it  may  also  be  possible  to 
extend  the  flat  portion  just  by  adjusting  the  oscillator  profile  Fo  to  pre-compensate  some  of  the  distortion. 
Figure  8b  shows  an  example  of  this  compensation,  which  is  accomplished  by  placing  a  uniform  weakly- 
absorbing  disk  of  48  XDL  diameter  just  beyond  the  oscillator  hard  aperture. 

Additional  NIKEBEAM  simulations  indicate  that  curved  profiles  relevant  to  a  multibeam  spherical 
illumination  facility  are  less  susceptible  to  linear  and  nonlinear  phase  distortion  than  the  top-hat  function. 
Figure  9  shows  an  example  of  this,  using  the  profile  Fo(6)  =  (1  -  oVoq2)1  /2.  For  a  lens  of  focal  length  f  and  a 
pellet  of  radius  R  =  /0o  and  polar  angle  0p  =  sin_1(/0/R),  this  profile  would  produce  an  energy  deposition 
proportional  to  cos20p  in  the  limit  where  R  remains  large  compared  to  the  width  of  the  underdense  plasma. 
This  would  allow  highly  uniform  energy  deposition  in  a  multibeam  spherical  illumination  geometry.*® 

4.  DISCUSSION 

The  NIKE  optical  system  is  designed  to  incorporate  echelon-free  ISI  to  produce  a  smooth  and 
controllable  focal  profile  for  laser-target  interaction  experiments.  This  design  allows  complete  compensation 
of  chromatic  and  off-axis  aberrations  over  a  5  THz  bandwidth.  Calculations  of  beam  distortion  due  to  gain 
nonuniformities,  optical  imperfections,  air  turbulence,  transient  refractive  indices,  and  nonlinear  optical 
effects  indicate  that  time-averaged  nonuniformities  of  1-2%  should  be  possible  over  the  central  2/3  of  the 
target  beam  profile  if  an  argon  or  helium  fill  is  used  in  the  propagation  bay.  Although  the  propagation  bay  is 
designed  to  accommodate  either  an  Ar  or  He  gas  fill,  experiments  will  be  performed  in  the  near  future  to 
better  quantify  the  nonlinear  effects  before  committing  to  an  inert  gas  atmosphere. 

The  calculations  presented  here  are  applicable  to  the  1-2  THz  bandwidths  at  which  NIKE  is 
currently  operating.  In  order  to  accurately  model  broader  bandwidths,  NIKEBEAM  will  be  generalized  to 
include  group  velocity  dispersion  in  the  long  atmospheric  propagation  paths.  At  broader  bandwidths  (-  5 
THz),  this  effect  is  expected  to  decrease  the  profile  distortion  due  to  the  nonlinear  optical  effects. 
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Fig.  1  Echelon-free  induced  spatial  incoherence  concept,  showing  image-relayed  amplifiers  placed  at  die 
quasi  far-fidd  of  the  oscillator  aperture 
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Fig.  2  Schematic  view  of  the  NIKE  laser  optical  system 
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Fig.  3  Typical  image  of  a  4  nsec 
slice  of  the  oscillator  beam 
profile:  (a)  isometric  view,  (b) 
horizontal  and  vertical  slices 
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Fig.  4  Illustration  of  image  distortion:  Amplifiers  displaced  from  the  far-field  plane  can  partially  imprint 
their  gain  nonuniformities,  while  beam  divergence  A0R  due  to  random  phase  uniformities  can  blur  the  image* 


Fig.  5  Point-spread  function  P(8)  at  the  image  plane,  calculated  from  typical  random  phase  distortion  p(x): 
(a)  isometric  view,  (b)  fractional  energy  enclosed  within  a  circle  of  angular  radius  0,  centered  at  the  centroid 


7.7  pRad  Diameter 
(D.L.  Spot  Size) 


2  pRad  Radius 


1  |xRad  Radius 


Rg.  6  Drift  of  the  fool  spot  centroid  of  a  10 
cm  diameter  633  nm  beam  propagating  over  an 
80  m  air  path  in  the  NIKE  propagation  bay. 
The  diffraction-limited  focal  spot  diameter 
is  7 3  lined  at  633  nm  and  3.0  prad  at  248  nm. 


Fig.  7  Comparison  of  simulated  time-averaged  beam  profiles  at  the  image  plane:  <a)  ideal  60  XDL  image 
(i.e,  object),  (b)  point-spread  function,  (c)  image  distorted  only  by  random  phase  nonuniformities,  and  (d) 
image  also  perturbed  by  nonlinear  phase  distortion  with  effective  total  B  *  Bi  +  B2  -  0.37 


Fig*  8  Image  profiles  for  the  same  propagation  conditions  as  in  Fig  7,  except  that  the  air  is  replaced  by  An 
Dashed  lines  show  the  ideal  (object)  profile,  solid  lines  include  both  linear  and  nonlinear  phase  distortion, 
and  the  (nearly  indistinguishable)  dotted  lines  include  only  the  linear  distortion,  (a)  hard  aperture  at  the 
oscillator  and  (b)  hard  aperture  followed  by  the  pre-correction  described  in  rite  text  t 


Fig*  9  Same  as  Fig.  8,  except  that  the  ideal  image  profile  (dashed  line)  is  of  the  form  Fo(0)  *  (1  -  eVflfc2)1/2 
and  the  oscillator  pre-correction  in  9b  is  provided  by  a  soft  aperture. 
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1.  SUMMRY 


» 

» 

The  tasks  set  out  for  this  project  centered  on  the  adequacy  of  Monte 
Carlo  numerical  techniques  for  calculating  electron  beta  deposition  and  the 
|  ultimate  plasaa  state  In  a  Krf  laser.  He  find  that  there  are  a  variety  of 

choices  to  be  Made  In  determining  the  physics  to  be  Included  In  the  Monte  Carlo 
code  to  be  used,  even  within  the  framework  of  an  Integrated  system  of  user  codes 
|  such  as  the  ITS.  With  suitable  choice  of  the  code  version,  the  deposition  can 

be  calculated  with  high  reliability  and  accuracy.  This  finding  Is  described  In 
detail  In  Appendix  A,  along  with  a  code  developed  by  Krall  Associates  for  this 
ft  study. 

The  question  of  the  final  plasma  state  Is  another  matter.  The  strong 

dependence  of  various  poorly  known  atomic  cross  sections  on  energy  Is  known  to 

ft  produce  a  nonMaxwelllan  electron  distribution  which  Is  not  reproduced  by  existing 

codes.  While  this  Is  of  some  Importance  in  determining  laser  output,  a  more 

crucial  question  may  be  the  generation  of  return  currents  and  concomitant 

ft  electric  fields  from  deposition  of  excess  electrons.  We  have  calculated  the 

stability  for  a  model  kinetic  equilibrium,  and  find  that  current -driven 

2 

Instability  can  onset  for  current  density  In  the  range  of  5-10  A/cm  ;  with  some 
ft  theoretical  Interpretation  of  apparently  dissimilar  experiments.  It  can  be  argued 

that  this  Instability  has  been  observed  In  the  laboratory.  This  study  Is 
described  In  detail  In  Appendix  B. 

I  Finally,  these  results  were  presented  In-depth  at  a  meeting  at  NRL  on 

December  20,  1989.  Vlewgraphs  from  that  presentation  are  appended  as  Appendix 
C. 

I 

1 
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2.  FUTURE  DIRECTIONS 


The  discussions  at  NRL  made  it  clear  that  although  the  instability 
discovered  during  this  study  might  be  of  a  type  identified  in  other  experiments , 
the  nonlinear  behavior,  i.e.,  the  effect  of  the  instability  on  the  system,  should 
be  strikingly  different.  This  immediately  suggests  the  direction  which  follow* 
up  work  on  the  stability  study  should  take: 

e  Determine  the  nonlinear  behavior  of  the  instability 

e  Determine  the  scaling  of  the  growth  rate  of  the  instability 

e  Estimate  the  spatial  structure  of  the  turbulence. 

Previous  observations  of  this  instability  were  in  discharge-driven  lasers  with 
or  without  a  stabilizing  e-beam.  The  consequences  of  the  instability  was  to 
terminate  the  discharge,  by  presenting  the  external  circuit  with  a  complete 
mismatch.  In  the  present  case,  the  fact  that  the  discharge  is  entirely  beam 
driven  might  have  the  consequence  that  the  instability  will  degrade  the 
performance  of  the  laser,  rather  than  terminating  the  discharge.  This  is  why 
the  details  of  the  Instability- -structure  and  nonlinear  behaviPr- -become  so 
important.  If  the  scaling  and  control  of  this  turbulence  is  understood,  then 
the  effect  of  Instability  might  be  minimized  even  if  the  instability  itself 
cannot  be  avoided. 
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1.  BACKGROUND  INFORMATION 


1.1  SOURCES 

Jonah  Jacobs,  Science  Research  Lab,  Inc. 

John  A.  Halbleib,  Sandia  National  Lab 

Julius  Goldhar,  University  of  Maryland 

Thomas  Johnson,  U.S.  Military  Academy 

Alan  Hunter,  Thermoelectric  Corporation  (Western  Research) 

Roger  Haas,  University  of  California  at  Davis 


1.2  DISCUSSION 

Over  a  period  of  several  days  I  initiated  discussion  with  the  scientists 
listed  above,  on  the  following  topics: 

How  is  e-beam  deposition  in  a  KrF  laser  presently  calculated? 

What  physics  is  included  in  these  calculations? 

Under  what  conditions  are  these  calculations  expected  to  fail? 

Is  there  any  experimental  evidence  that  suggests  that  Monte  Carlo 
calculations  break  down  when  used  to  calculate  deposition? 

What  physics  uncertainty  actually  does  affect  predicted  laser 
performance? 

From  these  conversations  a  number  of  points  emerged,  including  the  following: 

There  are  well  documented  Monte  Carlo  models  developed  as  user  codes  and 
widely  available.  In  particular,  the  ITS  (TIGER)  series  of  codes, 
developed  at  Sandia  National  Laboratory  by  John  Halbleib  and  others,  have 
been  used  by  the  Science  Research  Laboratory,  Inc.  This  code,  along  with 
SANDYL,  EGS,  ETRAN,  and  related  models,  have  been  compared  with  each  other 
over  energy  ranges  from  10  keV  to  1  GeV.  They  produce  similar  results. 
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with  discrepancies  attributed  to  the  fact  that  each  of  these  Models  has 
a  number  of  versions,  with  increasingly  detailed  physics  in  each.  The 
most  popular  versions  used  in  practice  were  one-dimensional ,  with  stopping 
power  and  straggling  effects  dominant. 

Some  analytic  models  have  been  constructed  both  as  a  gross  check  on  the 
Monte  Carlo  calculation  and  as  a  quick  way  to  do  parameter  variation 
studies.  The  disagreement  between  the  semi-analytic  models  and  MC  becomes 
noticeable  at  AE  -  E,  i.e.,  when  most  of  the  energy  has  already  been 
deposited. 

Return  currents  due  to  boundary  conditions  or  electron  density  buildup 
are  not  calculated  by  any  of  the  standard  models.  The  codes  are  single 
particle  calculations,  and  electrostatic  effects  are  generally  ignored. 
The  effect  of  an  externally  produced  electric  field  on  the  beam  itself 
is  sometimes  included,  but  not  the  self-consistent  field,  including  return 
current,  avalanche,  etc. 

Atomic  chemistry,  such  as  F2  attachment,  is  a  strong  effect  in  depleting 
the  free  electron  density.  The  cross  sections  for  some  of  these  atomic 
processes  have  more  uncertainty  than  the  error  in  the  deposition  codes. 
In  fact,  this  emphasizes  one  of  the  difficulties  in  KrF  modelling.  In 
the  XeF  system,  F2  dissociates  into  F  almost  solely  by  direct  electron 
impact.  By  contrast,  in  KrF  systems  dissociation  by  electron  attachment 
is  a  significant  process,  as  well  as  other  processes.  Many  models  do  not 
even  include  direct  impact  dissociation,  although  this  process  may  account 
for  about  one  third  of  the  production  of  F.  The  rates  for  these  processes 
depend  on  the  energy  distribution  of  low  energy  electrons,  which  is  non- 
Maxwell  i  an  because  the  energy  dependence  of  the  electron  attachment  rate 
selectively  depletes  the  electron  distribution.  This  can  be  crucial,  for 
example,  because  high  power  deposition  and  subsequently  large  electron 
densities  leads  to  burnup  of  F2,  which  becomes  strongly  dependent  on  the 
dissociative  attachment  rate. 


The  biggest  uncertainty  in  Modelling  the  electron  beam  is  in  calculating 
the  properties  of  the  bean  that  enters  the  gas  region  of  the  laser. 
Transport  from  the  electron  gun  to  and  through  the  foils  and  into  the 
laser  is  not  particularly  reliable,  especially  for  large  guns.  Besides 
the  cooplexitles  in  the  electrode  and  virtual  electrode  regions,  non- 
uniformities  in  the  bean  develop  in  the  drift  region,  scattering  in  the 
foils  affects  the  bean  entering  the  laser,  effects  due  to  a  second  bean 
entering  the  geonetry  of  the  first  gun  can  be  important,  and  partial 
reflection  can  take  place  throughout  the  system. 

In  summary,  uncertainties  in  atonic  chemistry  and  transport  and  beam 
breakup  before  entering  the  active  region  are  more  fundamental  questions 
than  beam  deposition  itself. 
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2.  LITERATURE  SEARCH  AND  ANALYSIS 


The  physics  base  for  deposition  calculation  stems  from  early  work  of 
Landau  and  more  extensively  by  Bethe  and  his  collaborators.  Early  paper.  I 
reviewed  include: 

H.  A.  Bethe,  M.  Rose,  and  L.  P.  Smith,  "The  Multiple  Scattering  of 
Electrons,"  Proc.  An.  Phil.  Soc.  Zfi,  573  (1938). 

L.  Landau,  "On  the  Energy  Loss  of  Fast  Particles  by  Ionization,"  Journal 
of  Physics  VIII,  201  (1944). 

H.  A.  Bethe  and  J.  H.  Jacob,  "Diffusion  of  Fast  Electrons  in  the  Presence 
of  an  Electric  Field,"  Phys.  Rev.  A  lfi,  1952  (1977). 

These  papers  calculate  the  energy  distribution  of  electrons  after  traversing  a 
given  distance  in  terms  of  ionization  cross  sections,  and  calculate  the  effect 
of  multiple  scattering  on  the  transmission  of  a  collimated  beam,  with  and  without 
energy  loss.  For  thick  targets,  the  transmitted  intensity  is  proportional  to 
1/L,  L  being  the  thickness  of  the  target.  The  absorption  process  has  three 
stages.  Initially  the  beam  loses  energy  but  is  not  much  deflected.  After 
substantial  energy  loss  the  electron  velocity  is  nearly  random,  and  a  diffusion 
approximation  is  a  valid  description  of  electron  motion.  The  intermediate  region 
between  straight  line  and  diffusion  is  difficult  to  treat,  and  a  direct 
transition  between  the  two  limits  is  often  assumed. 

Later  work  showed  that  for  thick  targets  the  simplifications  of  Bethe  et 

* 

al.  led  to  fairly  poor  approximations  of  the  electron  distribution  function  at 
various  depths.  In  principle  this  would  have  an  impact  on  deposition  .  redictions 
because  attachment  rates  are  dependent  on  fg(E).  In  practice,  the  uncertainties 
in  rate  coefficients  and  their  dependence  on  f(E)  outweigh  the  uncerta  ities  in 
the  calculation  of  f (E)  itself.  Some  of  the  literature  analyzed  incl  »: 

R.  Marshak,  "The  Milne  Problem  for  a  Large  Plane  Slab  with  Constar  '  Source 
and  Anisotropic  Scattering,"  Phys.  Rev.  22,  47  (1947). 


H.  Snyder  and  W.  Scott,  "Multiple  Scattering  of  Fast  Charged  Particles," 
Phys.  Rev.  Z$,  220  (1949). 

M.  Wang  and  E.  Guth,  "On  the  Theory  of  Multiple  Scattering,  Particularly 
of  Charged  Particles,"  Phys.  Rev.  £1,  1092  (1951). 

H.  Bethe,  "Mollere's  Theory  of  Multiple  Scattering,”  Phys.  Rev.  82,  1256 
(1953). 

L.  Spencer,  "Theory  of  Electron  Penetration,"  Phys.  Rev.  2fi.  1597  (1955). 

J.  Jacob,  "Multiple  Electron  Scattering  Through  a  Slab,"  Phys.  Rev.  A  8, 
226  (1973). 

M.  Tekula  and  J.  Jacob,  "Diffusion  of  Fast  Electrons  in  the  Presence  of 
a  Magnetic  Field,"  Appl.  Phys.  Lett.  41,  432  (1982). 
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3.  THE  TIGER  SERIES  OF  MONTE  CARLO  COOES 


The  Integrated  TIGER  Series  (ITS)  of  coupled  electron/photon  Monte  Carlo 
transport  codes  is  a  widely  used  software  package  permitting  state-of-the-art 
Monte  Carlo  solution  of  the  linear  time- independent  electron  scattering  problem. 
The  ITS  has  been  developed  as  a  user  code,  and  can  be  run  with  or  without 
macroscopic  electric  and  magnetic  fields  of  arbitrary  spatial  dependence.  A 
virtue  of  this  series  is  that  the  user  can  select  one  of  eight  codes  to  run  on 
a  machine  from  one  of  four  major  vendors.  Physical  rigor  is  attained  by 
employing  the  best  available  cross  section  data,  along  with  a  very  complete 
physical  model  for  describing  the  production  and  transport  of  the  electron  photon 
cascade  from  1  GeV  to  1  keV.  The  code  can  be  tailored  to  a  variety  of  specific 
applications. 

The  TIGER  codes  are  time  independent,  multidimensional,  and  multimaterial 
codes,  based  primarily  on  the  ETRAN  code  (M.  Berger  and  S.  Seltzer,  CCC-107, 
ORNL,  1968),  which  combines  microscopic  photon  transport  with  a  macroscopic 
random  walk  treatment  of  electron  transport.  The  base  codes  of  the  series  are 
TIGER,  CYLTRAN,  and  ACCEPT,  which  differ  primarily  in  dimensionality  and 
geometry.  TIGER  is  a  1-0,  multilayer  code,  CYLTRAN  uses  3-D  particle 
trajectories  and  an  axisymmetric  cylindrical  material  geometry,  and  ACCEPT  is 
a  general  3-0  transport  code. 

These  base  codes  were  designed  to  study  transport  at  source  energies  from 
a  few  tens  of  MeV  down  to  1.0  and  10.0  keV  for  electrons  and  photons, 
respectively.  Fluorescence  and  Auger  processes  are  only  allowed  for  the  K-shell 
of  the  highest  atomic  number  element  in  a  given  material. 

For  some  applications  it  is  desirable  to  have  a  more  detailed  model  of 
the  low  energy  transport.  Code  variants  called  TIGERP  and  CYLTRANP  add  a  more 
elaborate  ionization/relaxation  model  originally  developed  for  a  code  called 
SANDYL,  and  extends  photon  transport  down  to  1.0  keV. 

Another  option  called  CYLTRANM  combines  the  collisional  transport  of 
CYLTRAN  with  transport  in  macroscopic  electric  and  magnetic  fields  of  arbitrary 
spatial  dependence  using  a  Runge-Kutta-Fehlberg  algorithm  to  integrate  the 
Lorentz  force  equations.  An  important  modification  of  this  algorithm  led  to  the 
development  of  the  ACCEPTM  code  which  combines  the  collisional  transport  of  the 
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ACCEPT  code  with  macroscopic  field  transport.  In  addition  to  these  models, 
SPHERE  and  SPHEM  are  two  special  purpose  codes  that  are  restricted  to  multiple 
concentric  spherical  shells  without  and  with  macroscopic  field  transport, 
respectively. 

This  left  eight  separate  code  packages  to  maintain.  Five  of  these--TIGER, 
CYLTRAH,  ACCEPT,  TI6ERP,  and  SPHERE-have  been  publicly  released  and  are 
disseminated  through  the  Radiation  Shielding  Information  Center  at  Oak  Ridge 
National  Laboratory.  CYLTRANM,  CYLTRANP,  and  ACCEPTM  are  not  publicly  released, 
but  are  maintained  locally  for  use  at  Sandia.  Maintaining  multiple  code  packages 
became  quite  burdensome  for  the  developers  as  well  as  for  users.  As  a  result, 
important  modifications  were  no  longer  implemented  in  a  timely  fashion. 
Furthermore,  the  multiplicity  of  packages  resulted  in  uneven  development  of  the 
various  codes,  such  that  each  code  can  have  unique  features  not  yet  implemented 
in  the  other  codes. 

It  is  in  order  to  remedy  this  situation  that  the  ITS  (The  Integrated  TIGER 
Series)  was  developed.  The  full  implementation  of  this  series  has  superseded 
all  other  versions  of  the  TIGER  series  codes. 


3.1  OVERVIEW  OF  THE  ITS  CODE  PACKAGE 


The  ITS  consists  of  four  essential  elements: 


(1) 

XDATA 

(2) 

XGEN 

(3) 

ITS 

(4) 

UPEML 

The  electron/photon  cross  section  data  file 
The  cross  section  generation  program 
The  Monte  Carlo  program  file 
A  machine  portable  update  emulator 


The  heart  of  ITS  is  the  Monte  Carlo  program  file.  The  combined  program 
library  file  was  obtained  by  integrating  the  eight  codes  of  Table  1  in  such  a 
way  as  to  minimize  the  repetition  of  coding  that  is  common  to  two  or  more  of 
these  codes.  This  process  led  quite  naturally  to  the  development  of  a  new  code, 
ACCEPTP.  In  ACCEPTP,  the  improved  low-energy  physics  of  the  SANDYL  code  has  been 
added  to  the  ACCEPT  code.  Each  of  the  eight  member  codes  will  run  on  any  of  four 
machines- -CRAY,  CDC,  VAX  (double  precision),  or  IBM  (double  precision).  Although 


the  codes  have  only  been  tested  on  these  four  machines,  the  use  of  FORTRAN  77 
(i.e.,  American  National  Standard  FORTRAN,  ANSI  X3. 9-1978}  should  facilitate 
installation  on  other  machines  as  well.  Additional  cross  section  data  and 
associated  logic  allow  transport  from  1.0  keV  to  1.0  GeV  for  both  electrons  id 
photons.  A  new  free- format,  order- Independent  input  procedure  based  on 
descriptive  keywords  and  maximum  use  of  defaults  and  internal  error  checking  has 
resulted  in  a  very  simple  and  user-friendly  input  scheme.  Integration  of  the 
various  codes  has  resulted  in  the  availability  of  additional  common  options  for 
each  code.  Also,  a  general  restart  option  has  been  added.  In  an  attempt  to 
conform  to  modern  programming  practices,  a  complete  line-by-line  rewrite  of  the 
codes  was  carried  out  with  emphasis  on  implementing  the  top-down  block-if 
structure  of  FORTRAN  77.  Finally,  options  are  available  for  plotting  the  problem 
geometry  in  ACCEPT,  ACCEPTP,  ACCEPTM,  and  CYLTRAM4,  and,  in  the  case  of  the 
latter  two  codes,  for  plotting  electron  trajectories  in  regions  where  macroscopic 
fields  exist. 


Table  1.  ITS  member  codes. 


Standard 

Codes 

Enhanced 

Ionization/ 

Relaxation 

(P-Codes) 

Macroscopic 

Fields 

(M-Codes) 

TIGER  (1-D) 

TIGERP 

CYLTRAN  (2 -0/3-0) 

CYLTRANP 

CYLTRANM 

ACCEPT  (3-D) 

ACCEPTP 

ACCEPTM 
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The  moral  of  this  discussion  is  that  a  user  code  exists  which  is  elaborate 
enough  to  handle  very  general  problems,  and  is  well  maintained  and  documented. 
However,  there  are  two  problems  with  this  situation: 

If  you  are  given  a  result  based  on  ITS,  it  is  important  to  inquire 
as  to  what  version  is  being  used,  in  terms  of  both  dimensionality 
and  physics,  especially  low  energy  physics. 

If  self-consistent  electric  fields  and  the  currents  they  generate 
are  important,  a  calculation  outside  the  framework  of  ITS  is 
required. 


4.  A  SIMPLIFIED  MODEL  OF  e-BEAM  PROPAfiATlOM 


To  get  a  feeling  for  the  evolution  of  e-beam  deposition  theory,  we  built 
a  working  model  based  on  the  1938  papers  referenced  above.  The  treatment  was 
relativistic;  the  model  divides  the  laser  into  n  parallel  slabs  of  gas  of 
thickness  dx  »  g/n.  Following  Bethe  we  use  the  singular  solution  to  the 
transport  equations,  Vg  -  Vj/(1  +  3x/2X),  to  calculate  the  energy  of  electrons' 
emitted  from  the  slab  in  terms  of  the  energy  entering  the  slab  (Vj)  and  the  mean 
free  path  based  on  the  cross  sections  for  scattering  at  that  energy,  X  -  X  (V]t 
gas  parameters). 

When  the  energy  is  reduced  to  an  amount  comparable  to  the  original  energy, 
it  can  be  shown  that  scattering  has  produced  a  sufficiently  uncollimated  beam 
that  a  diffusion  approximation  to  subsequent  transport  is  more  realistic  than 
straight-line  slowing.  At  that  point  the  current  out  of  a  slab  is  given  by  J 
-  JQ[1  -  4(x/*q^)]»  where  d  is  the  error  function,  x  is  the  penetration 
distance,  and  rQ  -  (l/6)J*Ads',  with  s  the  actual  electron  path  length.  This 
can  be  written  in  reasonable  approximation  by  an  expansion  of  the  error  integral, 
V(j)  -  V(j  -  1)  -  V(1)Xexp(-(j  -  1  -  0.5)*  X2  *),  where  i  is  the  index  of  the 
slab  at  which  the  electron  energy  is  about  half  its  original  value,  and  X  *  dx/A 
where  A  Is  a  mean  free  path. 

A  listing  of  the  KA  code  is  contained  in  Table  2;  results  of  several  runs 
are  shown  in  Figures  1-3,  compared  with  Monte  Carlo  calculations.  The  abrupt 
transition  between  straight-line  slowing  and  diffusion,  employed  in  the  KA  code 
following  Bethe's  original  suggestion,  produces  a  less  uniform  deposition  profile 
than  the  Monte  Carlo  code.  This  is  a  reasonable  reflection  of  smooth  vs.  abrupt 
changes  of  physics  model  in  adjacent  regions.  Even  so,  the  agreement  is  pretty 
good. 

Parameter  runs  show  that  the  results  are  sensitive  to  the  scattering  cross 
section  in  the  regions  near  each  boundary;  there  is  also  some  sensitivity  to  the 
cross  over  point  between  slowing  and  diffusion.  But  the  general  trend  shows, 
as  we  said  above,  that  energy  deposition  is  not  as  big  an  issue  as  the  low  energy 
distribution  of  scattered  electrons,  which  is  going  to  be  inaccurate  as  much 
because  of  uncertainties  in  the  cross  sections  and  rates  at  those  energies  as" 
it  is  because  of  approximate  treatment  of  slowing  and  diffusion. 
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Table  2.  A  Program  to  Calculate  Electron  Energy  Deposition  in  a  6a s  laser 


real  e(20),v(20),de(2Q),de2(20) 
real  kev 
real  j 

character  ENOH 
character^  BEG 
character  BEGX(3) 
equivalence  (BEG,BEGX) 
character  c 
real  b(3) 

CALL  SETSCREEN ( begx , endh ) 

write(*,*)  beg, 'USE.NRll. AID', endh 
pause  '  ' 

write(*,*)  beg,' USE, NRL2. AID', endh 

CALL  PARAMETERS(beg,g,kev,j,p,a,bb,cc,n,endh) 

♦♦Begin  the  deposition  calculation 

v(l)  -  1.9e9*kev**.5  *sqrt(l.+kev/l.e3)/(l.+2.*kev/l.e3) 
e(l)  -  kev 
dx  -  g/n 

♦♦Assume  an  Incoming  current  of  1  electron/cm 
♦♦e  »  energy(kev)/electron;  (J*A/q)*e  kev/sec  incoming  energy 
det  »  0. 

♦♦For  1  electron  use  He  «  1/gV  (el/cm);  Later  use  J(kA)  to  get  Ne 
enO  -  l./v(l)/g 
**  enO  *  j/v(l)/1.5e3 
dt  -  e(l)*v(l)*9*en0 

do  10  i  «  2,n+l 

xgen  -  0.79e2*p/(e(i-l)+10.)**2*Ul.+2.e-3*e(1-l))/(l.+ 

$  l.e-3*e(i-l)))**2*log(64.*(e(i-l)+10.)) 

v( 1 )  «  v(i-l)/(l.+1.5*xgen*dx) 
e(i)  «  e(i-l)/(l.+1.5*xgen*dx)**2 

♦♦de  *  ev/sec/cm  deposited  in  dx;  det  »  total  energy/sec  deposited  in  G 
de(i-l)  »(e(1-l)  -  e(i))/dx 
det  «  det  +  de(i-l)*dx 
if(e(1)  .ge.  kev/1.4)  go  to  10 
do  14  j  »  i+l,n+l 
x  -  l,l*dx*xgen 

v(j)  »v(j-l)-v(i)*x*exp(-((j-i-.5)*x)**2*3.14) 
e(j)  «e(j-l)*(v(j)/v(j-l})**2 
de(j-l)  “(e(j-l)-c(j) )/dx 
det  »  det  +  de(j-l) 

14  continue 

go  to  19 
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10  continue 


19  do  20  1  -  l,n 

de2(1)  -  de(1)  +  de(n+l-1) 

20  continue 


**  Print  Output 

do  30  1  -  l,n 

x  -  float (1)*dx 

print  130,  x,v(1),e(1),de(1),de2(1) 

130  foraat('  ',f4.1,9x,el0.2,2x,el0.2,4x,el0.2,4x,el0.2) 

wr1te(6,130)x,v(1),e(1),de(1),de2(1) 

30  continue 

print  140,det,dt 
wr1te(6,140)det,dt 

140  foraat('  ',/,'  Energy  deposited/s  ■  ',f7.1,'  kev.  Energy  expende 
Sd/s  -  \f7.1,'  kev.  (1  el./s)') 
print  150,a,bb,cc 
wr1te(6,150)a,bb,cc 

150  foraat('  '/a  -  ',f6.3,'  bb  -  ',f5.3,'  cc  -  ',f5.3) 
end 


**  The  calling  rule  for  Hi  Screens 
SUBROUTINE  SETSCREEN(begx.endh) 
character  endh 
character  begx(3) 

BEGX(l)  «  CHAR(19) 

BEGX(2)  -  CHAR (255) 

BEGX(3)  -  CHAR(l) 

ENDH  -  CHAR ( 1 ) 

return 

end 

**  Input  paraaeters  froa  the  screen 

SUBROUTINE  PARAMETERS(beg,g,kev,j,p,a,bb,cc,n,endh) 
real  kev 
real  j 

character  ENDH 
character*3  beg 

3  write{*,*)  beg, 'SCREEN,*', endh 
read(*,4)  rcode 

4  format (a03) 

5  foraat(fB.l) 

6  format (i 5) 

wr1te(*,*)  beg,' recover, g', endh 
read(*,5)  g 

wr1te(*,*)  beg, 'recover, kev', endh 
read(*,5)  kev 

write(*,*)  beg,' recover, j', endh 


read(*,5)  j 

write(*,*)  beg ,' recover, p ' ,endh 
read(*,5)  p 

write(*,*)  beg, 'recover,*' ,endh 
read(*,5)  a 

write(*,*)  beg,' recover, bb'.endh 
read(*,5)  bb 

write(*,*)  beg/ recover,  cc',endh 
read(*,5)  cc 

write(*,*>  beg/ recover, n',endh 
read(*,6)  n 

open  (unit-6,  flle-'nrl.run') 

"rite  (®»100)P»jfkev,g 

100  J^°kevt(aan*  '*/?*  J  “  **■*>*»  Ener9y  " 

*  kev,  gap  -  ,f*.l/  cm',/) 

print  100,  p,j,kev,g 

write(*,*)  beg, 'USE,NRL3.AID' ,endh 

write(*,*)  beg,'DISPLAY,P,-',p,endh 

write(*,*)  beg, 'DISPLAY, kev,-' , kev,endh 

write(*,*)  beg,'DISPLAY,J,-',j,endh 

write(*,*)  beg/ DISPLAY,  G,-'  ,g,endh 

print  110 

110  format ('  ',///) 
write(6,120) 

120  format ( '  '  ,2x,  'distance'  ,7x/Ve(cm/s) '  ,5x/Ee' ,  llx/En  Dep' ,  10x/2 
> -beams  ,/) 
return 
end 
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Figure  1.  Dissipation  of  a  single  250  keV  beam. 
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Figure  2.  Dissipation  of  two  250  keV  beams. 
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Figure  3. 


Dissipation  of  two  285  keV  beams. 
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5.  RETURN  CURRENTS,  LASER  PERFORMANCE,  AND  OTHER  DETAILS 


A  number  of  conversations,  discussions,  and  literature  analyses  dealt  with 
"anomalies"  in  laser  performance.  My  initial  approach  was  to  look  for  specific 
cases  where  conventional  treatments  of  laser  deposition  failed  to  agree  with 
experiment.  This  didn't  produce  any  showstoppers,  so  I  broadened  it  a  bit  to 
look  at  any  vagaries  in  laser  performance  related  to  electrons  interacting  with 
KrF. 

One  useful  discussion  was  with  Alan  Hunter  of  Thermoelectric  Corp.  He 
made  a  number  of  useful  points  based  on  his  previous  experience: 

The  most  common  reasons  for  breakdown  in  Monte  Carlo  modelling  are 
unrelated  to  the  M.C.  met  od  itself.  They  include: 

Neglect  of  relativistic  corrections 

Errors  in  calculating  scattering  in  all  foils 

Inaccurate  modelling  in  the  gun  and  electrode  region  for  2-beam 

systems,  where  penetration  of  one  beam  into  the  opposite  gun 

can  cause  reflection,  nonuniform  lateral  fields,  and  similar 

complications 

f 

• 

The  Japanese  have  constructed  analytic  fits  to  M.C.  calculations, 
at  energies  up  to  20  MeV,  which  are  purportedly  useful  in  parameter 
variation  and  modelling.  Examination  of  these  papers  showed  work 
of  about  the  same  level  as  the  KA  code  described  in  the  previous 
section,  except  they  showed  more  emphasis  on  curve  fitting  rather 
than  on  physics  models.  All  of  this  showed  general  satisfaction  with 
the  use  of  M.C.  for  deposition  calculation. 

More  detailed  simulations  track  beam  propagation,  energy  deposition, 
species  pumping  down  to  a  fraction  of  an  eV;  these  show  difficulties 
in  modelling  that  transcend  the  calculation  of  uniform  volumetric 
power  deposition.  This  is  because  the  rate  of  electron  attachment 
to  F£  is  strongly  dependent  on  the  low  energy  electron  distribution 
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f(E),  with  the  cross  section  going  from  a  very  large  value  at  E  * 
0  to  a  very  small  value  at  0.03  eV.  Electrostatic  fields  from  charge 
buildup  have  a  dominant  effect  on  the  low  energy  part  of  f(E). 
Return  currents  reduce  the  electrostatic  field,  and  directly 
influence  the  low  energy  part  of  f(E).  A  self-consistent  solution 
to  the  determination  of  f (E, t)  in  the  energy  region  below  a  few  eV 
Is  beyond  the  scor  of  simulations  done  to  date. 

There  have  been  comments  by  experimentalists  that  indicate  the 
electron  penetration  is  less  in  experiments  than  predicted  by  the 
M.C.  codes.  This  is  consistent  with  the  notion  that  electric  field 
buildup  has  a  macroscopic  effect  on  total  energy  deposition  per  cm. 

In  addition  to  those  comments,  other  information  relevant  to  return  currents 
and/or  l^ser  performance  include  the  following: 

Comments  by  Dr.  J.  Jacobs  of  SRL  indicated  his  belief  that  return 
currents  would  be  small  due  to  enhanced  electron  attachment  to  F^. 
In  my  opinion,  that  argument  emphasizes  the  point  I've  been  making. 
Electric  fields  and  return  currents  dominate  the  electron 
distribution  f (E)  at  low  energies,  which  directly  affects  attachment, 
which  has  a  big  effect  on  the  gas  kinetics.  So  return  currents  are 
an  important  effect,  especially  if  attachment  keeps  them  artificially 
low. 

Research  at  AVCO  by  Mangano  et  al .  showed  the  effect  of  return 
currents  in  a  single  beam  system  by  using  various  boundary 
conditions.  With  a  transparent  grid  boundary,  a  magnetic  field 
developed  in  the  gap,  consistent  with  a  one-sided  current.  When  the 
grid  is  replaced  by  a  solid  insulator,  the  magnetic  field  quickly 
decays,  indicating  the  presence  of  a  counter  current  which  cancels 
most  of  the  e-beam  current. 


18 


Conversation  with  Roger  Haas  at  UC  Davis  emphasized  the  fact  that 
it  is  well  known  that  the  electron  distribution  following  e-beam 
deposition  is  non -Maxwellian.  At  low  energy  the  first  break  in  the 
distribution  from  Maxwellian  is  due  to  attachment,  at  nearly  zero 
energy.  Another  break  in  f(E)  can  occur  at  energies  corresponding 
to  the  ionization  threshold  of  Ar,  at  about  0.4  eV. 

Dr.  Haas  also  pointed  out  several  other  potential  dangers  when  return 
currents  become  strong.  Electron  heating  by  the  return  current  can 
be  substantial,  further  altering  the  low  energy  distribution  of 
electrons. 

In  addition  to  these  general  and  various  effects,  a  specific  danger 
emerged,  namely  that  buildup  of  a  background  electric  field  would 
generate  a  return  current  sufficient  to  drive  the  well  known 
ionization  instability  (see,  e.g.,  "Stability  of  Excimer  Laser 
Discharges,”  Roger  A.  Haas,  in  Applied  Atomic  Collision  Physics,  Vol. 
3,  Academic  Press,  1982). 


6.  IONIZATION  INSTABILITY  Ih  THE  NRL  EXPERIMENTS 


Experimental  development  of  discharge  excited  excimer  lasers  has  shown 
that  their  performance  characteristics  are  limited  by  an  ioniiation  instability. 
The  instability  leads  to  a  collapse  or  filimentation  of  the  discharge,  usually 
terminating  laser  operation  after  a  few  tens  of  nanoseconds.  The  same  process 
can  affect  high  power  e-beam  driven  discharges,  in  that  the  buildup  of  electric 
fields  will  drive  a  return  current  which  may  reproduce  the  phenomenology  found 
in  discharge  driven  devices. 

The  onset  conditions  for  the  ionization  instability  depend  on  a  local 
imbalance  between  electron  production  processes  and  loss  processes  in  the 
discharge.  Because  the  e-beam  also  produces  ionization,  it  can  have  a 
significant  effect  tending  to  quench  the  instability,  besides  being  the  source 
of  the  currents  which  tend  to  drive  the  instability.  In  discharge  systems  the 
instability  occurs  under  the  conditions  for  optimized  laser  performance.  Whether 
the  beam  damping  will  be  enough  to  stabilize  the  mode  depends  on  a  detailed 
accounting  of  the  beam  ionization  rates  and  the  electron  attachment  rates.  • 

The  importance  of  the  ionization  instability  would  be  that  it  produces 
a  striated  or  collapsed  discharge,  with  the  plasma  forming  alternating  layers 
of  high  and  low  density,  with  planes  of  constant  density  oriented  normal  to  the 
e-beam.  It  is  possible  to  get  some  ideas  of  when  these  effects  might  come  into 
play.  Using 


V  •  E  *  4xn  e 
e 

and  noting  that  during  the  kinetic  phase  where  the  (deposited)  electron  density 
is  increasing  with  time 


where  dEg/dx  is  the  energy  deposited  per  cm,  EQ  is  the  original  energy,  and  Ig/Ae 
is  the  number  of  electrons  entering  the  laser  per  second.  This  gives 
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E  -  4*I0t  /  (I/EjjKdEg/dx)  dx 
‘Return  ‘  'o  4rot  J  (I/E0)  (dE^/dx)  dx 


•  where 


a  -  n_e  /■_*__ 
e  '  e  ne 


is  the  conductivity  and  vne  is  the  collision  frequency  of  electrons  with 
background  materials.  The  time  to  develop  a  return  current  comparable  with  the 
beam  current  is 


in  v 
e 

/ 

4*n  e* 
e 


ra  n  a  vQ 
e  o  ne  e 

— j 

4xn  e 
e 


which  for  electron  densities  In  the  range  1013  c«'3  Is  10#s  of  nanoseconds  or 
less.  However,  it  may  not  be  necessary  for  Ip  >  IQ  to  trigger  ionization 
instability,  and  a  calculation  of  the  steady  state  current  will  doubtless  be  more 
significant  than  the  condition  Ip  -  IQ.  It  is  clear  that  since  this  balance 
between  currents  and  rates  is  crucial  to  stability,  a  self-consistent  model  is 
essential. 
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7.  RECOMMENDATIONS 


At  this  point  in  the  study,  my  opinion  is  that  as  a  general  technique  for 
calculating  energy  deposition,  th*  Monte  Carlo  code  is  potentially  adequate. 
"Potentially”  is  because  the  code  exists  in  many  versions;  it  is  necessary  for 
the  researcher  to  take  care  both  in  calculating  electron  propagation  In  the  gun* 
electrode-drift-foil  region  as  well  as  using  the  code  version  best  adopted  to 
KrF,  particularly  the  low  energy  physics  package. 

There  are  at  least  two  issues  more  vital  than  simple  deposition.  First 
is  that  the  laser  performance  will  depend  critically  on  the  low  energy  (<  few 
eV)  electron  distribution  and  the  rates  for  attachment,  etc.,  at  those  energies. 
Neither  of  these  is  particularly  well  determined;  this  lack  may  be  too  difficult 
to  remedy  in  a  reasonable  time  frame  for  KrF  development. 

The  second  issue  Is  that  of  ionization  instability  produced  by  the  return 
currents  and  electrostatic  fields  generated  during  e-beam  deposition.  It  may 
be  possible  to  Impact  this  problem  with  a  small  study  at  the  level  indicated  in 
the  cover  letter  to  this  report.  What  has  to  be  done  is  the  following: 

Develop  a  simple  model  for  electric  field  (E)  buildup,  taking  into 
account  the  mobility  of  electrons  after  deposition  and  loss  to  the 
boundaries. 

Estimate  IR(t)  from  the  fields  determined  in  the  above  model. 

Apply  the  stability  calculation  to  a  KrF  system  with  the  E/n 
determined  above. 

Estimate  the  stabilizing  effect  of  ionization  produced  by  the  e- 
beams. 

This  can  be  as  complicated  a  problem  as  one  chooses  to  make  it,  but  I 
believe  an  estimate  can  be  obtained  with  three  to  four  weeks  work  which  will 
show  under  what  conditions  an  e-beam  driven  KrF  system  might  arguably  be  unstable 
due  to  this  return  current  effect,  and  what  choice  of  parameters  would  tend  to 
avoid  it. 
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I.  INTRODUCTION 


The  stability  of  exciraer  laser  discharges1  has  been  studied  for  many 
years.2'7  It  Is  well  known  that  performance  characteristics  and  scalability  are 

I 

limited  by  an  ionization  instability,  produced  by  a  local  imbalance  between 
electron  production  rates  and  loss  processes.  In  this  instability,  a  local 
increase  In  electron  density  leads  to  a  state  where  the  ionization  rate  (electron 

i 

production)  exceeds  the  loss  rate  of  electrons  by  direct  processes  (attachment) 
or  Indirect  processes  (metastable  quenching).  The  instability  leads  to  a 

collapse  or  filamentation  of  the  discharge,  terminating  operation  after  a  few 

1  ?  s 

tens  of  nanoseconds.  It  has  been  shown  ’  that  sustaining  the  discharge  by  a 

high  energy  electron  beam  adds  to  the  stability,  if  a  significant  fraction  of 
the  total  power  deposited  in  the  laser  is  supplied  by  the  electron  beam. 

► 

An  understanding  of  the  parameter  range  for  beam-induced  stability  is 
clouded  by  the  effect  the  beam  can  have  on  the  equilibrium,  in  addition  to  its 
effect  on  the  stability  of  a  given  equilibrium.  Thus,  for  example.  Reference 

i 

7,  which  gives  an  excellent  survey  of  exciraer  laser  stability,  reports  a 
stability  criterion  (Ref.  7,  Eq.  (19)),  Seb  >  n^k^  as  the  minimim  ionization 
rate  by  the  beam  for  stability  (S  is  ionization  rate  due  to  the  beam,  n@  the 
electron  density,  n^  the  density  of  the  first  excimer  excited  state,  and  kj^  the 
rate  of  ionization  from  the  exciraer  excited  state).  'c  On  the  other  hand, 
experiments  and  analysis2'5  reported  in  Ref.  7,  Eq.  (27),  find  that  stability 
of  this  type  of  discharge  requires  seb  <  "F  k2kq/4nki^lcQi,  where  nf  is  the 
density  of  ka  is  the  attachment  coefficient  for  e  ♦  Fg  -  F  +  F  »  kq  is  the 
rate  for  quenching  the  metastable  state  n^  by  Fg,  n  is  the  total  gas  density, 
and  kgj  is  the  rate  for  excitation  of  the  metastable  state  n^  by  electron  impact. 
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The  reason  for  a  stability  range  rather  than  a  stability  limit  lies  aaong 
other  possibilities  in  the  dependence  of  the  electron  density  ne  and  the  rate 
coefficients  kQj,  etc.,  on  Seb,  and  on  E/n  which  also  depends  on  Seb. 

In  this  report  we  describe  research  on  the  stability  of  a  high  power 
output  KrF  laser  system  in  which  the  high  energy  e-beam  dominates  both  the 
equilibrium  and  stability  of  the  discharge,  i.e.,  in  which  the  discharge  is 
maintained  by  the  e-beam  rather  than  electrically.  The  elements  we  consider  are 
(1)  the  bifurcated  equilibria  possible  in  this  system,  (2)  the  return  currents 
and  E/n  produced  by  the  electrons  deposited  by  those  currents,  and  (3)  the 
stability  of  the  more  likely  equilibrium,  as  a  function  of  beam  current.  As  a 
guide  in  the  stability  analysis,  we  follow  closely  Reference  6,  which  also 
specifically  recognizes  the  influence  of  separate  stability  phenomena  and 
equilibria  phenomena  in  calculating  the  threshold  for  stability  in  beam  sustained 
systems.® 


2.  RETURN  CURRENTS  AND  RELATED  PHENOMENOLOGY  OF  AN  e-BEAM-ORIVEN  KrF  LASER 


A  significant  phenomenon  in  a  KrF  system  driven  by  a  high  power  electron 
beam  is  that  electron  deposition  can  create  a  substantial  charge  density,  leading 
to  an  electric  field  and  current  typical  of  a  discharge  laser.  This  current  can 
affect  the  operating  point  of  the  laser  as  well  .as  its  stability.  In  this 
section  we  derive  some  of  the  features  of  a  laser  dominated  by  e-beam  deposition. 

Beam  electrons  deposited  In  the  laser  set  up  an  electric  field  whose 
potential  is  given  by 

V2d  -  4*eneb  ,  (1) 

since  the  secondaries  produced  by  ionization,  etc.,  are  balanced  by  an  equal 
charge  density  of  Ions.  This  potential  drives  part  of  the  dense  cloud  of  slow 
secondary  electrons  out  of  the  system,  reducing  the  charge  density.  In 
equilibrium  the  return  current  Jr  equals  the  beam  current  Jb.  Although  the 
current  is  determined  by  the  beam  current,  the  electric  potential  and  unbalanced 
charge  density  to  support  It  Is  determined  by  the  conductivity  of  the  gas. 

Note  that  in  the  absence  of  return  currents,  the  electron  density  increase 
due  to  beam  deposition  is 

n.  (due  to  beam  electrons)  -  jh  (— x )  *  —  elec*ri).l?s.  ,  (2) 

e  D  car  cm  -s 

where  jfa  is  the  electron  beam  current.  For  a  pulse  length  of  100  ns,  gap  width 
of  10  cm,  and  current  of  50  A/c©2,  Eq.  (2)  would  give  an  excess  electron  density 
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and  corresponding  electric  field  of 

ng(beaa)  -  3  x  1012  cm'3  , 

E  (beaa)  -  10*®  Volts/aeter  , 

which  would  drive  a  current  far  in  excess  of  the  beaa  current.®  So  a  return 
current  is  absolutely  required  to  reduce  the  charge  inbalance  and  aaintain  a 
self-consistent  electric  field. 

To  estimate  the  electric  field  In  steady  state,  we  assuae  that  the  plasat 
current  balances  the  bean  current,  so  the  field  is  given  by 


E  -  Ib(A)  R(ohms)/L(m) 

The  resistivity  can  be  expressed  in  terms  of  the  background  gas  density  and  the 
electron  density  and  temperature,®  giving  the  familiar  (for  gas  discharge 
physics)  form 


E 

n 


3  x  j„15  iebWcmZ) 

ne(cm'3) 


Townsends 


(«) 


where  n  is  the  neutral  gas  density  and  1  Td  -  10" 17  V- cm2.  This  is  a  normal 
level  of  E/n  for  discharge  driven  lasers,  showing  that  the  effect  of  return 
currents  in  these  high  powered  beam  driven  discharges  is  substantial. 

The  result  Eq.  (4)  assumes  steady  state.  The  buildup  of  E  with  time  can 
be  calculated  from  the  rate  of  electron  deposition  Eq.  (2)  giving 
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E  -  «*Ibt  S  (l/Eb)(d€(/dx)  dx 


* 


(5) 


‘Return  *  >t,4rot  /  ( 1/Eb)  (dE^/dx)  dx  ,  (6) 

which  shows  that  a  current  comparable  to  the  beaa  current  develops  in  a  time 

t  -  10'15  nQ/ne  s  ,  (7) 

where  nQ  is  the  neutral  gas  density.  This  short  tine  scale  means  that  the 
assumption  of  steady  state  is  a  good  one*  and  that  Eq.  (4)  is  a  reasonable 
estimate  of  E/n.  The  excess  electron  density  consistent  with  the  calculated 
electric  field  can  be  obtained  from  Eq.  (1),  giving 

ng( excess)  -  2  x  104  (~)  jb  cm“3  (8) 

e 

Since  typically  nQ/ne  -  10*  and  jb  <  102  amps/cm2,  it  is  clear  that  the  excess 
of  electrons  produced  by  the  beam  is  not  of  high  enough  density  to  affect  the 
kinetics. 

For  later  reference,  we  estimate  the  ionization  rate  due  to  the  beam 
deposition.  Assume  Eb  is  the  beam  energy  per  electron,  and  that  during 
deposition  eEb  goes  into  ionizing  the  gap.  Take  E^  to  be  the  ionization  energy. 
Then  from  Eq.  (2)  the  total  energy  density  which  goes  into  ionization  per  second 
is 


S 


* 6  x  l°18  eEb“,>  •  E>  ar 


and  the  electron  production  rate  becomes 


(9) 


(10) 


This  will  be  used  In  both  equilibrium  and  stability  calculations  below. 
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3.  EQUILIBRIUM  IN  A  Krf  LASER 


We  consider  a  simplified  model  for  the  KrF  system,  with  the  densities  and 
atomic  processes  as  listed  In  Table  1. 


Table  1.  Elements  of  the  KrF  kinetics  model. 

Densities:  electron  Kr-ground  state  (Kr+Ar) Metastables  Argon  ?2 

ne  nk  nl  n0  nF 

Rates  and  processes: 

kQ1:  Kr(Ar)  +  e  -  Kr*(Ar*)  f  e 

k^:  Kr*(Ar*)  +  e  -  Kr+(Ar+)  +  Ze 

ka:  e  +  F2  -*  F  +  F* 

kq:  Kr*(Ar*)  +  F2  -  KrF*(ArF*)  +  F 


The  equilibrium  equations,  similar  to  Reference  7,  are  then 


dne 

3T  '  seb  *  kHnt"e  '  ksVe  >  <u> 


dn1 

3t~  '  SM  +  k01nen0  •  klinenl  “  kqnlnF  ’  (12) 
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where  SM  is  the  rate  of  production  of  metastables  by  the  e-beam,  given  for  argon 

"y7  s„  *  set/3.s. 

Solving  with  dn/dt  -  0  gives  the  coupled  equations 


,  eb 
e  nFka  -  njk^ 


(13) 


Vek01  +  Sm 


"l  "  ne^i  +  nFkc 


(14) 


and  solving  gives  the  equilibrium  electron  density 


n?kako  -  sk11  *  K«fV.  ■  Skn»2  -  4Seb"FkoM!1/2 
"• - - - -  ’  (I ' 


M  »  Vek01  -  "Fkak11  • 


(16) 


S  *  Seb  +  S» 


There  are  several  branches  of  equilibria 


a.  Seb  «  npk^k^kj . 

al.  nFka  <  nplt^j 

In  this  branch  of  weak  beam  equilibria,  there  are  two  solutions  to  Eq. 
(15),  namely, 
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nel  "  WnFka 


(17) 


4w>  -  Wsihi, 

Y  a  q  nj|k‘ka 


From  both  branches,  using  the  limiting  S  ^  for  case  a. 


npkqkjj 

Seb  <  4noicoiki  i 


for  equilibrium 


This  is  the  same  as  Eq.  (4),  Reference  5,  where  it  is  listed  as  a  stability 
condition. 

There  is  a  strong  beam  solution  to  the  equilibrium  equation  (15),  namely 
S  >  npkqka/kjj.  This  limit  will  not  give  a  real,  positive  value  for  the  electron 
density  unless  is  actually  somewhat  higher,  giving  the  following  regime. 


b*  Seb  >  anFkqn0k01/,ki  *  nF*a  >  "o^Ol 


This  limit  has  an  electron  density  which  to  lowest  order  is  independent 


of  $ah, 


"e  s  nFk</ki 
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This  limit  gives  an  electron  density  Independent  of  S^;  to  reach  It 
requires  transiting  a  parameter  range  which  may  be  unstable  as  In  discharge 
driven  cases  where  ng  is  also  Independent  of  Sfib,  or  may  not  have  an  equilibrium, 
with  Eq.  (15)  giving  negative  or  complex  ne.  It  is  beyond  the  scope  of  the 
present  study  to  examine  this  density  range,  not  usually  considered  In  the 
existing  literature.1'7  Nevertheless,  it  may  be  worth  further  study  to  determine 
if  this  region  can  in  fact  be  accessed  in  a  real  system,  and  whether  it  would 
be  desirable  from  a  stability  standpoint  to  do  so. 
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4.  STABILITY  OF  AN  e>BEAN  DRIVEN  Krf  LASER 


Ue  consider  a  system  with  ng  given  by  Eq.  (17),  S^  limited  as  in  case 
a,  and  E/n  given  by  Eq.  (4).  In  analyzing  the  stability  of  the  e-beam  pumped 
KrF  systems,  we  use  the  following  values6  for  kinetic  rate  coefficients,  defined 
in  Table  2. 


Table  2.  Rate  coefficients  for  the  kinetic  model  in  Table  1. 


Metastable  ionization 


k^  ■  6  x  10"8  cm3/s 


Electron  attachment 


k  -  4.3  x  10'9  (E/n)"0*63 

O 


Metastable  quenching 


kq  -  7.5  x  10"10  cm3/s 


Metastable  production 


kQj  -  fn  (E/n,  n^n)  -  10"n-10"13 


Long6  gives  a  set  of  empirical  curves  for  kpj  as  a  function  of  E,  n,  ng.  Ue  use 
a  crude  fit  to  his  curves  for  the  purpose  of  estimating  critical  parameter 
ratios. 


for 


V"  “ 


3  x  10 


-6 


2.5  x  10"13  (E/n)3/2 


(21) 


Figure  1  shows  the  parametric  dependence  on  ng/n. 

Stability  is  calculated  by  perturbing  the  electron  and  excited  excimer 
densities,  ng  -  n£  +  n*  exp(-iwt),  nj  »  n®  +  nj  exp(-iwt),  substituting  into 
Eqs.  (11)-(12)  and  linearizing.  The  fact  that  the  metastable  production  rate 
I(qj  is  a  strong  function  of  E  and  ng  must  be  recognized  by  writing 

k01  “  k01  +  k01  exP<-iwt)  »  (22> 


3k01  P1  akoi 
-?rE  +-3n; 


(23) 


The  perturbed  field  E1  can  be  obtained  as  follows.  There  are  two  special 
cases  of  the  relation  between  the  current,  voltage,  and  external  circuit.  One 
is  the  voltage  limited  case,  where  a  change  in  the  discharge  impedance  changes 
the  current.  In  that  case, 


kgj  (Voltage  limited) 


°*01 

3n7~ 


A  second  limit  is  current  limited,  where  a  change  in  discharge  impedance  causes 
a  change  in  the  voltage,  the  current  held  constant.  For  constant  current,  J  - 
eneVe,  so 


e  ,  1  e  1  1  _ e  rl 

r  +  r3irne  +  v-3rE 

e  e  e  e 


and 
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kgj (current  limited)  - 


3k, 

IT 


1  3Ve 

m  1  +  {h  3nl,ne  , 

01  C - hr-*—!  " l  ♦ 


T^T 

r  ir 

e 


ak01  1 
3n7ne 


(25) 


From  Figure  1,  k^  varies  more  strongly  with  E  than  with  ne,  so  an  increase  in 
electron  density  causes  a  decrease  in  the  metastable- production  rate  coefficient 
for  the  current  limited  case,  while  for  the  voltage  limited  case,  kgj  and  n*  are 
in  phase,  3k01/3ne  >  0. 

Linearizing  the  kinetic  equations  ( 11 ) - ( 12)  about  a  small  perturbation 
-  e(-iwt)  gives  the  stability  condition  (Im  u  >  0) 


eb 


kqnF  >  k01ne  [k11n0 


k01ne 

(l+-^4) 


‘anF] 


(26) 


The  value  of  kgj/n*  depends  on  whether  the  discharge  is  voltage  or  current 
limited.  On  a  sufficiently  long  time  scale  the  current  will  be  constant, 
determined  by  the  beam  deposition  rate.  But  on  a  shorter  instability  time  scale, 
a  variation  In  the  Impedance  will  produce  a  variation  in  the  current,  since  the 
density  of  excess  electrons  has  not  changed.  Thus  we  consider  first  the  voltage 
limited  case.  In  that  case  kjj/n*  >  0,  and  the  right-hand  side  of  (26)  Is 
positive.  It  may  appear  that  (26)  then  gives  a  lower  limit  on  Seb  for  stability. 
However,  If  the  dependence  of  ne  on  Seb  is  Included  from  Eq.  (17),  the  stability 
condition  gives  instead  an  upper  limit  on  Seb, 


’eb 


nFkoka 
r  q  a 

Vorn 


for  stability 


t 


(27) 


which  is  comparable  to  the  limit  on  Sgb  from  equilibrium  constraints. 
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Using  Eqs.  (4)  and  (10),  taking  €  *  1/2,  and  estimating  kQj  -  10  gives 


<  2  x  10‘26 


(28) 


It  is  Instructive  to  compare  this  result  with  the  result  obtained  assuming 
a  current  limited  discharge.  In  that  case,  kgj/n*  is  negative  and  the  discharge 
is  stable  to  the  uniform  perturbation  assumed  above  for  any  beam  density. 
However,  as  has  been  noted  in  Reference  6,  experiments  show  that  current  limited 
discharges  are  also  unstable,  but  to  a  disturbance  that  produces  filamentation 
in  the  current.  Figure  2  shows  data  indicating  the  stable  operating  regimes  in 
this  limit.  Equation  (4)  and  the  equilibrium  equation  (17)  can  be  used  to 
estimate  E/N  -  5  Td  which  corresponds  to  stable  e>beam  currents  less  than  5-10 
A/cm2/amagat,  which  is  comparable  to  that  obtained  from  Eq.  (27). 

The  point  in  both  of  these  cases  is  that  the  E/n  which  develops  is  only 
weakly  sensitive  to  jeb,  since  it  is  proportional  to  jej/ne  and  ne  -  jeb  in 
equilibrium.  Both  theoretically  and  experimentally,  a  fixed  E/n  is  only  stable 
up  to  a  critical  beam  current,  given  approximately  by  either  Eq.  (27)  or  Figure 


5.  CONCLUSION  AND  SUftARY 


In  previous  studies,  both  experimental  and  theoretical,  it  has  been  show) 
that  discharge-driven  KrF  lasers  are  subject  to  an  ionization  instability  driven 
by  multlstep  ionization  processes  Involving  the  metastable  states  of  Kr  or  Ar. 
In  the  present  study  It  is  show)  that  a  sufficiently  intense  e-beam  driven  laser 
can  also  be  subject  to  these  Instabilities. 

The  mechanism  Is  that  the  electrons  deposited  by  the  beam  create  a  local 
charge  imbalance  which,  due  to  finite  conductivity,  sets  up  an  electric  field 
of  comparable  size  to  that  which  drives  discharge  lasers  unstable.  Just  as  the 
e-beam  current  has  a  maximum  stable  value  in  a  discharge  laser,  it  has  a  similar 
stable  value  in  an  e-beam  driven  laser.  The  primary  effect  of  the  electric  field 
is  to  increase  the  rate  coefficient  for  metastable  production  by  electron 
bombardment. 

Both  volume  and  striated  modes  of  instability  are  possible.  We  have 
treated  the  volume  mode  analytically  and  referred  to  experiment  for  the  striated 
mode.  Both  give  similar  current  levels  for  stability.  To  extend  the  stability 
range,  Eq.  (27)  suggests  increasing  the  density  of  F2,  and/or  tailor  the  e-beam 
pulse  to  compensate  for  the  loss  of  Fg  during  the  experiment.  Raising  nQ  can 
also  increase  the  stability  range.  This  may  seem  to  contradict  Eq.  (27),  but 
in  fact  kjj  -  n'3^2,  so  that  higher  n0  increases  the  stable  Seb.  The  same  trend 
obtains  for  the  strlation  instability,  as  seen  in  Figure  2,  where  decreasing  nf 
reduces  the  stable  current.  He  recognize  that  there  is  an  optimal  np  for  maximum 
output,  but  the  stability  constraint  should  be  folded  into  the  choice  of  this 
parameter. 


Finally,  the  dependence  of  electron  temperature  Tg  on  bean  current  has 
been  neglected  as  beyond  the  scope  of  the  present  calculation.  This  could 
influence  the  E/N  produced  by  a  given  current,  and  change  s"j*x.  A  more  detailed 
treatment  of  the  dependence  of  the  metastable  production  rate  kgj  on  electric 
field  and  on  electron  density  should  also  be  carried  out  If  more  precise  results 
are  desired.  But  the  present  work  demonstrates  the  physics  and  points  to  a 
stability  limit  due  to  e-beam  Induced  return  currents. 
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Appendix  D 

On  Possible  Stabilization  of  Ablatively  Accelerated 
Foils  by  Strongly  Coupled  Plasma  Effects 


On  possible  stabilization  of  ablatively  accelerated 
foils  by  strongly  coupled  plasma  effects 

A.  L.  Velikovich 

Laboratory  for  Plasma  Research 
University  of  M  airy  land 
College  Park,  MD  20742 

Abstract:  Possible  stabilization  of  Rayleigh-Taylor  (RT)  instability  of  ablatively  ac¬ 
celerated  foils  caused  by  strongly  coupled  plasma  (SCP)  effects  has  been  analyzed  as  a 
general  concept,  as  possible  explanation  of  earlier  NRL  experiments  (Grun  et  al.,  Phys. 
Rev.  Lett.,  1987),  and  as  a  reason  to  pursue  further  research  on  SCP  physics.  The  stabi¬ 
lizing  influence  of  SCP  effects,  such  as  modification  of  equation  of  state,  plasma  viscosity, 
thermal  conductivity,  surface  tension,  and  mechanical  rigidity  (the  last  two  mechanisms 
correspond  to  possible  plasma  phase  transition  into  a  condensed  state),  estimated  from 
above  in  a  most  generous  way,  have  been  found  insufficient  for  suppressing  RT  instability, 
in  particular,  in  the  case  of  experiment  cited  above.  Alternative  explanations  for  lack  of 
observed  perturbation  growth  in  the  short-wavelength  range  in  this  experiment  are  dis¬ 
cussed. 
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1.  Introduction 

Rayleigh-Taylor  instability  of  ablatively  accelerated  targets  is  known  to  be  a  major 
problem  for  the  direct-drive  concept  of  laser  fusion.  Ability  to  suppress  the  RT  instability 
is  a  prerequisite  for  making  this  concept  feasible. 

Unfortunately,  with  high- temperature  ablated  plasma  much  lighter  than  the  dense 
accelerated  layers,  the  effective  Atwood  number  A  is  very  close  to  unity,  and  we  have 
therefore  to  deal  with  the  most  dangerous  kind  of  RT  instability.  It  is  known  that  for 
A  —  1  the  dominating  instability  mode  of  a  layer  supported  by  the  pressure  of  a  massless 
fluid  against  gravity,  is  the  so-called  global  RT  mode,  whose  growth  rate  equals  \fgk  ( g 
is  acceleration,  k  is  the  perturbation  wavenumber),  and  is  therefore  independent  of  the 
density  and  pressure  profiles,  equation-of-state  (EOS)  of  accelerated  material,  etc. 1,2  It  is 
easy  to  explain  independence  of  the  equation-of-state:  the  global  RT  mode  corresponds 
to  purely  interchange,  divergence-free  perturbations,  volume  of  any  plasma  particle  being 
constant  in  time.  Consequently,  compressibility  of  those  particles  is  never  tested  (this  is 
why  the  growth  rate  does  not  depend  on  the  equation-of-state),  and  no  energy  is  required 
for  compression  (thus  this  mode  is  the  fastest  one).  The  independence  of  the  flow  profiles, 
though  not  so  evident  (e.g.,  see3  and  the  comment4),  is  nevertheless  an  established  fact. 
If  one  aims  at  suppressing  the  RT  instability,  no  simple  rearrangement  of  the  fluid  profiles 
and  the  EOS  would  help.  The  very  nature  of  the  perturbed  flow  should  be  changed  in  a 
radical  way. 

Of  course,  the  RT  instability  of  an  ablatively  accelerated  foil  is  not  exactly  the  same  as 
that  of  a  plane  layer  in  a  gravitational  field.  Flow  of  plasma  particles  through  the  unstable 
zone  and  non-uniformity  of  the  acceleration  profile  should  both  contribute  to  stabilization.5 
However,  this  stabilization  is  not  particularly  effective  for  large  perturbation  wavelengths, 
the  decrease  in  growth  rate  being  given  by  a  factor  of  about  0.9.  Here  again,  variation  of 
the  fluid  profiles  and  properties  within  an  order  of  magnitude  is  not  likely  to  produce  a 
major  stabilizing  effect.  For  stabilization,  one  should  use  mechanisms  capable  of  changing 
the  perturbed  flow  qualitatively. 

The  aim  of  this  paper  is  to  investigate  whether  the  required  stabilization  could  be 
produced  by  the  strongly  coupled  plasma  effects.  Indeed,  the  ablatively  accelerated  plas¬ 
mas  (especially  the  cold,  dense  layers)  are  known  to  be  non-ideal,  strongly  coupled,  with 
the  values  of  the  coupling  parameter  T  typically  in  the  range  between  1  and  10.6,7.  In 
principle,  the  SCP  effects  could  substantially  modify  all  the  plasma  properties,  from  its 
kinetic  coefficients  to  the  EOS.  Plasma  phase  transition  to  a  liquid-like  (and  even  solid) 
state  is  not  excluded  also. 

Particular  attention  is  to  be  paid  to  the  still  unexplained  experimental  results  of  Ref. 
S,  where  no  appreciable  growth  has  been  observed  for  short-wavelength  perturbations  with 
A  =  50  /tm,  whereas  observed  growth  rates  for  long-wavelength  perturbations  (A  =100  and 
150  pm)  were  quite  close  to  the  classical  \/gk.  Though  this  result  has  not  been  confirmed  by 
subsequent  experiments,  the  experimental  conditions  of  8  also  never  have  been  reproduced 
exactly.  The  possibility,  however  small,  that  this  experiment  has  accidentally  produced 
conditions  favorable  for  suppressing  the  growth  of  short- wavelength  perturbations  (maybe, 
by  some  SCP  mechanisms)  should  be  carefully  analyzed. 

Though  physics  of  strongly  coupled  plasmas  has  been  an  area  of  extensive  research 
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for  several  decades,  there  is  still  some  uncertainty  in  calculations  of  basic  SCP  parameters 
and  kinetic  coefficients  like  compressibility,  viscosity  or  thermal  conductivity,  even  in  the 
extensively  studied  case  of  a  hydrogen-like  (fully  ionized)  SCP.  Considerably  less  is  known 
about  partially  ionized  SCP,  where  additional  collective  effects  are  possible  due  to  over¬ 
lapping  of  the  wave  functions  of  bound  electrons  in  neigbouring  atoms.  The  SCP  realized 
in  laser-fusion  experiments  appear  to  belong  mainly  to  this  latter  type. 

Quantitative  theoretical  studies  of  laser-produced  SCP  are  particularly  difficult  (and 
their  results  accordingly  uncertain)  since  the  coupling  parameter  T,  often  being  of  order 
of  (and  greater  than)  unity,  cannot  be  made  very  large.  Indeed, 

r  =  -^r-8-6 - tW) i - •  (1 

where  T  is  the  plasma  temperature,  n  is  the  ion  density,  a<  =  (3/4xn)1/3  is  the  “mean  ion 
radius” .  We  see  that  it  is  very  difficult  to  produce  laser  plasmas  with  T  greater  than,  say, 
20.  Indeed,  increasing  ion  number  density  of  a  singly  ionized  plasma  to  1024  cm-3,  one 
can  gain  a  factor  about  3;  however,  this  degree  of  compression  is  hardly  possible  without 
plasma  heating  to  several  eV,  the  net  result  being  rather  a  decrease  of  T.  Whenever  Z 
is  greater  than  unity,  the  contribution  of  the  Z2  factor  is  usually  more  than  compensated 
by  the  corresponding  increase  in  temperature,  so  that  for  a  pusher-fuel  interface  one  can 
hardly  expect  T  to  be  greater  than  3  to  5. 

The  general  characteristics  of  strongly  coupled  plasmas  are  “cold”  and  “dense” .  How¬ 
ever  the  degree  1/3  in  Eq.  (1)  indicates  that  when  one  needs  to  produce  a  SCP  with 
very  large  T,  it  could  (and,  in  effect,  should)  have  very  low  density  and  low  temperature. 
Indeed,  pure  ion  or  electron  plasmas  can  exist  only  at  low  density  (recombination  of  a 
two-component  plasma  at  low  temperatures  would  be  inevitable).  A  decrease  in  density 
by  14  orders  of  magnitude  from  the  solid-state  level  to  (1  —  2)  •  10®  cm-3  accompanied 
by  decrease  in  temperature  by  6-7  orders  of  magnitude  from  1  eV  to  1-10  mK  in  exper¬ 
iments  with  laser-cooled  ions  in  Penning  traps  (e.g.,  see  Refs.  9,  10)  results  in  overall 
increase  in  T,  which  could  achieve  a  few  hundred.  The  same  refers  to  the  2-D  systems  of 
strongly-coupled  electrons,  also  produced  at  cryogenic  temperatures  11,12 :  in  the  range  of 
typical  electron  densities  107  to  1010  cm-2  (which  corresponds  to  the  same  values  of  a*  as 
number  densities  per  unit  volume  1011  to  101S  cm-3)  high  values  of  T  are  obtained  at  the 
temperatures  about  0.1-1  K. 

Therefore,  laser-produced  strongly  coupled  plasmas  fall  into  the  most  uncomfortable 
range  of  the  SCP  parameters,  where  one  cannot  make  use  of  reliable  theoretical  results 
obtained  in  the  limit-  of  very  large  I\  However,  filling  the  corresponding  (very  large) 
gap  in  the  theory  ol  SCP  is  certainly  beyond  the  scope  of  the  present  report.  My  main 
goal  is  to  estimate  whether  the  SCP  effects  could  be  sufficient  to  suppress  RT  instability 
in  the  experiments  with  laser  ablative  acceleration  of  thin  foils,  conditions  of  the  NRL 
experiment8  being  an  important  example  and  a  reference  point. 

For  this,  a  complete  theory  is  not  required.  The  SCP  effects  could  be  estimated  from 
above,  the  estimates  being  based  on  very  simple  considerations. 

For  instance,  there  is  still  no  reliable  theory  to  predict  the  threshold  value  of  T  required 
for  so-called  plasma  phase  transition  from  a  partially  ionized  gas  to  a  liquid-like  state.  This 
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type  of  transition,  first  discussed  in13,14,  may  be  related  to  some  results  of  LLNL  shock- 
wave  experiments.15  Without  going  into  details,  we  may  assume  that  the  strongly  coupled 
plasma  indeed  turns  into  a  liquid  state,  -  and  then  estimate  the  possible  contribution  of 
corresponding  stabilizing  factors,  like  surface  tension  (Sect.  2)  or  enhanced  viscosity  (Sect. 

3)  to  suppression  of  the  RT  instability. 

Though  within  the  range  of  T  covered  by  laser-fusion  experiments  plasma  freezing  and 
formation  of  solid  crystal  structure  stabilizing  the  flow  appear  to  be  unlikely,  one  has  still 
to  allow  for  this  possibility.  However,  the  Young’s  modulus  of  this  crystal,  if  one  is  formed, 
could  be  estimated  from  above,  too,  as  well  as  possible  contribution  of  the  presence  of  a 
frozen  layer  to  the  overall  stabilization  (Sect.  4). 

The  influence  of  SCP  modification  of  the  plasma  equation-of-state  and  thermal  con¬ 
ductivity  on  suppression  of  the  RT  instability  is  briefly  discussed  in  Sect.  5. 

In  Section  6,  the  still  unexplained  results  of  Ref.  8,  possible  contribution  of  SCP  effects 
to  observed  unusual  stability  and  some  alternative  explanations  are  discussed.  Section  7 
summarizes  the  results. 

2.  Surface  tension 

Let  us  assume  that  a  relatively  cold  ablatively  accelerated  plasma  is  turned  into  a 
liquid  state  as  a  result  of  a  plasma  phase  transition13,14.  This  implies  that  a  surface  of 
the  liquid,  and  hence,  surface  tension  appears.  Surface  tension  is  known  to  be  an  effective 
mechanism  for  suppressing  the  RT  instability.  The  cut-off  perturbation  wavelength  for 
this  mechanism  equals 

A„,=2,(^)''\  (2) 

where  S  is  the  surface  tension,  and  p  is  the  density  of  the  fluid16.  Short- wavelength  pertur¬ 
bations  with  A  <  Amtn  do  not  grow;  on  the  other  hand,  perturbations  whose  wavelengths 
are  sufficiently  long  compared  to  Amm ,  are  not  affected. 

The  exact  value  of  surface  tension  S  is  not  easily  calculated  even  for  the  most  simple 
and  thoroughly  studied  liquids  like  liquid  argon  or  liquid  sodium:  discrepancy  between  the 
theoretical  results  and  measured  values  is  typically  within  30  to  50%  17 .  However,  S  could 
be  estimated  from  above  in  a  relatively  simple  way.  Indeed,  the  additional  energy  needed 
to  pull  a  particle  -  molecule  or  atom  -  from  the  volume  to  the  surface  (that  is,  surface 
energy  per  particle)  is  needed  to  break  some  of  the  bonds,  since  a  particle  on  the  surface 
has  less  neighbors  than  one  in  the  volume.  Nevertheless,  it  still  has  some  neighbors,  it  is 
still  bound  to  the  fluid.  This  amount  of  energy  is  clearly  several  times  less  than  the  energy 
e  needed  to  extract  a  particle  from  the  fluid  (evaporation  energy  per  particle).  Then  the 
estimate  for  5  is 

S  <  Sm  =  en2/3,  (3) 

where  the  factor  n2^3  is  number  density  of  particles  per  unit  area  of  the  liquid  surface. 

Let  us  verify  that  Eq.  (3)  is  indeed  a  reliable  estimate  from  above.  For  liquid  argon  at 
T=  S4  K  (e  =  0.067  eV  =  785  K/kg,  n  =  2.1- 1022  cm-3)  we  have:  5  =  13  dyn/cm,  Sm  =  82 
dyn/cm.  For  liquid  nitrogen  at  T=  63  K  (e  =  0.058  eV  =  676  K/kg ,  n  =  1.9- 1022  cm-3): 
S  =  12  dyn/cm,  Sm  =  66  dyn/cm.  For  liquid  sodium  at  T  =  371  K  (c  =  1.03  eV  =  12000 
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K/ke ,  n  »  2.4  •  1022  cm-3):  5  =  191  dyn/cm,  5m  =s  1373  dyn/cm  (all  the  data  from17). 
Hence,  Sm  overestimates  5  by  factor  5  to  7,  as  it  should. 

For  a  strongly  coupled  plasma,  the  characteristic  energy  per  particle  is 

*scp  =  - — —  =  FT.  (4) 

In  particular,  the  evaporation  energy,  if  nonzero,  should  be  of  the  same  order  of  magnitude. 
Hence,  the  required  estimate  from  above  for  surface  tension  of  a  strongly  coupled  plasma 
is  obtained  by  substituting  (4)  into  (3): 


5m  =  (*x/Z)l'3(Ze)2n. 


(5) 


We  can  check  up  whether  this  is  indeed  an  estimate  from  above  for  surface  tension 
of  a  SCP  by  comparing  (5)  with  the  numerical  results  obtained  within  the  framework  of 
the  density  functional  theory  for  surface  energy  of  a  classical  one-component  plasma.18 
This  approach  yields  quite  good  estimates  for  surface  tensions  of  simple  liquid  metals. 
Formulation  of  the  one  component  plasma  problem  (ions  in  the  field  of  rigid  compensating 
charge  background,  the  latter  having  a  step-function  density  profile)  allows  one  to  calculate 
surface  energy  for  any  values  of  F,  even  for  low  ones,  which  would  not  normally  correspond 
to  a  liquid  state  of  a  SCP. 

Surface  energy  E,  is  normalized  in  1S,  to  produce  a  dimensionless  characteristic  equal 


to 


(6) 


Substituting  into  Eq.  (6)  E,  =  5m,  where  5m  is  given  by  (5),  we  obtain:  U  =  1.6  •  T. 
With  F  varying  in  the  range  from  3  to  30,  this  estimate  for  U  varies  between  5  and  50. 
However,  the  results  of18  (as  well  as  those  obtained  by  other  authors  and  cited  therein) 
yield  the  values  for  U  in  this  range  of  T  well  below  unity,  mostly  about  0.5.  This  confirms 
that  (5)  is  indeed  an  estimate  from  above  for  5. 

We  can  now  substitute  (5)  into  (2)  to  obtain  the  estimate  from  above  for  A min : 


_  24/3ir7/*  Zt  ZZ  /w 

m,n  <  31/6  (ffijj)1/2  —  (A  •  (^/1014  cm/sec2  )p/2  ^m’  (7 

A  being  the  atomic  mass  of  the  accelerated  plasma. 

Equation  (7)  demonstrates  that  possible  stabilizing  effect  of  surface  tension  is  limited 
to  very  short  waves.  Let  us  estimate  its  right-hand  side  for  the  experimental  conditions 
of.8  This  experiment  had  been  performed  with  polystyrene  foils  (average  atomic  mass  A  is 
,  about  6)  at  temperatures  below  3  eV  (hence,  Z  is  not  likely  to  exceed  unity)  and  typical 
acceleration  g  —  8.5  •  1014  cm/ sec2.  Equation  (7)  demonstrates,  that  surface  tension 
stabilization  could  be  effective  there  for  wavelengths  smaller  than  (or,  at  least,  of  order 
of)  0.4  ftm.  Stabilization  of  perturbations  with  A  =  50  /im  by  this  mechanism  therefore 
appears  impossible. 

For  the  sake  of  completeness,  however,  the  only  result  that  does  not  fit  into  the 
described  scheme  should  also  be  cited.  I  refer  to  surface  tension  at  pusher-fuel  interface, 


calculated  in19  by  means  of  particle  simulation.  This  calculation  has  been  done  for  pusher 
plasma  with  T  =  3,  T  —  200  eV,  Z  —  5  (that  is,  n  =  1.1  •  1024  cm-3)  and  fuel  plasma 
with  Z  =  1  at  temperature  and  pressure  equilibrium  with  it  (which  corresponds  to  n  = 
3.3  •  1024  cm"3).  The  plasma  with  moderate  value  of  T,  of  course,  is  not  supposed  to  turn 
into  liquid  state.  Here,  the  surface  tension  emerges  as  an  interface  effect,  just  like  con ’.act 
potential.  (To  provide  quasi-neutrality,  electron  density  should  be  higher  at  the  pusner 
side  of  the  interface  by  factor  2 Z/(Z  +  1)  =  1.8,  and  to  maintain  this  in  thermodynamic 
equilibrium,  potential  on  the  fuel  side  should  be  accordingly  lower).  The  calculated  contact 
potential  is  indeed  very  close  to  plasma  temperature  T  expressed  in  eV. 

Estimating  the  surface  tension,  one  would  naturally  expect  something  of  order  of 
5  =  T  •  n2/3.  For  the  above  conditions,  this  amounts  to  7  •  10®  dyn/cm,  and  the  value  of 
the  quantityS/p,  relevant  for  stabilization,  about  6.6  •  10s  cm3/sec2.  However,  the  result 
of19  reads: 

S/p 3  =  3  •  10*  cm3 /sec2,  (8) 

Dimensionality  of  the  right-hand  side  of  Eq.  (8)  indicates  an  error  in  the  left-hand 
side:  the  power  of  p  should  be  -1,  not  -3  [this  is  also  suggested  by  Eq.  (2)].  If  we  attempt 
to  correct  Eq.  (8)  accordingly,  then  we  are  left  with  enormous  value  of  surface  tension,  500 
times  greater  than  the  above  estimate  (it  corresponds  to  the  energy  required  for  pulling 
one  additional  ion  to  the  surface  from  the  fuel  side  of  about  100  keV!).  If  correct,  this 
would  mean  suppression  of  the  RT  instability  at  the  pusher-fuel  interface  for  perturbation 
wavelengths  below  30  pm  with  g  =  1015  cm/sec2,  -  in  other  words,  almost  complete 
stabilization  of  this  interface.  Importance  of  this  discovery  for  laser  fusion  studies  would 
need  no  explanation. 

In  my  opinion,  however,  the  value  of  S/p  cited  in  Ref.  19,  is  simply  erroneous.  This 
is  indirectly  confirmed  by  the  fact  that  none  of  the  authors  of19  did  mention  it  in  any 
of  the  subsequent  publications.  In  particular,  no  stabilizing  effect  of  surface  tension  has 
been  discussed  in  their  papers  about  RT  instability  on  the  pusher-fuel  contact  surface  of 
stagnating  targets20'21 ,  where  a  surface  tension  term  of  order  of  (8)  would  have  drastically 
changed  most  of  the  results. 

3.  Viscosity 

Here  we  consider  possible  stabilizing  influence  of  viscosity.  It  is  well  known  that  plasma 
viscosity  given  by  the  classical,  Braginskii’s  formulae22,  which  is  proportional  to  T5/2, 
is  very  small  at  comparatively  low  temperatures  characteristic  of  ablatively  accelerated 
targets,  and  therefore  definitely  insufficient  for  stabilization.  However,  plasma  transition 
into  a  liquid-like  state  should  also  be  considered  (see  above),  and  viscosity  of  a  liquid  is 
larger  than  that  of  a  gas.  It  should  be  estimated  whether  the  liquid  viscosity  could  be 
large  enough  to  suppress  the  RT  instability  effectively. 

Dimensionality  of  kinematic  viscosity  is  [length  squared/time)  -  that  is,  it  equals  the 
square  of  characteristic  length  lo  divided  per  characteristic  time  r0: 

v  =  ll/r0,  (9) 

To  make  a  reasonable  estimate  with  (9),  one  should  define  l0  and  r0  in  an  appropriate  way 
for  a  liquid. 
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For  this  purpose,  the  results  of  conventional  theory  of  simple  liquids  are  used.  Recall 
that  the  main  structural  properties  of  simple  liquids  are  determined  by  “harsh  repulsion 
that  appears  at  short  range  and  has  its  physical  origin  in  the  overlap  of  the  outer  elec¬ 
tron  shells”,17  whereas  the  long-range  attractive  forces,  which  vary  much  more  smoothly 
with  the  distance  between  the  particles,  form  essentially  uniform  background  and  provide 
stability  of  the  fluid.  The  strength  of  repulsion  is  represented,  for  instance,  by  the  high 
negative  power  of  r  in  the  known  12-6  potential  of  Lennard-Jones 

=  -(*)').  00) 

where  c  is  the  depth  of  potential  well,  and  6  is  the  collision  diameter,  which  corresponds 
to  separation  between  the  particles  for  which  potential  U (r)  has  a  minimum.  The  natural 
unit  of  time  r0  associated  with  the  potential  (10)  is17 


To  = 


(11) 


where  m  is  the  mass  of  an  atom  (ion)  or  a  molecule,  and  the  large  numerical  factor  48 
emerges  as  product  of  4  and  12,  when  C/(r)  given  by  (10)  is  differentiated.  This  factor  de¬ 
creases  t0  and  hence  increases  viscosity  given  by  (9).  The  gas-kinetic  estimates  of  kinematic 
viscosity,  performed  without  this  factor,  yield  reasonable  values  for  gaseous  plasmas,22  but 
would  underestimate  viscosity  of  a  liquid  by  about  an  order  of  magnitude.  The  charac¬ 
teristic  energy  c  is  estimated  below  by  temperature  T,  which  appears  to  provide  a  correct 
order  of  magnitude  for  most  cases. 

To  assess  the  value  of  the  parameter  6  in  a  conservative  way,  minimizing  the  risk  of 
underestimating  it,  let  us  assume 

6  =  2  a„  (12) 

where  a,  =  (3/4rn)1/3 ,  as  above,  n  being  the  number  density  of  atoms  or  molecules  in  the 
simple  fluid.  Substituting  (11),  (12)  into  (9),  we  obtain  a  very  simple  formula 


v 


27/335/* 

x»/3 


9  lO"4 


[r  W)1'* 

p'HA'I’ 


cm2 /sec, 


(13) 


where  p  is  the  density  of  the  liquid,  A  is  the  atomic  mass. 

Indeed,  Eq.  (13)  provides  quite  reasonable  estimates  for  kinematic  viscosity  of  simple 
fluids.  For  liquid  argon  at  T  =  84  K  (p  =1.36  g/cm3,  A  =>  39),  estimate  (13)  yields  4- 10-3 
cm2 /sec,  whereas  the  measured  value  is  2  •  10“3  cm2 /sec.  For  liquid  nitrogen ^at  T  =  63 
K  (p  =0.87  g/cm3,  A  =  28)  we  have  4.3  and  4.4  •  10-3  cm2/sec,  respectively.  For  liquid 
sodium  at  T  =  371  K  (p  =0.92  g/cm3,  A  =  23)  -  10  and  7.6  •  10-3  cm2/sec.  For  water  at 
T  =  293  K  (p  =1  g/cm3,  A  =  18)  -  9.5  and  10  •  10“3  cm2 /sec.  For  mercury  at  T  =  293  K 
(p  =13.6  g/cm3,  A  =  201)  -  3  and  1.2  •  10-3  cm2 /sec.  For  alcohol  at  T  —  293  K  (p  =0.81 
g/cm3,  A  =  46)  -  1  and  2.2  •  10-2  cm2/sec. 

It  should  be  stressed  that  applicability  of  the  estimate  (13)  is  limited  to  simple  liquids 
only.  One  can  see  that  dependence  of  the  right-hand  side  of  (13)  on  both  p  and  A  is  rather 
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weak,  implying  that  all  simple  liquids  at  the  same  temperature  should  have  comparable 
kinematic  viscosities.  This  assumption  is  obviously  not  true  when  applied,  say,  to  glycerine, 
whose  kinematic  viscosity  at  room  temperature  exceeds  that  of  water  by  almost  3  orders 
of  magnitude.  For  large,  especially  organic,  molecules,  both  our  estimates  of  l0  and  r0 
fail:  these  molecules  represent  long  chains  or  other  structures,  whose  spatial  dimensions 
are  much  larger  than  one  can  estimate  from  their  known  number  density.  In  addition, 
their  interaction  is  not  described  by  some  simple  pair  potential  like  (10),  because  these 
structures  are  capable  by  interacting  by  many  different  links  simultaneously.  Hence,  the 
effective  values  of  l0  could  be  much  larger  and  those  of  t0  -  much  smaller  than  estimated 
above,  which  would  result  in  much  larger  viscosity. 

However,  at  present  there  is  no  indication  (and  no  apparent  reason  to  believe)  that 
strongly  coupled  plasmas  at  moderate  values  of  T  form  large  multi-ion  structures  like 
organic  molecules,  and  this  possibility  will  not  be  discussed  below.  This  type  of  collective 
behavior  will  be  partly  addressed  in  the  next  Section,  where  we  deal  with  frozen  plasma 
substance,  viscosity  being  replaced  by  rigidity,  a  much  stronger  effect.  For  the  moment, 
we  continue  to  work  with  the  estimate  (13). 

It  is  interesting  to  compare  (13)  with  the  available  theoretical  results  of  calculation 
of  shear  viscosity  for  strongly  coupled  plasmas,  cited  in.23  A  dimensionless  parameter 
(reduced  viscosity  tj’)  used  in23  is  defined  as 


(14) 


where  up  =  [Airn(Ze)2  /m]1^2 ,  v  and  a,-  meaning  the  same  as  above  -  kinematic  viscosity 
and  mean  ion  radius,  espectively.  Substituting  expression  (13)  into  (14),  we  obtain  the 
following  estimate  for  tj* : 

tj*=S/T1/2.  (15) 

Comparing  (15)  with  the  results  cited  in23,  we  see  that  (13)  indeed  represents  an 
estimate  from  above.  Though  various  theoretical  estimates  for  tj’  spread  over  a  broad 
range,  and  differ  by  factor  exceeding  4  for  some  values  of  T,  they  all  are  considerably  lower 
than  that  given  by  (15).  For  T  equal  to  4,  10  and  20,  ratio  of  the  right-hand  side  of  (15)  to 
the  largest  of  these  estimates  (0.23,  0.102,  and  0.097)  equals  17,  25,  and  12,  respectively. 

Now  we  can  use  (13)  to  estimate  the  range  of  wavelengths  effectively  stabilized  by  the 
viscous  mechanism  under  typical  conditions  of  ablative  acceleration.  It  is  well  known  that 
viscosity,  unlike  surface  tension,  does  not  suppress  RT  instability  completely:  rather,  it 
substantially  decreases  the  growth  rates  for  sufficiently  short  wavelengths,  whose  wavenum¬ 
bers  are  of  order  of  (or  greater  than)  k  =  km  =  (gu2  )1/,3.i;  The  corresponding  characteristic 
wavelength  Am  is  found  from  (13): 

Am  =  223'935/97t  7'9(T/mgy'3n-2'9 


=  0.5  [- 


T(eV) 


-],/3(; 


n 


=r) 


-2/9 


jim. 


(16) 


i4(<//1014cm/sec2 )  v5*  1022cm-3 

These  are  evidently  too  short  wavelengths  for  effective  stabilization  of  ablativelv  accel¬ 
erated  targets.  In  particular,  substituting  into  (16)  the  characteristic  values  estimated  for® 
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> 
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I 


» 


I 


I 


I 


fr 


( T  =  2.4  eV,  A  =  6,  g  =  8.5  •  1014cm/sec2,  n  about  5  ■  1022cm~3),  we  see  that  the  viscous 
stabilizing  mechanism  could  be  effective  for  wavelengths  well  below  1  pm.  Recall  that  (13) 
(as  compared  to  rigorous  SCP  calculations)  overestimates  kinematic  viscosity  by  an  order 
of  magnitude.  To  provide  appreciable  stabilization  of  perturbations  with  A  =  50  pm,  the 
kinematic  viscosity  should  be  larger  at  least  by  3  orders  of  magnitude  than  estimated  by 
(13)  -  this  is  about  the  same  difference  as  between  viscosities  of  water  and  glycerine.  One 
can  conclude  that  if  the  strongly  coupled  plasma  were  a  simple  fluid,  the  results  of®  are 
impossible  to  explain  by  viscous  stabilization. 

To  make  the  discussion  complete,  let  us  study  now  another  possible  method  of  using 
viscosity  for  stabilization.  We  can  consider  an  interface  between  relatively  cold  acceler¬ 
ated  plasma,  where  most  of  the  mass  is  concentrated,  and  hot  low-density  plasma,  whose 
kinematic  viscosity  could  be  high.  In  other  words,  an  interface  can  separate  regions  where 
inertia  and  viscosity,  respectively,  dominate.  One  can  try  to  find  out  whether  this  way  of 
distributing  viscosity  and  inertia  could  stabilize  the  interface. 

In  the  first  paper  where  the  influence  of  viscosity  on  the  eigenmodes  of  an  interface 
between  to  incompressible  fluid  has  been  studied,24  it  was  correctly  stated  that  decay  of 
wave  motion  at  the  interface  between  two  fluids  due  to  viscosity  was  much  more  pronounced 
than  in  the  case  of  a  single  fluid  surface.  The  explanation  is:  “When  there  is  a  wave  motion 
at  the  interface  between  two  non-viscous  fluids,  the  tangential  velocities  at  the  interface 
are  different;  in  viscous  motion,  they  must  be  the  same.  ...  We  have  the  result  that,  in 
general,  wave  motion  at  the  interface  between  two  fluids  dies  away  much  more  rapidly 
than  in  the  case  of  a  single  fluid.”  Since  then,  no  particular  attention  has  been  paid  to  the 
influence  of  viscosity  distribution  between  the  two  sides  of  the  interface.  The  calculations 
aimed  at  interpretation  of  experimental  results  were  done  mainly  for  the  typical  case  of  the 
total  viscosity  acting  in  the  heavy  fluid,  as  in  the  case  of  glycerine-air  interface  (e.g.,  see25). 

In  the  classical  monograph16  influence  of  viscosity  on  development  of  the  RT  instability 
is  studied  assuming  equal  kinematic  viscosities  at  both  sides  of  the  interface,  V\  =  i/2  - 
"one  would  not  expect  that  any  of  the  essential  features  of  the  problem  would  be  obscured 
by  this  simplifying  assumption”16.  Though  the  latter  statement  is  basically  correct,  it  is 
instructive  to  show  how  the  distribution  of  kinematic  viscosities  over  the  two  fluids  affects 
the  overall  stabilization. 

To  do  this,  we  start  with  the  exact  dispersion  relation,  derived  in  24  and  reproduced 
in  16 .  It  would  be  convenient  to  use  dimensionless  variables.  Let  us  express  the  growth 
rate  a  as  a2  =  gkp2,  where  p  is  a  dimensionless  eigenvalue  (real  values  of  p  correspond 
to  unstable  modes).  Let  the  characteristic  kinematic  viscosity  v  be  distributed  as  follows: 
ui  =  (1  —  s) v,  v 2  =  su  (the  latter  corresponds  to  heavy  fluid),  0  <  s  <  1.  Dimensionless 
wavenumber  expressed  in  units  of  (g/ v2)1/3  is  denoted  by  k.  Then  the  dispersion  equation 
can  be  presented  as 

-(/i2  —  v4)[?i  +  92  —  2  +  Afa  —  92)]  +  p2(l  —  A2)  —  (in3/2  (l  —  —  2s)(9!  —  qi  +  A(q\  +92  —2)] 

-*3(1  -A-  2s)2(9i  -  1)(92  -  1)  =  0,  (17) 


where 


9i  —  [1  + 


«3/2(l  -3) 


]1/2,  ?2  =  (l  + 


M  Y'2 

k3!2s}  ’ 


I 
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A  =  (pi  —  pi)/(p2  +  P\)  being  the  Atwood  number. 

Instead  of  solving  Eq.  (17),  it  is  convenient  to  obtain  the  dispersion  curves  in  a 
parametric  form,  which  could  be  easily  done  without  solving  anything,  in  the  same  way  as 
done  in16  for  vx  =  v7.  For  this,  we  denote  y  =  p/n3/2 ,  and  rewrite  (17)  as  a  system: 

„3  _  M{y) _  ,lg 

NM  +  N2(y)  +  N3(y) '  V 


c  =  y-K\  (19) 

where 

M(y)  =  A[q\  +  q2  +  A(qi  —  g2]j 
Ni  (y)  =  y2  •  [qi  +  q2  +  A(qi  -q2~  2 A)], 

N2(y)  =  2y(2s  +  A  —  l)[gj  —  q2  +  A(q\  +  q2  —  2)], 

N3(y)  =  -2(2 s  +  A-  l)\qi  -  l)(q2  -  1); 

=  +  '  '  ,2  =  (1  +  J 

parameter  y  varies  from  0  to  oo  and  the  growth  rate  a  in  (19)  is  expressed  in  appropriate 
units  of  (t'/y2)1^3- 

Though  it  is  quite  easy  to  study  the  general  case,  the  two  following  limiting  cases  are 
particularly  instructive.  Let  us  first  suppose  s  — *  0  (all  the  viscosity  is  assigned  to  a  light 
fluid).  Then  Eq.  (18)  is  reduced  to 

y2  +  2(1  -  A)(y  +  1  -  VjT+T)  '  ^ 

For  long  perturbation  wavelengths  (y  »  1)  the  second  term  in  the  denominator  of 
the  right-hand  side  of  Eq.  (20)  is  small  compared  to  the  first  one,  hence  k3  ~  A/y2,  and 
substituting  it  into  (19),  we  find: 

cr  ~  (A/c)1^2  (21), 

that  is,  the  classical  RT  growth  rate  is  reproduced  asymptotically.  In  the  opposite  limiting 
case  of  short  wavelengths  (y  <  1)  the  second  term  dominates,  and  we  obtain: 


which  means  that  the  growth  rate  decreases  as  /c_1  for  large  wavenumbers. 

However,  the  asymptotic  expression  (22)  is  obviously  invalid  for  A  —  1.  Returning 
to  (20)  we  find  that  in  this  case  the  second  term  vanishes  identically,  so  that  the  right- 
hand  side  of  (21)  (where  A  =  1)  represents  the  growth  rate  (exactly,  not  approximately). 
Consequently,  in  this  particular  case  there  is  no  viscous  stabilization,  though  viscosity  is 
nonzero! 
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Consider  now  the  case  of  massless  fluid  2  (A=l)  without  assuming  a  =  0.  We  obtain 
instead  of  (20): 

y2  +  4 s(y  4  a  -  ay/y  +  1 ) 

Here  again,  for  long  wavelengths  expression  (21)  (with  A  =  1)  is  reproduced,  whereas  for 
short  wavelengths 

’mw=r"-  (24) 

In  general,  this  is  similar  to  (22).  However,  (24)  is  invalid  for  a  =  0.  Returning  to 
(23),  we  conclude  that  this  case  corresponds  to  absence  of  stabilization,  the  classical  RT 
growth  rate  being  the  exact  eigenvalue  -  in  agreement  with  the  above. 

Therefore  viscosity  of  infinitely  light  fluid  does  not  contribute  to  stabilization:  with 
A  =  1,  only  viscosity  of  heavy  fluid  matters.  Similarly,  if  only  viscosity  of  the  light  fluid  is 
appreciable,  its  stabilizing  effect  vanishes  in  the  limit  A  — ►  1 .  To  make  the  latter  statement 
more  precise,  one  can  use  Eqs.  (19)-(20)  to  calculate  the  wavelength  Ama*  corresponding 
to  maximum  growth  rate.  Assuming  1  —  A  C  1,  we  find  that 

~Am[V2(l-A)JJ'3.  (25) 

For  instance,  with  A  =  0.9  we  find  that  the  wavelengths  effectively  stabilized  by  viscosity 
are  about  4  times  shorter  than  predicted  by  the  simple  estimate,  which  is  based  on  dimen¬ 
sionality  [namely:  wavelengths  shorter  than  or  of  order  of  Xm  =  2x(i/2/^)1/3]-and  correct 
almost  always  -  except  the  limiting  case  discussed  above.  This  is  illustrated  by  Fig.  1, 
where  growth  rates  a  are  plotted  for  s  =  0  (all  the  viscosity  attributed  to  the  light  fluid) 
as  functions  of  dimensionless  wavenumber  k.  The  curves  are  marked  by  respective  Atwood 
numbers.  With  A  close  to  unity,  stabilization  is  accordingly  less  effective. 

The  above  discussion  indicates  that  viscous  stabilization  of  ablatively  accelerated  tar¬ 
gets  in  some  sandwich  configuration,  with  large  viscosity  of  a  relatively  light  layer,  would 
be  much  more  difficult  than  one  might  have  expected  expect  without  this  analysis,  the 
effective  viscosity  being  diminished  by  factor  of  order  of  (1  —  A)1^3. 

4.  Rigidity 

In  Section  1  a  transition  of  a  strongly  coupled  plasma  into  solid  state  has  been  men¬ 
tioned.  Here  we  are  going  to  consider  stabilizing  effect  which  might  be  caused  by  rigidity 
of  some  frozen  layer  of  the  accelerated  plasma. 

It  should  be  stressed  that  freezing  of  a  SCP  with  T  below  20  seems  extremely  unlikely. 
To  show  this,  let  us  make  the  most  simple  estimate  of  the  freezing  temperature,  based  on 
the  known  Lindemann  melting  criterion.26  The  latter  states  that  a  crystalline  solid  melts 
when  average  displacement  of  atoms  (ions)  due  to  thermal  motion  (r)  exceeds  a  certain 
fraction  ti  of  the  interatomic  distance  (for  most  metals,  ti  is  about  0.2).  Let  us  estimate 
melting  temperature  of  a  crystalline  SCP,  using  the  Einstein’s  oscillatory  model  to  assess 
the  displacements: 

iW  =  \t,  (26) 
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where  k  is  the  effective  elastic  coefficient,  whose  dimensionality  is  [energy/ length  squared]. 
For  SCP,  the  latter  should  be  therefore  of  order  of 


k  = 


(27) 


Substituting  (27)  into  (26),  we  can  express  Lindemann  criterion  as  an  quality  for 
F  (for  lower  values  of  T  a  solid  phase  cannot  exist): 


r  >  3/4 


(28) 


With  ti  =  0.2  we  find:  T  >  75.  This  appears  to  be  a  very  low  estimate.  Both  theoretical 
and  experimental  results  available  indicate  that  freezing  occurs  for  T  well  over  100.  (For 
instance,  Wigner  crystallization  in  2-D  systems  of  electrons  is  observed  at  T  =  135,  see.12 
For  a  strongly  coupled  one-component  plasma,  first-order  freezing  transition  is  predicted 
at  T  =  178—180  27,28 ).  Though  exact  evaluation  of  freezing  temperature  very  complicated 
(liquid  and  solid  energy  curves  are  almost  parallel  near  the  transition  point,  a  metastable 
glass  phase  can  emerge,  etc.),  freezing  at  T  about  20  appears  to  be  unlikely.  However,  even 
this  slight  chance  should  be  accounted  for  in  an  appropriate  way. 

To  do  this,  let  us  consider  perturbations  of  an  isothermal  layer  of  ideal  gas.  The  gas 
occupies  space  between  z  —  0  and  z  =  d  in  a  constant  gravitational  field  g  directed  toward 
negative  z  and  is  supported  from  below  by  the  pressure  of  a  massless  fluid,  exhibiting 
thereby  a  RT  instability.  The  sound  speed  Co  is  constant  due  to  uniformity  of  temperature. 
We  introduce  a  length  scale  H  =  2c£/g  and  note  that  unperturbed  profiles  of  both  pressure 
and  density  are  exponential  (Boltzmann’s  equilibrium),  with  characteristic  height  He  = 
77/27,  7  being  the  adiabatic  exponent  of  the  gas.  (The  limit  of  incompressible  fluid 
corresponds  to  Co,  H,  7  — »  00.)  A  dimensionless  eigenvalue  p  is  introduced  in  the  same  way 
as  above:  <r2  =  gkp2,  cr  being  the  growth  rate. 

Performing  a  standard  perturbation  analysis  [the  exponential  factor  exp(ifcx  +  <ri)  is 
omitted  below],  we  find  vertical  displacement  £: 


£  =  Ci  exp {kKtz)  +  C2  exp(fc«2z), 


(29) 


where 

*i,2  =  (1  ± Vmp+wuTTT)  , 


(in  the  limit  of  incompressible  fluid  «i  =  1,  =  —1),  the  constants  C\  and  C2  being 

determined  by  the  boundary  conditions.  Pressure  perturbation  in  a  fluid  particle  is  given 
by 


“f-  <•  “o  f+kH/2  ' 


(30) 


where  is  unperturbed  density.  We  are  interested  in  instability  modes,  with  real  p,  so 
that  the  denominator  in  the  expression  for  Sp  is  nonzero. 
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# 
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We  suppose  the  lower  boundary  (2  =  0)  to  be  free,  that  is,  6p(0)  =  0.  This  boundary 
condition  allows  one  to  present  (29)  in  the  form 

£  =  (p2/c2  +  l)exp(A:/c12)  -  (y2Kr  +  l)exp(fcx22),  (31) 

which  contains  no  arbitrary  constants  (an  arbitrary  factor  is  inessential)  except  the  eigen¬ 
value  y  to  be  determined  from  the  boundary  condition  at  the  upper  boundary. 

The  most  simple  case  is  free  upper  boundary: 


6p(d)  =  0. 

(32) 

Substituting  (30),  (31)  into  (32),  we  obtain: 

(y2KX  +  l)(y2K2  +  1)  =  0, 

(33) 

which  is  easily  shown  to  be  equivalent  to  y*  =  1,  or 

II 

*1 

(33a) 

0  =  -V  gk 

(336) 

and 

a  =  ±i\/  gk 

(33c) 

(the  sonic  solution  y2  —  —kH/2,  which  is  the  same  as  a  =  dricofc  is  discarded  here,  because 
it  makes  denominator  of  the  right-hand  side  of  Eq.  (30)  vanish).  Here  the  exponentially 
growing  solution  (33a)  represents  the  global  RT  mode.  Both  it  and  the  exponentially 
decaying  mode  (33b)  correspond  to  perturbations,  exponentially  decreasing  with  increased 
distance  from  the  lower  surface.  There  are  also  two  oscillatory  solutions  (33c),  which 
represent  surface  (Rayleigh)  waves  localized  near  the  upper  boundary  of  the  fluid,  the 
corresponding  eigenfunctions  exponentially  decreasing  with  increased  distance  from  it. 

The  case  of  upper  boundary  represented  by  a  rigid  ceiling  corresponds  to  the  boundary 
condition 

tw  =  0-  (34) 

Substituting  (31)  into  (34),  we  obtain  the  dispersion  relation  in  the  form 

ln  i  I  =  if  ^  Iw  +  WkWTT.  (35) 

fl  K2  -r  I  il 

Equation  (35)  is  easily  solved  in  the  limit  of  incompressible  fluid  (*1,2  =  ±1,  the 
right-hand  side  of  (35)  equal  to  2 kd):  y2  =  tanh(fcd).  Thus  for  the  exponentially  growing 
solution  the  growth  rate  is  given  by 

a  =  [<7fctanh(fcd)f/2.  (36) 

For  short  waves  (kd  »  1,  tanh(fcd)  ~  1)  expression  (33a)  is  reproduced,  as  it  should 
be:  the  corresponding  eigenfunctions  decay  at  short  distance  (of  order  of  l/k)  from  the 
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unstable  boundary  and  do  not  “feel”  the  presence  of  the  ceiling.  For  long  waves  ( kd  C 
1,  tanh(Jkd)  ~  kd)  there  is  some  stabilizing  effect: 

<r  ~  kVtf,  (37) 


the  growth  rate  is  proportional  to  k ,  not  to  k1^7 ,  that  is,  the  smaller  A:,  the  more  pronounced 
is  the  stabilizing  effect.  Essentially  the  same  result  is  found  for  finite  7,  without  the 
simplifying  assumption  of  incompressibility:  a  is  proportional  to  k  for  small  k,  whereas  for 
large  A:  it  is  given  by  (33a). 

Let  us  suppose  now  that  the  fluid  is  bounded  from  above  by  a  layer  of  solid  materiaL 
The  latter  cannot  be  regarded  as  absolutely  rigid  (no  material  is  rigid  in  a  gravitational 
field  of  order  of  1014  cm/sec2).  Rather,  it  should  be  considered  elastic,  and  the  fluid 
equations  should  be  solved  simultaneously  with  the  equation  of  motion  of  the  layer  (elastic 
plate)  on  the  top.  The  latter  can  be  written  in  the  form29 


pmh^  +  DA^  =  6p, 


(38) 


where  pm  is  the  density  of  the  plate,  h  is  its  thickness,  A  is  the  Laplace  operator,  Sp  (see 
(30)]  is  taken  for  z  =  d, 


D  = 


Eh 3 

12(1 -<r2) 


(39) 


is  the  so-called  flexural  rigidity  or  cylindrical  rigidity  of  the  plate,  E  being  the  Young’s 
modulus,  and  av  -  the  Poisson’s  ratio  of  the  plate  material. 

After  some  algebra,  we  obtain  the  dispersion  relation  in  the  form  similar  to  (35): 


ln  U2«i  +  1)#2 
(/Z2*2  +  l)£l 


~\/  k2H7  +  2p7kH  +  1 . 
H 


(40) 


Here 

B,p  =  7(Ai,2  +  1)  +  (/*’  +  (*0V  +  kH/2), 

and 

lmh(  E  V13 
M2(l  -<rp)pmgh' 

We  see  that  in  the  limit  of  infinitely  high  rigidity  of  the  plate  l  —*  00  B2/B1  — *  1, 

and  Eq.  (40)  is  reduced  to  (35),  as  it  should  be. 

To  study  the  effect  of  finite  rigidity,  we  again  suppose  the  fluid  to  be  incompressible. 
This  allows  us  to  present  (40)  as  a  quadratic  equation: 


pA[oi  -f  tanh(A:d)]  +  p2ct[fi  —  tanh(A:d)]  —  (a/0  +  1)  tanh(Ard)  =  0,  (41) 


# 


# 


# 


# 


# 


wn  Arp 

a  =  (pm/p'°')kh,  0  =  (kl)\ 
and  the  value  of  unperturbed  density  pW  is  taken  at  z  —  d. 
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Note  that  the  terms  containing  a  and  0  represent  different  kinds  of  influence  of  the  top 
plate  on  the  dispersion  relation.  The  term  a  accounts  for  additional  inertia  due  to  loading 
the  top  of  the  fluid  with  some  material  which  is  not  a  fluid.  The  term  0  is  proportional  to 
D  and  represents  rigidity.  We  see  that  due  to  high  power  of  k  [which  stems  from  the  A2 
term  in  the  equation  of  motion  (38)]  0  is  negligible  in  the  long-wavelength  limit,  no  matter 
how  large  the  cylindrical  rigidity  is,  and  therefore,  rigidity  does  not  effectively  contribute 
to  stabilization.  Solving  (41)  in  the  limit  it  — ►  0,  we  find  the  growth  rate 

a  =  y/Aeffgk,  (42) 


where  the  effective  Atwood  number 


l  +  (p„h/pmd)-  (43) 

Therefore,  the  stabiling  effect  of  rigidity  is  reducing  the  growth  rate  by  a  numerical 
factor  of  order  unity  (namely,  by  square  root  of  the  effective  Atwood  number  (43)).  To 
make  this  effect  large  (and  Aeff  accordingly  small),  most  of  the  target  mass  should  be 
frozen,  which  is  hardly  possible. 

On  the  other  hand,  in  the  short-wavelength  limit  (large  0)  the  classical  RT  growth 
rate  (33a)  is  asymptotically  approached,  and  though  stabilization  by  elastic  plate  on  top 
in  this  limit  is  almost  as  effective  as  stabilization  by  rigid  ceiling,  the  latter  is  not  effective 
at  all,  see  above. 

To  plot  the  dispersion  curves,  we  must  estimate  /.  The  Young’s  modulus  (whose 
dimensionality  is  energy/ volume)  would  be  correctly  estimated  by  density  of  binding  energy 
(e.g.,  for  most  metals  binding  energy  per  ion  is  about  10  eV,  and  number  density  of  ions 
-  about  5  •  1022  cm-3,  the  product  of  the  two  numbers,  0.8  Mbar,  being  indeed  close  to 
their  Young’s  moduli),  that  is,  by  n  times  the  right-hand  side  of  Eq.  (4) 

£  =  =  rnT.  (44) 

a. 

Recall  that  the  Poisson’s  ratio  crv  for  most  materials  is  below  0.3,  so  that  the  denomi¬ 
nator  of  (39)  is  at  least  about  8.  The  energy  density  given  by  (44)  is  not  likely  to  be  more 
than  one  order  of  magnitude  higher  than  the  pressure  pmgh  at  the  interface  between  the 
plate  and  the  fluid.  Therefore,  h  would  be  a  reasonable  estimate  for  /,  rather  an  estimate 
from  above.  Substituting  h  instead  of  l  into  the  definition  of  0 ,  we  can  solve  Eq.  (41)  and 
plot  the  dispersion  curves. 

The  curves  are  presented  in  Fig.  2.  Here  the  growth  rate  a  expressed  in  units  of  V g/d , 
is  plotted  versus  k  =  kd.  Curve  1  corresponds  to  (33a)  (no  stabilization),  curve  4  -  to  (36) 
(rigid  ceiling).  The  curves  2  and  3  are  plotted  for  h  =  d,  and  the  ratio  pmh/p^d  equal  to 
1  and  2,  respectively.  Though  these  parameters  appear  to  be  quite  generous  (more  than 
a  half  of  the  target  mass  is  supposed  to  be  frozen),  stabilization  -  that  is,  the  difference 
between  curve  1  and  curves  2,  3,  -  is  not  particularly  impressive.  This  is,  of  course,  due 
to  the  fact  mentioned  above:  for  low  k ,  the  dispersion  curves  2  and  3  behave  like  curve  1, 
and  not  like  curve  4,  whereas  for  large  k  all  of  them  behave  similarly. 
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Consequently,  even  if  partial  freezing  of  the  ablatively  accelerated  plasma  is  supposed 
(which  is  itself  very  questionable),  there  is  no  reason  to  believe  it  would  be  effective  for 
suppressing  the  RT  instability  of  the  target. 

5.  Compressibility  and  thermal  conductivity 

Modification  of  the  equation-of-state  and  of  plasma  thermal  conductivity  (the  reason 
why  the  two  are  combined  is  explained  below)  is  not  likely  to  produce  any  appreciable 
stabilizing  effect.  Basically,  there  are  two  reasons  for  this.  First,  both  effects  are  relatively 
small.  Second,  they  appear  to  have  a  wrong  sign. 

It  is  known  (mainly  from  astrophysical  works  like30)  that  in  a  linear  stability  problem 
formulated  for  planar  geometry  parallel  heat  conductivity  could  be  accounted  for  in  the 
perturbati  1  equations  derived  for  ideal  fluid,  with  renormalized  adiabatic  exponent  7: 


7  —  7.// 


_.Pe+  1/7 
7  Pe+1  ’ 


where  the  parameter  Pe  (Peclet  number)  is  defined  as 


Pe  =  ff/t!XT. 


(45) 

(46) 


Xt  being  the  temperature  conductivity.  The  parameter  Pe  depends  on  plasma  density 
and  temperature,  and  is  therefore  a  function  of  a  and  z.  Note  that  when  7 e//(z;<r)  is 
substituted  into  the  perturbation  equations,  the  corresponding  boundary-value  problem  is 
no  longer  self-adjoint.  Now  7  enters  the  equations  together  with  72 ,  so  that  the  eigenvalue 
7  must  be  complex  (together  with  Pe  and  7e//)-  However,  in  the  limit  of  very  high 
parallel  thermal  conductivity  Pe  — ►  0  we  have:  7*//  — *•  1.  This  is  a  real  value,  so  that  one 
may  conclude  that  the  influence  of  parallel  heat  conductivity,  whenever  it  is  large,  is  in 
effectively  increasing  compressibility  of  the  fluid  by  decreasing  7. 

It  has  been  snown  in31 ,  that  the  instability  growth  rate  a  increases  with  decreasing 
7.  A  rigorous  foundation  of  this  result  is  found  in32,  where  the  inequality  da/d-y  <  0  is 
derived  from  the  energy  principle  under  quite  general  assumptions.  A  simple  qualitative 
explanation  is  given  in31,  where  the  RT  instability  is  compared  to  the  instability  of  an 
inverted  pendulum.  If  the  pendulum  is  rigid,  then  all  its  parts  move  at  the  same  an¬ 
gular  velocity.  However,  if  it  consists  of  parts  capable  of  falling  separately,  like  a  brick 
smokestack,  then  it  is  faster  destroyed  by  a  small  perturbation.  Note  that  this  analogy  is 
adequate  only  when  the  global  RT  mode  cannot  develop  -  otherwise,  it  is  the  rigid  pen¬ 
dulum  that  falls  faster.  The  increase  in  growth  rate  is  limited  anyway.  For  the  problem 
considered  above  (isothermal  plasma  in  the  upper  half-space  supported  from  below  by  the 
pressure  of  a  massless  fluid)  the  increase  of  growth  rate  due  to  decrease  of  7  from  00  to  1 
is  about  25%,  see33. 

The  starting  point  of  the  above  discussion  was  the  effective  increase  in  compressibility 
due  to  parallel  thermal  conductivity.  All  of  this  is  equally  applicable  to  modification  of 
the  equation  of  state  due  to  the  SCP  effects.  The  attraction  between  electrons  and  ions 
tends  to  decrease  pressure  at  the  given  temperature,  and  hence,  increase  compressibility, 
which  could  slightly  increase  the  instability  growth  rates.  However,  we  have  seen  that 
even  opposite  sign  of  the  SCP  effects,  making  the  accelerated  fluid  incompressible,  would 
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not  help  much.  Therefore  no  more  details  are  needed  to  conclude  that  any  possible  SCP- 
related  modification  of  plasma  compressibility  and  thermal  conductivity  would  not  provide 
a  stabilizing  effect,  simply  because  both  compressibility  and  heat  conductivity  have  little 
effect  on  the  growth  rates  of  dominating  eigenmodes. 

6.  Interpretation  of  the  ’87  experiment 

In  the  experiment8  no  growth  rate  for  the  ablative  RT  instability  was  experimentally 
observed  at  50-pm  perturbation  wavelength,  though  100-  and  150-pm  RT  modes  grew  at 
predicted  rates.  These  results  have  been  surprising  for  many  people  involved  in  laser  fusion 
research,  and  remain  largely  unexplained  since  ’87. 

In  my  opinion,  experimental  results  of8,  accurate  as  they  are,  do  not  represent  con¬ 
clusive,  unambiguous  evidence  for  the  lack  of  growth  of  the  50-pm  mode.  The  conclusion 
is  largely  a  matter  of  interpretation.  Recall  that  the  experimental  and  numerical  work8 
addressed  several  important  issues  at  once,  studying  the  dependence  of  the  growth  rates 
on  the  wavelength,  laser  irradiance  profile  [either  smoothed  or  not  by  the  induced  spatial 
incoherence  (ISI)  method],  and  position  of  the  grooves  on  the  front  or  rear  side  of  the 
target.  However,  the  experimental  data  is  limited  both  in  amount  and,  which  is  even  more 
important,  in  observation  time  compared  to  the  e-folding  time  of  the  RT  instability.  Due 
to  all  of  this,  interpretation  of  the  experimental  data  is  far  from  being  straightforward. 

The  two  following  points  appear  to  be  particularly  important. 

First,  the  observed  lateral  redistribution  of  mass  over  the  target  surface  is  not  nec¬ 
essarily  a  trademark  of  the  RT  instability.  Under  the  experimental  conditions  of8,  the 
redistribution  should  take  place  without  any  instability,  being  caused  only  by  the  shape  of 
the  target. 

Second,  if  the  observation  time  does  not  exceed  many  (not  just  2-3)  e-folding  times  of 
the  dominating  instability  mode,  then  the  inherent  uncertainty  of  the  estimate  of  a  growth 
rate  is  very  large. 

Let  us  elaborate  starting  with  the  first  point.  Consider  acceleration  of  a  target  with 
grooves  on  its  front  side  (Fig.  3).  Suppose  we  are  able  to  eliminate  instability  of  the 
laser-irradiated  surface  by  introducing  an  (imaginary)  thin  foil  F,  which  transmits  applied 
pressure  but  suppresses  instability.  (The  same  could  be  done  with  a  glass  filled  by  water, 
covered  by  a  sheet  of  paper  and  then  turned  upside  down).  Note  that  light  and  heavy  (that 
is,  thin  and  thick)  parts  of  the  target  would  still  have  different  velocities  and  accelerations, 
since  they  are  driven  by  essentially  the  same  ablative  pressure  p.  The  light  parts  are 
accelerated  faster,  rising  above  the  heavy  ones  in  the  effective  gravitational  field  g.  The 
accelerated  material  (which  at  this  stage  could  be  regarded  as  something  quite  close  to 
an  incompressible  fluid)  would  flow  in  the  lateral  direction  (v  vectors),  trying  to  arrange 
the  fluid  level  at  an  equipotential  surface,  as  it  should  be  in  equilibrium  in  a  gravitational 
field.  This  means  loss  of  mass  per  unit  area  in  the  light  parts  of  the  target,  and  gain  in 
the  heavy  side.  Thus  development  of  an  instability  is  simulated,  though  no  real  instability 
is  present. 

Consider  now  acceleration  of  a  target  with  grooves  on  its  rear  side  (Fig.  4).  Now  the 
upper  fluid  level  in  the  heavy  parts  is  higher  than  that  in  the  light  parts,  initially  by  the 
depth  of  the  grooves  Ah.  This  creates  a  lateral  flow  from  the  heavy  parts  to  the  light  ones. 
However,  the  light  parts  move  faster,  rising  the  upper  fluid  level  accordingly.  Acceleration 
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g  is  inversely  proportional  to  initial  thickness',  hence 


A(ji2/2)  A,  Ah 

~Wn — T  =  T’  (45) 

where  h  is  the  average  thickness  of  the  target,  g  is  average  acceleration.  The  time  required 
for  the  light  parts  to  catch  up  the  upper  level  of  the  heavy  ones  is  found  from  A (gt2  /2)  = 
Ah,  which  implies  gP  /2  —  h  [see  (45)],  or 

t  =  \ZzhfH.  (46) 

On  the  other  hand,  the  lateral  fluid  flow  trying  to  establish  its  equilibrium  upper  level 
is  carried  by  gravitational  waves  in  a  “shallow  water” ,  whose  wavelength  A  is  much  greater 
than  the  effective  depth  h,  and  velocity  is34 

v  —  \/gh.  (47) 

[this  is  the  same  as  Eq.  (37)  with  inverted  sign  of  $]. 

The  width  of  the  heavy  part  of  the  square- wave  pattern  is  A/2.  Mass  flows  out  from 
both  sides  of  it,  so  that  lateral  mass  redistribution  is  expected  to  complete  during  the  time 
interval  (46),  if 


vt  >  A/4, 

(48) 

A  <  4\/2/i. 

(49) 

Substituting  here  h  =  10  jim  8,  we  find:  A  <  56  /am.  Thus  the  observed  lack  of  growth 
of  the  50-^m  mode  (with  100-  and  150-/im  modes  growing  all  right)  may  be  not  much  of 
a  surprise. 

In  the  real  experiment8  there  was  no  foil  F  stabilizing  the  front  surface.  And  here 
we  come  to  the  second  point  mentioned  above.  Indeed,  we  observe  (when  we  do)  a  per¬ 
turbation  growth.  How  can  we  know  that  this  is  a  growth  of  a  given  particular  mode? 
This  question  is  easily  answered  only  for  some  numerical  works,  when  an  unperturbed 
state  is  time-independent,  so  that  if  one  perturbs  the  system  and  can  wait  long  enough, 
he  can  reasonably  expect  to  single  out  the  exponentially  growing  dominating  mode.  With 
dynamic,  time-dependent  unperturbed  states,  everything  is  much  more  complicated.  For 
instance,  the  unstable  modes  may  form  a  continuous  spectrum,  without  any  particular 
mode  dominating35 .  A  general  method  which  allows  one  to  find  the  fastest-growing  mode 
numerically36  requires  enormous  amount  of  calculations  even  for  unperturbed  states  repre¬ 
sented  by  exact  analytic  formulae.  With  a  more  or  less  arbitrary  initial  perturbation,  the 
dominating  mode  remains  for  a  while  camouflaged  by  all  sorts  of  other,  stable  and  unstable 
modes,  and  it  is  often  impossible  to  trace  it  in  the  numerical  solution  of  an  initial-value 
problem.  This  is  why  specially  prepared  initial  conditions  (“quiet  start”,  etc.)  are  used  in 
most  numerical  studies  of  the  RT  instability  to  control  the  development  of  the  dominant 
mode  from  the  very  start. 


18 


The  paper8  presents  no  details  of  the  numerical  calculations  done  with  the  FAST2D 
code  to  inquire  into  this  matter  further.  However,  the  initial  state  of  the  target  (square* 
wave  pattern)  is  well  known.  With  the  grooves  on  the  rear  side  (all  the  experiments  with 
50-/*m  mode  have  been  done  in  this  geometry),  most  of  the  initial  perturbation  is  localized 
near  the  stable  upper  surface,  and  therefore  contributes  mainly  to  the  stable  (oscillatory) 
eigenmodes  (33c),  and  only  partly  -  to  the  unstable  one  (33a),  see  Fig.  5-  The  running 
waves  (33c)  tend  to  spread  perturbation  over  the  whole  rear  surface.  The  phase  velocity 
corresponding  to  the  surface  waves  (33c)  is 

v  =  V  g/k ,  (50) 

where  k  =  2x/X.  Substituting  (50)  into  (48),  we  obtain:  there  is  enough  time  for  effective 
spreading  of  the  perturbation  over  the  whole  surface,  if 

A  <  —  h,  (51) 

ir 

which  is,  of  course,  almost  the  same  as  (49)  (for  h  =  10  /* m  we  find:  A  <  50  /im,  as  it 
should  be).  The  only  difference  is  that  (49)  corresponds  to  rigid  bottom  F ,  and  (51)  -  to 
the  case  when  the  bottom  is  replaced  by  a  RT  unstable  free  surface,  but  only  the  oscillating 
(stable)  eigenmodes  are  excited  initially. 

Some  of  the  effects  discussed  here  should  have  been  found  in  numerical  simulation  of8. 
Though  the  discussion  of  numerical  results  in8  is  very  brief  and  certainly  not  sufficient  to 
make  conclusions  here,  this  seems  to  be  the  case.  For  instance,  the  code  does  not  make 
difference  whether  the  initial  perturbations  are  on  the  front  or  the  back  for  100-/*m  mode, 
whereas  for  the  50-/*  m  mode  the  perturbation  growth  is  delayed  with  the  grooves  on  the 
rear  side.  Consequently,  Fig.  2  of8,  where  observed  growth  for  A  =  100  /* m,  grooves  on 
the  front  side  (upper)  is  compared  to  no  growth  for  A  =  50  /*m,  grooves  on  the  rear  side 
(lower)  hardly  represents  equal  growth  opportunities  for  the  two  wavelengths:  the  50-/*m 
mode  has  been  given  no  chance  to  develop  in  the  optimal  configuration  of  our  Fig.  3. 

The  above  considerations  do  not  aim  at  providing  a  comprehensive  interpretation  of 
the  experimental  results  given  in8.  All  this  has  been  presented  only  in  order  to  demonstrate 
that  seemingly  surprising  lack  of  growth  of  the  50-/zm  mode  in8  could  be  accounted  for 
within  quite  conventional  concepts.  To  make  everything  absolutely  clear,  to  answer  all  the 
questions,  a  good  deal  of  experimental,  theoretical  and  numerical  efforts  is  still  required. 

7.  Conclusion 

It  has  been  demonstrated  that  the  strongly  coupled  plasma  effects  are  insufficient  for 
suppressing  ablative  RT  instability  under  the  typical  conditions,  which  range  from  the 
’S7  NRL  experiment8  to  the  planned  NIKE  experiments.  It  has  been  shown  also  that 
no  unusual  effects  (including  the  SCP  effects)  may  be  really  needed  to  account  for  the 
seemingly  surprising  experimental  results  of8,  though  both  new  experimental  studies  and 
careful  analysis  are  needed  to  achieve  a  full  understanding. 

The  aforesaid  does  not  mean  that  I  doubt  if  further  research  on  the  SCP  phenomena 
is  really  necessary  in  the  context  of  laser  fusion  program.  Actually,  quite  the  opposite  is 
true.  This  study  has  convinced  me  that  the  SCP-related  effects  are  the  least  known  in  the 
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field  of  plasma  physics  relevant  to  laser  fusion.  Consequently,  the  uncertainty  due  to  poor 
knowledge  of  the  SCP  effects  is  likely  to  determine  the  overall  accuracy  of  many  numerical 
results.  One  can  hardly  expect  to  increase  accuracy  by  refining  the  hydrodynamic,  atomic 
and  optical  components  of  the  codes,  as  long  as  some  of  the  basic  plasma  parameters  might 
be  known  only  to  a  factor  of  order  unity.  If  the  NIKE  program  aims  at  quantitative  study 
and  detailed  understanding,  the  SCP  research  should  definitely  be  a  part  of  it. 

However,  varying  any  of  the  plasma  parameters  within  one  order  of  magnitude,  being 
enough  to  make  noticeable  changes  of  the  flow  profiles,  opacity,  hydrodynamic  efficiency 
of  acceleration,  etc.,  is  not  sufficient  to  suppress  the  RT  instability.  In  my  opinion,  the 
latter  is  possible  only  with  the  aid  of  the  so-called  hydrodynamic  mechanisms  which  affect 
the  only  parameter  relevant  for  the  RT  -  that  is,  the  acceleration  g.  But  discussion  of  this 
issue  is  certainly  beyond  the  scope  of  the  present  report. 
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Megavolt,  Multikiloamp  Ka  Band  Gyrotron  Oscillator 

Experiment 


Megavolt,  multikiloamp  Km  band  gyrotron  oscillator  experiment 
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A  A, -band  gyrotron  oscillator  experiment  using  a  1-1.35  MeV,  multikiloampert  beam  from  a 
pulse  line  accelerator  has  produced  approximately  250  MW  at  35  GHz  in  a  circular  TE^  mode 
with  a  peak  efficiency  exceeding  10%.  Time-dependent  simulation  studies  have  been  used  to 
predict  the  behavior  of  a  high-peak-power,  short-pulse  gyrotron  in  this  parameter  range.  The 
simulations  demonstrate  the  occurrence  of  such  phenomena  as  hard  excitation  of  the  gyrotron 
as  a  result  of  the  time  dependence  of  the  voltage  pulse.  The  experimental  results  are  in 
reasonable  agreement  with  the  predictions  of  theory. 


L  INTRODUCTION 

Gyrotron  oscillators  have  proved  to  be  efficient  sources 
of  very  high-power  radiation  in  the  microwave  and  milli¬ 
meter-wave  regimes.  Conventional  gyrotrons  use  ther¬ 
mionic  cathodes,  with  typical  operating  currents  of  $  50  A 
at  voltages  of  5 100  keV,  and  have  demonstrated  hundreds 
of  kilowatts  of  average  power  at  efficiencies  approaching 
50%.  However,  some  future  applications  of  millimeter-wave 
radiation,  such  as  radars  and  high-energy  linear  electron 
(and  positron)  accelerators,  may  require  substantially  high¬ 
er-peak  power  levels  than  have  been  produced  using  conven¬ 
tional  thermionic  microwave  tube  technologies.  The  pursuit 
of  higher  microwave  powers  inevitably  requires  the  applica¬ 
tion  of  higher  beam  powers,  implying  operation  at  higher 
currents  and/or  voltages.  Gyrotron  scaling  to  high-current, 
high-voltage  operation  is  relatively  favorable, 1  and  a  number 
ofhigh-voltage  (  >250kV)  gyrotron  experiments  have  been 
reported  in  recent  years  that  take  advantage  of  the  substan¬ 
tially  higher  currents  and  voltages  available  for  short  pulses 
(typically,  5  100  nsec)  from  pulse  line  accelerators  driving 
plasma-induced  field  emission  cathodes.  Among  these  are  a 
set  of  experiments  from  the  Lebedev  Physics  Institute  of  the 
Soviet  Union  that  demonstrated  23  MW  at  40  GHz  in  a 
linearly  polarized  (i.e.,  nonrotating)  TE,3  mode  with  5% 
efficiency,  using  a  350  keV  electron  beam.2  Studies  of  gyro¬ 
trons  driven  by  pulse  line  accelerators  or  Marx  generators 
have  also  been  carried  out  at  the  University  of  Michigan3 
and  at  the  University  of  Strathclyde  in  the  United  King¬ 
dom.4 

In  1984,  a  program  was  initiated  at  the  Naval  Research 
Laboratory  to  investigate  very  high-power  gyrotron  oscilla¬ 
tors  driven  by  intense  relativistic  electron  beams.  These  ex¬ 
periments  were  designed  to  operate  in  Ka  band,  with  the 
principal  interest  at  35  GHz.  Prior  to  the  present  work,  these 
experiments  were  carried  out  on  a  compact  Febetron  puiser 
capable  of  producing  a 600 kV,  6  kA,  55  nsec  pulse  into  a  100 
ft  matched  load. _ 

*’  Also  at  Electrical  and  Computer  Engineering  Depertinent.  George  Ma¬ 
son  University,  Fairfax.  Virginia  22021. 

*’  Science  Applications  International  Corporation.  McLean.  Virginia 
22102. 

*'  JAYCOR,  Inc..  Vienna.  Virginia  22180. 

Electrical  Engineering  Department.  University  of  Maryland,  College 
Park.  Maryland  20742. 


A  key  requirement  for  intense  beam  gyrotrons,  unlike 
most  other  high-power  microwave  devices  driven  by  intense 
relativistic  electron  beams,  is  to  produce  an  electron  beam 
with  a  large  amount  of  momentum  transverse  to  the  applied 
axial  magnetic  field.  The  progress  of  this  series  of  experi¬ 
ments  has  been  marked  by  an  evolution  in  the  means  by 
which  this  is  accomplished.  The  earliest  series  of  experi¬ 
ments  produced  the  required  beam  a,  where  a  is  the  ratio  of 
transverse  to  parallel  momentum,  by  emitting  electrons 
across  magnetic  field  lines  at  the  cathode  to  produce  some 
initial  nonzero  value  of  a  and  then  adiabatically  compress¬ 
ing  the  beam  into  the  gyrotron  cavity  to  increase  a  while 
positioning  the  beam  to  couple  to  the  desired  waveguide 
mode.  These  experiments  operated  at  approximately  350  kV 
and  800  A,  and  produced  20  MW  of  output  power  at  35  GHz 
with  8%  efficiency  in  a  “whispering-gallery”  TE*,  mode.3 

When  this  approach  was  found  to  lack  flexibility,  a  new 
approach  was  implemented,  in  which  the  diode  was  designed 
to  emit  primarily  along  the  direction  of  the  axial  magnetic 
field,  i.e.,  to  produce  a  low  initial  beam  a,  and  the  a  was  then 
sharply  increased  by  transit  through  a  localized  nonadiaba- 
tic  dip  in  the  axial  field,  produced  by  a  “pump”  magnet, 
before  being  adiabatically  compressed  into  the  gyrotron  cav¬ 
ity.  This  allowed  the  use  of  a  very  simple  diode  geometry, 
and  the  pump  magnet  provided  a  separate  experimental  con¬ 
trol  for  beam  a  that  greatly  increased  the  experimental  flexi¬ 
bility. 

For  this  second  series  of  experiments,  the  Febetron 
puiser  was  operated  at  its  full  rated  charge  voltage  and  mis¬ 
matched  upward  at  the  diode  to  produce  voltages  of  up  to 
900  kV.  Because  of  the  high  impedance  of  the  puiser,  it  was 
impossible  to  employ  relatively  low  impedance  diodes,  such 
as  diodes  with  beam-scraper  anodes,  without  substantially 
reducing  the  operating  voltages.  The  experiments  were 
therefore  carried  out  in  a  foil-less  geometry  employing  a 
magnetic-field-immersed,  cylindrical  graphite  cathode  with 
a  sharpened  edge,  in  which  the  cylindrical  vacuum  vessel 
served  as  the  anode.  In  this  geometry,  the  diode  produces  a 
beam  current  determined  by  the  space-charge  limited  flow  of 
the  annular  beam  within  the  cylindrical  vacuum  enclosure  in 
the  vicinity  of  the  cathode.  In  general,  this  was  more  current 
than  could  be  effectively  employed  in  the  experiment.  In 
addition,  because  of  emission  from  the  sharpened  edge  of  the 
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cathode,  the  beam  possesses  a  relatively  large  spread  in  pitch 
angle. 

Single- particle  simulations  demonstrate  that  the  pimp 
magnet  has  the  effect  of  greatly  magnifying  any  initial  spread 
in  electron  velocity  pitch  angle.  Fortunately,  gyrotron  oscil¬ 
lators  are  not  very  sensitive  to  such  spreads.  However,  a 
large  electron  beam  pitch  angle  spread  limits  the  avenge 
beam  a;  as  the  strength  of  the  pump  magnet  is  increased,  the 
highest  a  portion  of  the  resulting  particle  distribution  func¬ 
tion  will  be  reflected  during  the  subsequent  adiabatic  com¬ 
pression  phase.  The  use  of  a  “pump”  magnet  to  increase  the 
average  beam  a  to  a  level  sufficient  to  drive  the  gyrotron 
interaction  invariable  resulted  in  the  loss  of  a  sizable  fraction 
of  the  beam  current  Optimum  high-power  operation  gener¬ 
ally  occurred  with  pump  strengths  resulting  in  the  loss  of 
half  or  more  of  the  total  beam  current  between  the  diode  and 
the  gyrotron  cavity.  Current  loss  occurred  as  a  result  of  elec¬ 
tron  mirroring  during  the  adiabatic  compression  stage,  due 
in  part  to  the  effects  of  beam  space  charge  on  the  electron 
beam  kinetic  energy,  and  in  part  to  the  effects  of  pitch-angle 
spread  in  the  beam.  It  was  not  clear  precisely  where  the  re- 
flexing  electrons  were  collected,  or  whether  they  caused  a 
space-charge  buildup  that  affected  the  performance  of  the 
diode. 

The  second  series  of  experiments  was  carried  out  in  both 
whispering-gallery  TEm2  modes  and  linearly  polarized  TE,„ 
modes.6,7  Results  included  a  peak  power  of  100  MW  at  35 
GHz  at  8%  efficiency  in  a  rotating  TE^  mode  and  a  peak 
power  of  35  MW  at  35  GHz  in  a  “linearly  polarized”  (i.e., 
nonrotating)  TE,3  mode  through  use  of  a  slotted  gyrotron 
cavity.  The  gyrotron  signal  frequency  could  be  step  tuned 
over  the  range  28-49  GHz  in  a  sequence  of  TEm,  modes  by 
variation  of  the  axial  magnetic  field.  Results  were  in  general 
agreement  with  the  predictions  of  steady-state  gyrotron  the¬ 
ory,  with  theoretical  values  of  power  and  efficiency  typically 
being  larger  than  experimental  values  by  about  a  factor  of  2. 
However,  due  to  the  nonideal  voltage  waveform  provided  by 
the  Febetron  pulser,  the  typical  microwave  pulse  length  was 
only  IS  nsec. 

In  order  to  extend  these  experiments  to  higher  power 
and  longer  pulse,  as  well  as  to  gain  some  flexibility  in  the 
diode  design  in  order  to  produce  a  better  quality  electron 
beam,  these  experiments  were  moved  to  the  VEBA  pulse  line 
accelerator,*  which  can  operate  at  voltages  exceeding  1.5 
MV  and  has  a  20  fl  output  impedance  and  a  55  nsec  full 
width  at  half-maximum  (FWHM)  pulse,  of  which  approxi¬ 
mately  40  nsec  is  relatively  flat  (  ±  3%-5%).  These  new 
experiments  initially  employed  a  very  similar  experimental 
setup  to  that  utilized  previously  in  the  Febetron  experi¬ 
ments,  except  that  the  Q  =  250,  TE^  cavity  of  the  100  MW 
experiments  was  replaced  by  a  slightly  shorter  cavity  with  a 
cold-cavity  Q  of  180.  However,  the  best  results  have  been 
achieved  by  replacing  the  foil-less  diode  geometry  with  a 
beam  scraper  diode.  In  these  experiments,  the  peak  output 
power  has  been  increased  to  approximately  275  MW  at  35 
GHz  in  a  TE*2  mode,  a  factor  of  3  increase  over  that  repented 
from  the  previous  work.  The  peak  efficiency  was  increased  to 
— 14%,  a  50%  increase  over  that  reported  previously.  In 
addition,  as  a  result  of  the  improved  voltage  waveform,  the 


microwave  emissioa  has  occurred  during  a  40  nsec  interval 
of  approximately  constant  current  and  voltage,  rather  than 
being  a  transient  effect  at  a  time  of  rapidly  varying  current 
and  voltage,  as  was  the  case  with  the  Febetron  pulser,  thus 
permitting  a  better  comparison  with  the  p  fictions  of  theo¬ 
ry- 

II.  EXPERIMENTAL  SETUP 

The  1.5  MeV  VEBA  pulse  line  at  /ator  with  20  f! 
output  impedance  and  55  nsec  voltag.  -rise  was  used  to 
generate  a  multfiriloampere  annular  eie  on  beam  by  explo¬ 
sive  plasma  formation  from  a  graphit  athode  immersed  in 
a  uniform  axial  magnetic  field  provic  .u  by  the  main  solenoi- 
dal  magnet  Figure  1  illustrates  the  experimental  geometry. 
A  hollow  ringlike  cathode  is  placed  from  1-2.2  cm  from  a 
graphite  anode  plate  with  an  annulus  cut  into  it  to  match  the 
cathode  ring.  The  annulus  is  interrupted  in  two  places  by 
radial  graphite  struts,  in  order  to  support  the  central  region 
of  the  anode  plate.  The  mean  diameter  of  the  annulus  was 
3.34  cm,  and  its  radial  extent  was  1.5  mm.  Fmitaion  takes 
place  from  the  rounded  edge  of  a  hollow  cathode,  and  a  small 
fraction  of  the  total  current  is  extracted  from  the  diode 
through  an  annular  slot  in  the  graphite  anode.  The  anode 
functions  in  part  as  an  eminence  filter,  since  it  scrapes  off  the 
inner  and  outer  edges  of  the  annular  electron  beam  produced 
by  the  cathode,  and  in  part  as  a  control  grid,  since  changes  in 
the  cathode-anode  gap  are  a  reliable  means  to  control  the 
beam  current,  which  is  space-charge  limited.  Typically,  25- 
35  kA  of  cathode  current  is  produced,  with  roughly  90% 
being  scraped  off  before  leaving  the  diode. 

The  initial  transverse  momentum  is  expected  to  be  low, 
because  the  emission  is  predominantly  along  the  direction  of 
the  applied  magnetic  field.  Downstream,  the  transverse  mo¬ 
mentum  is  induced  by  transit  through  a  localized  depression 
in  the  axial  field,  which  is  produced  by  the  “pump”  magnet. 
The  operation  of  the  pump  magnet  is  described  in  more  de- 


FIG  1.  Scale  drawing  of  the  high-voltage  gyrotron,  showing  the  diode  re¬ 
gion,  the  inner  well  of  the  experiment  and  the  gyrotron  eavity,  and  indicat¬ 
ing  the  location  of  the  various  magnetic  4dd  coils.  A  calculated  single-parti- 
cle  electron  trajectory  through  the  magnetic  Said  profile  is  superimposed  on 
the  experimental  geometry,  and  the  magnetic  SeM  penile  and  beam  gas  a 
function  of  rare  shown  below. 
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tail  in  Ref.  6.  Finally,  the  beam  is  adiabatically  compressed 
to  its  final  radius  by  the  cavity  solenoid.  The  overall  magnet¬ 
ic  field  profile  through  the  experiment,  a  calculated  single¬ 
particle  electron  trajectory,  and  the  calculated  a  as  a  func¬ 
tion  of  axial  position  z  along  that  trajectory  are  shown  in  Fig. 
1.  The  electron  trajectory,  which  is  shown  superimposed  on 
the  scale  drawing  of  the  experiment,  is  calculated  for  a  single 
electron  emitted  in  the  axial  directum  at  the  cathode  tip  in 
the  realistic  fields  produced  by  the  experimental  coil  config¬ 
uration.  For  this  calculation,  the  current  through  the  pump 
magnet  was  selected  to  produce  a  final  a  of  1  at  the  gyrotron 
cavity.  A  Rogowski  coil  positioned  between  the  pump  mag¬ 
net  and  the  gyrotron  cavity  measures  the  net  current  into  the 
gyrotron.  The  current  loss  from  the  diode  to  the  cavity,  as 
measured  by  the  Rogowski  coil,  is  reduced  to  approximately 
10%-15%  under  typical  conditions  of  gyrotron  operation, 
unlike  the  kiss  of  30%  or  more  of  the  beam  that  was  observed 
with  foil-less  diode  geometries.  This  is  an  indication  that  the 
beam  quality  has  been  improved  by  the  new  diode  geometry. 
This  small  fraction  of  reflected  electrons  is  most  likely  to  be 
collected  on  the  downstream  side  of  the  anode  scraper  plate, 
thereby  preventing  a  buildup  of  space  charge  anywhere  in 
the  system. 

In  order  to  achieve  separate  adjustment  of  the  electron 
transverse  momentum,  the  magnetic  compression  ratio,  and 
the  final  magnetic  field  in  the  gyrotron  canty,  each  of  the 
three  magnets  (i.e.,  the  pump  magnet,  the  cavity  solenoid, 
and  the  main  magnet)  is  powered  by  a  separate  capacitor 
bank  discharge.  By  a  proper  selection  of  pump  magnet 
strength  and  compression  ratio,  the  beam  diameter  can  be 
adjusted  to  couple  to  the  desired  TE*j  mode  in  the  cavity 
while  the  electron  velocity  pitch  ratio  a  is  increased  to  a 
value  near  unity.  The  cavity  itself  is  cylindrically  symmetric 
with  a  diameter  of  3.2  cm  and  has  a  calculated  cold-cavity  Q 
of  180  for  the  TE«  mode.  Beyond  the  cavity  there  is  a  5* 
output  taper  transition  to  a  120  cm  long  drift  tube  with  diam¬ 
eter  of  14  cm.  Finally,  a  1  m  long  ou  -*it  horn  is  terminated 
with  a  32  cm  diam  output  window. 

The  microwave  measurement  system  consists  of  two 
separate  detection  channels,  each  composed  of  calibrated 
“in-band”  WR-28  components,  including  filters,  attenua¬ 
tors,  and  directional  couplers,  and  beginning  with  a  small 
microwave  aperture  antenna  positioned  within  1  cm  of  the 
output  window.  One  aperture  is  maintained  at  a  fixed  posi¬ 
tion  on  the  output  window,  while  the  second  is  scanned.  A 
bandpass  filter  limits  the  detected  signal  to  a  narrow  fre¬ 
quency  band  ( 1.6  GHz  FWHM)  centered  at  33  GHz.  These 
diagnostics  as  well  as  the  overall  experimental  setup  are  de¬ 
scribed  in  greater  detail  in  Ref.  6.  The  changes  affecting  the 
present  work  are  in  the  diode  region,  the  cavity  Q,  and  the 
currents,  voltages,  and  magnetic  fields  employed  in  the  ex¬ 
periment. 

III.  EXPERIMENTAL  RESULTS  AND  DISCUSSION 

The  waveforms  for  the  diode  voltage,  diode  current, 
ca ,  ;ty  current,  and  35  GHz  microwave  pulses  for  a  "typical” 
discharge  are  shown  in  Fig.  2.  The  improved  voltage  wave¬ 
form  and  beam  quality,  compared  to  that  described  in  Ref.  6, 
have  generally  permitted  high-power  microwave  pulses  with 
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a  duration  of  up  to  40  nsec,  nearly  matching  the  duration  of 
the  flat  portion  of  the  high- voltage  pulse  applied  to  the  diode. 
However,  the  microwave  pulse  is  subject  to  large  ducharge- 
to-discharge  variation  in  amplitude  and  pulse  shape.  A  set  of 
measurements  were  conducted  as  a  function  of  beam  energy, 
magnetic  field,  magnetic  compression  ratio,  and  pump  field 
amplitude,  in  order  to  find  the  optimum  operating  param¬ 
eters. 

Figure  3  shows  a  scan  of  the  output  mode  of  the  device 
as  a  function  of  radius  in  both  \E,  |2  and  \E9\*  with  a  cavity 
magnetic  field  of  B0  »  32  kG,  a  current  of2.3kA,  and  a  peak 
diode  voltage  of  1.2  MV.  The  estimated  experimental  uncer¬ 
tainties  are  ±  1.3  kG  on  the  magnetic  field,  ±  0. 1  kA  on  the 
instantaneous  current  measured  by  the  Rogowski  coil,  and 
±  0.1  MV  on  the  diode  voltage,  including  the  effect  of  vol¬ 
tage  ripple  during  the  voltage  flat  top.  (The  net  current  will 
be  lower  if  current  interception  takes  place  between  the  Ro¬ 
gowski  coil  and  the  gyrotron  cavity.  Fluorescent  screen  data 
taken  subsequent  to  the  microwave  measurements  suggest 
that  up  to  20%  of  the  current  may  have  been  intercepted 
under  these  experimental  conditions.)  For  an  average  beam 
a  of  1,  the  peak  beam  kinetic  energy  should  be  corrected 
downward  by  approximately  30  keV  because  of  space- 
charge  depression. 

The  normalized  beam  radius  (i.e.,  the  ratio  of  the  beam 
guiding  center  radius  r0  to  the  cavity  wall  radius  rw )  for  this 
scan  was  approximately  0.725.  However,  there  was  some 
spread  in  the  electron  guiding  centers  due  to  beam  thickness 
(reflecting  the  1.5  mm  width  of  the  anode  annulus)  and  fi¬ 
nite  decentering  of  the  beam  in  the  gyrotron  cavity.  This 
radius  is  close  to  optimum  for  coupling  to  the  circularly  po¬ 
larized  TE*j  mode  counter-rotating  to  the  sense  of  electron 
gyration  in  the  axial  magnetic  field.  However,  in  the  vicinity 
of  35  GHz,  the  beam  will  also  couple  to  the  TE,a,  and  TE,4 
modes,  and  more  weakly  to  the  TM23  and  TMo«  modes.  The 
general  shape  of  the  measured  profile  in  Fig.  3  fits  reasonably 
well  to  the  TE*2  mode  for  both  the  radial  and  azimuthal 
polarizations  of  the  rf  electric  field,  and  is  similar  to  that  of 
Ref.  6.  The  peaks  at  small  values  of  the  radii  may  be  due  to 
parasitic  excitation  of  the  TM**  mode.  Mode  purity  at  the 
output  window  may  also  be  reduced  by  mode  conversion  in 
the  5*  output  taper  and  horn.  For  instance,  mode  conversion 
to  the  TE*,  mode  might  explain  the  higher  than  expected 
peak  in  \Er\ 2  near  the  wall. 

For  the  data  of  Fig.  3,  the  measured  mode  pattern  can  be 
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FIG  3.  Scan  of  output  power  versus  radius,  in  both  radial  and 
polarizations,  across  the  output  window. 


used  to  calculate  the  total  gyrotron  power  by  integrating 
over  the  output  window,  and  correcting  for  the  measured 
losses  in  the  detection  system.  This  procedure  has  been  de¬ 
scribed  in  detail  elsewhere.6  The  power  estimate,  which  is 
based  on  the  average  of  several  discharges  per  position  in  the 
scan,  is  160  MW.  Following  the  radial  scan,  further  data  was 
taken  with  the  pickup  at  a  fixed  radial  position  at  the  maxi¬ 
mum  of  the  mode  pattern  shown  in  Fig.  3.  By  assuming  that 
the  ratio  of  the  power  at  this  location  in  the  mode  to  the  total 
integrated  power  across  the  mode  remains  constant,  we  find 
a  single-discharge  peak  output  power  of  27S  MW,  with  230 
MW  being  measured  on  several  occasions.  The  single-dis¬ 
charge  efficiencies,  based  on  the  Rogowski  coil  measure¬ 
ments  of  beam  current,  varied  from  9%  to  14%.  Based  on 
error  bars  in  the  averaging  process  and  in  the  calibration  of 
the  various  multiplicative  factors,  the  overall  uncertainty  of 
the  power  values  is  estimated  to  be  less  than  3  dB. 

Figure  4  shows  starting  current  and  output  isopower 
curves  for  the  gyrotron  interaction  with  the  counter-rotating 
TE*j  mode,  calculated  from  a  steady-state  model*  for 
B0  =  32  kG.  To  simplify  the  model,  the  beam  current  is  as¬ 
sumed  to  scale  as  Vl  i  with  a  maximum  value  of  2.3  kA  at 
1.13  MV.  (Based  on  a  numerical  solution  to  the  equations 
presented  by  Miller,10  the  relativistically  correct  current 
scaling  for  an  infinite  planar  cathode-anode  gap  varies  from 
V,  s  at  low  voltage  to  V'  **  at  the  peak  voltage  of  1. 15  MV. ) 


FIG.  4.  Gyrotron  starting  current  and  aopower  curves  for  the  counter-ro¬ 
tating  TE,,  mode  at  a  function  of  beam  voltage,  assuming  rjrm  —  0.723, 
—  32  kG,  and  that  the  beam  a  is  proportional  to  V,  with  a  —  1  at  1.13 
MeV.  A  beam  hue  is  included,  with  the  current  amumed  to  scale  as  F”, 
with  a  maximum  value  /—  2.5  kA  at  1.13  MeV. 


Baaed  on  stngle-parttcle  simulations  of  the  effect  of  the  pump 
magnet,  followed  by  adiabatic  compression  on  the  beam 
electrons,  the  beam  a  it  assumed  to  scale  linearly  with  V, 
with  a  maximum  value  of  a  *  1  at  1.15  MV.  The  starting 
current  and  isopower  curves  are  calculated  assuming  a  half- 
sinuaotdal  rf-field  profile  along  the  cavity  axis  with  a  length 
of  3.5  cm  and  a  hollow  beam  with  a  radius,  normalized  to  the 
cavity  wall  radius,  of  0.723.  The  dotted  line  models  the  be¬ 
havior  of  the  electron  beam  current  during  the  rise  of  the 
voltage  waveform.  The  effect  of  increasing  voltage  on  the 
coupling  to  this  mode  may  be  inferred  from  this  figure.  As 
the  voltage  (and  current)  rise  to  their  fiat-top  values,  the 
interactions  will  begin  at  the  left  of  the  figure,  where  the 
beam  line  crosses  the  threshold  current  line  labeled  1^ ,  and 
then  progressively  tune  to  higher  powers  as  the  voltage  and 
current  continue  to  rise.  The  line  ends  at  2.5  kA  and  1.15 
MeV,  and  corresponds  to  predicted  operation  outside  of  the 
starting  current  curve,  i.e.,  in  the  “hard  excitation”  regime, 
with  a  peak  power  of  approximately  400  MW.  Aside  from 
the  peak  power  predictions,  which  exceed  the  experimental 
value  by  approximately  a  factor  of  2,  this  simulation  is  in 
reasonable  agreement  with  the  experimental  observations. 
Furthermore,  small  changes  in  the  assumed  scaling  relation¬ 
ships  will  not  change  these  basic  results.  It  is  interesting  to 
note  that  conventional  low-voltage  (  <  100  kV),  long  pulse 
thermionic  gyrotrons  have  been  observed  to  drop  below 
theoretical  powers  and  efficiencies  by  comparable  factors  at 
high  currents.  (See,  for  example,  Kreischer  et  al.u ) 

In  order  to  better  understand  the  time-dependent  nature 
of  the  gyrotron  operation,  as  illustrated  in  Fig.  2,  we  have 
carried  out  a  set  of  slow-time-scale  single-mode  time-depen¬ 
dent  simulations  of  gyrotron  operation  for  the  approximate 
experimental  conditions  corresponding  to  the  measure¬ 
ments  shown  in  Fig.  3.  Figure  5  shows  a  series  of  time-depen¬ 
dent  simulations  of  the  gyrotron  operation,12  employing  a 
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FIG.  3.  Single-mode  itow-ttme  ecele  tone-dependent  emulation*  of  gyto- 
troo  operation  in  tbe  counter-routmi  TE»,  mode  for  a  tonnieted  VEBA 
vohafe  waveform.  emtunins  rh/rw  —  0.723,  a  a  Fwith  a  -  let  1.13  MeV, 
and/a  F1*  with /— 2.5  kA  at  1.15  MeV.  Rnaa  with  four  value*  of  4,  are 
shown:  (a)  31  kG,  (b)  32  kG.  (c)  33  kG.  and  (d)  34  kG- 


196 


Phya.  FMda  B.  Vol.  2,  No.  1.  January  1990 


Btaekdfat 


196 


simulated  VEBA  volute  waveform  that  models  the  leading 
edge  of  the  pulse,  the  duration  of  the  approximately  fiat  per* 
tioo  of  the  voltage  waveform,  and  a  “typical”  short-duration 
voltage  “spike”  during  the  “flat  top.  ”  These  simulations  em¬ 
ploy  the  same  sinusoidal  rf-ficld  profile  used  for  the  steady- 
sute  simulations,  and  assume  the  same  dependence  of  cur¬ 
rent  and  beam  a  on  voltage.  For  the  four  runs  shown,  only 
the  magnetic  field  was  varied.  At  the  lowest  magnetic  field, 
ff0  *  31  kG  (Fig.  5(a)  ],  the  microwave  signal  occurs  only 
during  the  rise  and  fall  of  the  voltage  waveform,  and  there  is 
no  interaction  st  the  voltage  flat  top.  The  next  case  (Fig. 
5(b)  J,  for  B0  =  32  kG,  corresponds  to  the  steady-state  sim¬ 
ulations  of  Fig.  4.  In  this  case,  the  microwave  signal  grows 
substantially  during  the  leading  edge  of  the  voltage  pulse  and 
persists  up  to  the  voltage  flat  top.  Figure  5(b)  demonstrates 
that  the  full  voltage  of  the  flat  top,  corresponding  to  the 
upper  end  point  of  the  beam  line  in  Fig.  4,  results  in  a  highly 
detuned  state  of  the  gyrotron  interaction,  corresponding  to 
“hard  excitation.”  This  is  evident  because  the  short-duration 
voltage  spike  modeled  at  approximately  45  nsec  detunes  the 
interaction  further,  causing  the  output  power  to  fall  off  dra¬ 
matically,  and  the  power  does  not  begin  to  recover  until  the 
voluge  falls  below  the  flat-top  voltage.  This  case  agrees  well 
with  the  steady-sute  simulation  of  Fig.  4,  and  the  peak  pow¬ 
er  predicted  by  this  simulation  exceeds  the  best  experimental 
value  by  approximately  a  factor  of  2,  as  in  Fig.  4.  At  B0  —  33 
kG  (Ftg.  5(c)  ],  the  voltage  flat  top  no  longer  corresponds  to 
hard  exciution,  since  the  microwave  signal  falls  off  during 
the  volttge  spike,  but  then  recovers  during  the  remainder  of 
the  flat  top.  Finally,  at  B0  *  34  kG  [Fig.  5(d)],  the  simula¬ 
tion  shows  that  the  microwave  power  follows  the  voltage 
signal  for  the  duration  of  its  flat  portion  including  the  vol¬ 
tage  spike,  and  the  power  actually  increases  during  the  vol¬ 
tage  spike. 

For  the  assumed  voluge  waveform,  the  best  agreement 
between  the  experimental  microwave  signals  and  the  predic¬ 
tions  of  the  single-mode  time-dependent  code,  as  a  function 
of  magnetic  field,  occurs  at  the  experimental  value  of 
B0  =  32  kG.  However,  the  experimental  values  have  error 
bars,  as  noted  previously.  In  addition,  the  predictions  of  the 
time-dependent  simulation  depend  in  part  on  the  exact 
shape  of  the  axial  rf-field  profile  assumed  for  the  interaction, 
and  small  variations  in  the  assumed  length  of  the  sinusoidal 
profile,  or  in  substituting  an  approximately  equivalent  Gaus¬ 
sian  profile  for  the  sinusoid,  will  change  the  required  values 
of  the  externally  applied  axial  magnetic  field  by  one  to  two 
kilogauss.  The  time-dependent  simulations  of  Fig.  5  suggest 
that  the  microwave  signal  should  last  longer  and  reach  high¬ 
er  power  as  the  magnetic  field  is  increased  beyond  the  best 
experimental  value  of  B0  *=  32  kG.  In  general,  this  is  not 
observed  in  the  laboratory.  A  possible  explanation  for  this 
experimental  observation  lies  in  the  area  of  mode  competi¬ 
tion.  Specifically,  as  the  magnetic  field  is  increased,  it  be¬ 
comes  increasingly  probable  that  a  higher  frequency  mode 
will  start  oscillation  during  the  rise  of  the  voltage  waveform, 
and  will  interfere  with  the  startup  of  the  TE»j  mode  at  35 
GHz.  The  most  likely  competing  mode  in  this  situation  is  the 
counter-rotating  TE,,  mock.  Time-dependent  simulations 
carried  out  for  the  TE71  mode  indicate  that  it  should  begin  to 


compete  with  the  startup  of  the  TEm  mode  at  approximately 
34  kG.  A  thorough  aaaiym  of  the  effects  of  mod*  competi¬ 
tion  and  other  traaacat  phenomena  on  the  operation  of  a 
high-voltage  gyrotron  would  require  the  use  of  true  multi- 
mode  stmuktkms,  such  as  the  fast-time-ecaie  particle- tn-cell 
simulations  carried  out  by  Lin  et  al.  for  the  parameters  of 
Ref.  6.” 

In  summary,  a  35  GHz  gyrotron  oscillator  driven  by  an 
intense  relativistic  electron  beam  has  successfully  operated 
at  voltages  exceeding  1  MeV  and  currents  of  several  ki- 
loamps  to  produce  peak  output  power  levels  of  up  to  a 
quarter  of  a  GW  in  a  TE«  mode  and  peak  efficiencies  ex¬ 
ceeding  10%  (up  to  14%).  By  comparison,  an  earlier  experi¬ 
ment  operating  at  approximately  NO  keV  and  1.6  kA  at  the 
same  frequency  in  the  same  mode  achieved  100  MW  at  8% 
efficiency.  Furthermore,  in  contrast  to  the  previous  experi¬ 
mental  work,  the  emission  has  taken  place  during  a  time  of 
approximately  constant  current  and  voltage,  facilitating  the 
comparison  between  theory  and  experiment  The  improved 
interaction  efficiency  compered  to  the  earber  experiments  is 
attributed  to  the  use  of  an  apertured  diode,  in  place  of  the 
foil-less  diode  configuration  used  previously,  which  has  al¬ 
lowed  better  control  of  the  current  injected  into  the  gyrotron 
and  better  beam  quality.  Time-depenent  simulations  have 
been  carried  out  to  investigate  the  behavior  of  high-peak- 
power,  short-pulse  gyrotron  operation  in  this  parameter 
range.  The  simulations  demonstrate  the  occurrence  of  such 
phenomena  as  hard  exciution  of  the  gyration  as  a  result  of 
the  time  dependence  of  the  voltage  waveform.  Overall  ex¬ 
perimental  operation  is  in  general  agreement  with  the  pre¬ 
dictions  of  theory,  with  the  best  experimental  powers  within 
a  factor  of  2  of  the  theoretical  predictions. 

ACKNOWLEDGMENTS 

This  work  was  supported  in  part  by  the  Office  of  Naval 
Research.  This  work  was  also  supported  in  part  by  the  Office 
of  Innovative  Science  and  Technology  of  the  Strategic  De¬ 
fense  Initiative  Organization  and  managed  by  the  Harry 
Diamond  Laboratories. 


1  See  National  Technics!  Information  Service  Document  Na  ADA- 1  STMS 
(Naval  Research  Laboratory  Memorandum  Report  539*  (1985)  by  A. 
W.  FKflet).  Copies  may  be  ordered  from  the  National  Technical  Informa¬ 
tion  Service,  SpringSdd,  Virginia  22161.  The  price  n  $6.95  plos  a  $3.00 
handing  fee. 

1 N.  Voronkov.  V.  I.  Kremenuov,  P.  S.  Strelkov,  and  A.  G.  Shkvsnmeu, 
Zh.  Tekh.  Fir.  52,  106  (19S2)  (Sov.  Pbyv  Tech.  Pbys.  27, 68  (1982)]. 
Also,  V.  V.  Wryt-ow,  S.  N.  Voronkov,  V.  I.  Krcmentaov,  P.  S.  Strelkov, 
V.Yn.  Shafer,  and  A.  G.  Shkvanmets,  Zh.  Tekh.  Fir  S3. 106  ( 1983)  (Sov. 
Phys.  Tech.  Phyr  28, 61  (1983)). 

’R.  M.  Gilgenbech,  J.  G.  Wang,  I.  J.  Choi,  G  A.  Outten.  and  T.  A.  Spencer, 
in  Conference  Digest  of  the  Uth  International  Conference  on  Infrared  and 
Millimeter  Warns,  edited  by  R.  J.  Tonkin  (SPIE,  Bellingham.  WA, 
1988),  pp.  362-363. 

'A.  D.  R.  Phelps,  T.  Garvey,  and  A.  S.  Hauani,  Ink  J.  Electron.  57, 1 141 
(1984). 

*S.  H.  Gold,  A.  W.  FKflet,  W.  M.  Manbemer,  W.  M.  Black.  V.  L.  Granet- 
strm.  A.  K.  Krnkead,  D.  L.  Hardesty,  and  M.  Sucy,  IEEE  Tran*.  Plasma 
Sd.  PS-12, 374  (1985). 

*S.  R  Gold.  A.  W.  FUflet,  W.  M.  Manhenner.  R.  B.  McCowan.  W.  M. 
Black.  R.  G  Lee,  V.  L.  Granatttetn.  A.  K.  Krnkead,  D.  L-  Hardesty,  and 
M.  Socy,  Pbya.  Fluids  30, 2226  (1917). 

’S.  H.  Gold,  A.  W.  Fbfitt,  W.  M.  Manbctmer.  R.  B.  McCowan.  R.  G  Lee, 


107 


Phys.  Fluids  B,  Vol.  2.  No.  1 ,  January  1090 


Black**/. 


107 


V.  L.  Omiww  D.  L.  Hardaety.  A.  K.  Kmkmd,  ud  M.  Sucy,  IEEE 
Trim.  Plaaaia So.  PS-14. 142  ( I  Ml). 

*1.  H  Betti*.  J  K.  Bunco,  E  K.  Patter.  S.  H.  Gold.  M.  Heradoa.  E  H. 
Jackaoa.  A.  E  Kiafcaad.  A.  H.  Oatwlwr.  aad  E  J.  Kokiria.  IEEE  Tran*. 
Nad.  Set.  NS-3S.  3091  (19S1). 

’A.  W,  Fbdet,  M.  E  Read.  E  E  Cku.  aad  E  Sadey.  lac  I.  Eiactico.  S3. 
SOS  (1912). 

"E  E  Milkr.  An  Imndmcuon  to  the  Fkyaa  tflntmm  Chnrftd  Pnrttck 


B— e*  ( Pleaaai.  New  York.  I  M2),  pp  42-45 
*‘E  E  Kmerkrr.  T.  L.  Organ.  A.  W  Motau*.  aod  R  J  Tonkuc  g  Com- 
fttonen  Dtgmoftki  litk  Inttnmuomol  Confmmt*  on  Infmrod  aad  MUU- 
motor  Wmm.  edited  by  E I.  Teafcia  (SPIE  BeBiasfcaai.  WA.  IMIi.pp 
179-110. 

"A.  w.  FkSataad  W.  M.  Maaknaier.  Phya.  Rev.  A  31. 3432  (1M9) 
'’A.T.Ua.C-CUa.Z.H.Yaac.EEOai.A.W.FMet.aadS.H.Goid. 
IEEE  Ttaaa.  Plaaaa  So.  PS- 14. 135  (IMS). 


1M 


Phya.  FMda  S.  Vol.  2.  No.  1 .  January  1 990 


Blacker  A. 


1M 


Appendix  F 

Measurement  of  Plasma-Neutralized  Super-Vacuum 
Currents  in  a  Gyrotron  Configuration 


Measurement  of  plasma-neutralized  super-vacuum  currents  in  a  gyrotron 
configuration 
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Experimental  results  are  reported  on  the  transport  of  an  electron  besi m  with  current  in 
of  the  vacuum  space-charge- limited  value,  in  a  configuration  directly  applicable  to  gyrotron 
peculators.  The  vacuum  space-charge  limit  is  circumvented  by  the  introduction  of  a 
neutralizing  background  plasma  which  is  produced  by  an  array  of  four  plasma  guns  placed 
immediately  downstream  of  the  electron  gun  anode. 


A  high-power  microwave  device  typically  consists  of 
an  intense  relativistic  electron  beam  driving  a  beam-wave 
interaction  in  an  evacuated  cavity  or  interaction  volume. 
This  includes  slow-wave  devices  such  as  backward-wave 
oscillators  (BWOs)u  and  relativistic  klystrons,  and  Cast- 
wave  devices  such  as  gyrations3,4  and  frec-dectron 
lasers.3,6  A  fundamental  limit  to  the  power  of  such  devices 
can  be  obtained  by  multiplying  their  theoretical  interaction 
efficiency  by  the  maximum  beam  power  that  can  be  prop¬ 
agated.  For  a  particular  voltage  and  geometry,  the  maxi¬ 
mum  beam  power  is  set  by  the  vacuum  limiting  current 
This  limit  on  the  beam  current  arises  from  the  fact  that  the 
electron  beam  loses  an  amount  of  energy  corresponding  to 
the  capacitive  voltage  drop  between  the  electron  beam  and 
the  conducting  boundary. 

Recently  there  has  been  much  interest  in  «-«mnriing  the 
space-charge  limit  in  high-power  microwave  devices,  nota¬ 
bly  the  gyrotron  and  BWO.7’9  The  space-charge  limit  is 
severe  in  the  gyrotron  due  to  the  nature  of  the  gyrotron 
interaction,  which  is  more  favorable  when  the  beam  a  is 
large  (a  =  01/£||- redo  of  perpendicular  to  parallel  ve¬ 
locities).  The  space-charge-limiting  current  for  a  cold  an¬ 
nular  beam  of  vanishing  thickness  is  given  by10 

,  ,  ro(l  -  (1  -0g)X/i]in 

21n(J?«/JlfacMi)  ’ 

where  I A  is  the  Aifven  current  (17.07  kA),  y0*l 
+  (eFo/mgc2)  is  the  relativistic  factor  associated  with  the 
electron  energy  in  the  absence  of  any  space-charge  depres¬ 
sion,  —  va/c,  Va  is  the  electron  axial  velocity  prim  to 
any  space-charge  depression,  Rm  is  the  radius  of  the  con¬ 
ducting  boundary,  and  Abm  “  the  radius  of  the  electron 
beam.  The  large  beam  a  which  is  desirable  for  operation  of 
the  gyrotron  corresponds  to  km  P&  and  therefore  low 
limiting  currents. 

One  possible  means  to  cirr  .at  this  obstacle  is  to 
use  a  neutral  background  plasma  to  short  out  the  self¬ 
electric  field  of  the  electron  beam.  This  concept  of  a  neu¬ 
tralizing  background  plasma  has  been  investigated  exten- 
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sivdy  in  the  Soviet  Union,7  and  has  recently  been  the  focus 
of  some  investigations  with  regard  to  the  BWO.*  In  order 
for  the  background  plasma  to  cancel  the  effects  of  the  elec¬ 
tron  beam  self-electric  field,  the  density  of  the  neutral 
plasma  must  be  greater  than  the  density  of  the  beam  elec¬ 
trons,  so  that  sufficient  background  electrons  may  be  ex¬ 
pelled  from  the  region  of  the  transiting  electron  beam  to 
provide  for  space-charge  neutralization 

In  this  fetter  we  report  on  the  achievement  of  super¬ 
vacuum  currents  (beam  currents  in  excess  of  the  vacuum 
space-charge  limit )  in  a  configuration  directly  applicable  to 
gyrotron  oscillators-  The  experimental  arrangement  is 
shown  in  Fig.  1.  The  VESA  pulseline  accelerator  (  F— 0.6- 
2-5  MV,  7-20-100  kA,  r— 60  ns)  is  used  to  energize  an 
electron  gun  which  produces  an  annular  electron  beam. 
The  electron  gun  consists  of  a  hollow  cylindrical  cathode 
and  an  anode  mask  with  an  annular  aperture.  Both  the 
Did  fbe  »mvi«»  are  fabricated  from  reactor-grade 
graphite.  The  annulus  in  the  anode  mask  has  an  inner 
radius  of  1.6  cm  and  outer  radius  of  1.9  cm.  The  cathode- 
anode  gap  is  2.1  cm.  Directly  downstream  from  the  anode 
mask  is  a  Rogowski  coil  which  measures  the  emitted  beam 
current  on  each  accelerator  pulse.  Immediately  following  is 
an  array  of  four  plasma  guns,11  equally  spaced  in  azimuth. 
The  plasma  guns  are  individually  energized  by  an  army  of 
four  0.22  f*F  capacitors  which  are  typically  charged  to  14 
kV.  The  entire  system  is  immersed  in  a  uniform  10  kG 
axial  guide  magnetic  field,  produced  by  an  external  sole¬ 
noid.  In  addition,  as  shown  in  Fig.  1,  there  is  a  field  re¬ 
versed,  thin-sofenoid  “dip”  magnet  which  is  used  to  spin 
up  the  electron  beam,12  and  a  Helmholtz  pair  positioned 
symmetrically  about  the  cavity  region.  In  these  experi¬ 
ments  the  cavity  region  is  composed  of  a  simple  straight 
wall  drift  space.  The  magnetic-field  in  the  center  of  the 
cavity  region  is  29  kG, 

The  plasma  density  produced  in  the  wee y  region  has 
been  characterized  by  70  GHz  quadratic*  microwave  in¬ 
terferometry  and  by  time-integrated  photography  of  the 
light  emitted  by  the  plasma.  The  photographs  of  the  light 
emitted  by  the  plasma  in  the  cavity  region  indicate  that 
while  the  plasma  is  relatively  uniform  in  the  azimuthal 
direction,  significant  nonuniformity  exists  in  the  radial  di¬ 
rection,  with  the  peak  density  being  close  to  the  cavity 
wall.  Close  inspection  of  the  interferometry  data  shows  the 
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FIG.  I.  Schematic  layout  of  the  VEBA  pleeme  mwilmd  gyroexon  ex¬ 
periment.  ihowing  the  megnet  poetiom.  inner  conducung  wnU,  vacuum 


presence  of  cutoff-kvd  densities  early  in  the  plasma  pulse, 
when  the  line-averaged  plasma  density  is  computed  to  be 
about  10U  era  ~ 3.  Since  the  plasma  cutoff  for  our  70  GHz 
interferometer  occurs  at  np*=6x  10IJ  cm-3,  this  would 
suggest  peak  densities  on  the  order  of  a  factor  of  five 
greater  than  the  line-averaged  densities.  The  data  pre¬ 
sented  here  are  obtained  with  line-averaged  plasma  densi¬ 
ties  in  the  range  1.5-5X  10u  cm  “  \  corresponding  to  peak 
background  plasma  densities  in  the  range  0.8-3xl0u 
cm'3. 

The  achievement  of  super-vacuum  currents  is  demon¬ 
strated  by  measuring  the  beam  current  transported 
through  the  cavity  region  with  and  without  the  back¬ 
ground  neutralizing  plasma,  while  varying  the  amplitude 
of  the  “dip”  magnet.  These  data  are  shown  in  Fig.  2(a), 
where  we  plot  the  measured  cavity  current  against  the  am¬ 
plitude  of  the  “dip”  magnet  for  both  the  vacuum  and 
plasma-neutralized  cases.  For  the  plasma-neutralized  case 
the  data  represent  the  maximum  measured  signals  across  a 
sample  of  neutral  plasma  densities.  This  step  is  necessary 
because  with  too  little  plasma  background  the  beam  is  not 
neutralized,  while  with  too  much  plasma  background  the 
beam  current  is  partially  neutralized  and  the  Rogowski 
measurement  gives  an  artificially  low  account  of  the  beam 
current.  Similarly,  as  the  “dip”  magnitude  increases,  the 
average  beam  axial  velocity  decreases,  which  results  in  an 
increase  in  the  local  number  density  of  beam  electrons.  The 
higher  number  density  of  beam  electrons  requires  a  greater 
background  plasma  density  to  provide  for  neutralization. 
The  variation  of  the  plasma  density  is  achieved  by  varying 
the  time  delay  between  the  firing  of  the  plasma  guns  and 
the  firing  of  the  accelerator.  For  our  measured  beam  pa¬ 
rameters,  and  using  the  estimated  beam  alpha,  the  peak 
number  density  of  the  beam  electrons  is  in  the  range  1-3 
X  10u  cm-3.  Combined  with  our  previous  estimate  of  the 
relative  nonuniformity  of  the  neutral  background  plasma, 
the  condition  for  neutralization  of  nb s  np  appears  to  be 
well  met. 

The  variation  of  a  with  the  amplitude  of  the  dip  mag¬ 
net  is  shown  in  Ftg.  2(b).  Here  we  plot  the  average  and 


Bdtoda/Bmin 


FIG.  2.  Current  me— unwi  by  the  Rogowtki  coil  poauioned  in  the  cavity 
region,  for  the  vacuum  care  (open  circle*)  and  for  the  plainm  anitrilimi 
caw  (toiid  circle*),  shown  with  the  calculated  vacuum  ipace-charfe- 
litniting  current  for  a  beam  of  nooaero  thickness  (dotted  hoe),  the  cal¬ 
culated  vacuum  space-charge-ttmiting  current  for  a  hewn  with  nonxero 
thermal  spread  (thin  line),  and  the  calculated  transmitted  current  for  an 
ensemble  of  nontntcracting  electrons  (bold  line) 


spread  in  a  for  the  calculated  trajectories  of  an  ensemble  of 
noninteracting  particles,  using  the  measured  magnetic 
fields  and  electron  beam  voltage.  The  calculated  transmit¬ 
ted  current  for  these  single  particle  ensembles  is  shown  in 
Fig.  2(a)  as  the  “nurror  limiting  current.”  In  this  case,  the 
loss  of  current  is  due  wholly  to  mirroring  of  individual 
particles  in  the  region  of  the  magnetic  compression.  It  can 
be  seen  that  there  is  good  agreement  between  this  curve 
and  the  measured  data  for  the  plasma  neutralized  case. 
Similarly,  we  can  use  the  calculated  beam  alpha  to  calcu¬ 
late  space-charge- limiting  current  for  a  zero-temperature 
beam  of  nonzero  thickness,10 


IK(&r)  —  I i_o 


G{ro/r„ 0) 
Glro/r^&r/rJ  ’ 


(2) 


and  the  space-charge-iimiting  current  for  a  zero-thickness 
beam  with  a  nonzero  thermal  spread  in  velocity13 


/«(Aa)-/tol/(a  + )+/(«_)].  (3) 

In  these  equations,  rQ  is  the  mean  radius  of  the  electron 
beam,  A r  is  the  radial  beam  thickness,  rK  is  the  radius  of 
the  conducting  boundary,  G  is  an  involved  function  of  % 
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V  and  A r,  and  f[a  + )  and  /la  _  )  are  involved  functions 
of  the  maximum  and  minimum  a  of  electrons  in  the  beam 
distribution  function.  For  these  calculations  a  simple  uni¬ 
form  distribution  extending  from  a  =  a _  to  a*a+  is 
assumed.  Both  the  Iv{tkr)  and  IK{ha)  curves  are  seen  to 
agree  reasonably  well  with  the  measured  data  for  the  vac¬ 
uum  case.  It  should  be  noted  that  for  pump  amplitudes 
corresponding  to  an  average  beam  a  of  1  to  2,  the  presence 
of  the  neutralizing  plasma  results  in  an  increase  in  the 
beam  current  propagated  through  the  cavity  by  a  factor  of 
about  3. 

The  calculations  of  IK(Ar),  7K(Aa),  and  the  minor 
limiting  current  shown  in  Fig.  2(a)  are  obtained  using  a 
very  simple  electron  beam  distribution  function.  The  inner 
and  outer  radii  of  the  electron  beam  correspond  to  the 
inner  and  outer  radii  of  the  anode  mask  aperture.  The 
velocity  distribution  assumes  a  uniform  spread  in  initial 
diode  a  ranging  from  0  to  0.1.  This  range  gave  good  agree¬ 
ment  for  both  the  roll-over  point  of  the  mirror  limiting 
current,  and  for  the  space-charge- limited  current  in  the 
case  of  no  pump  field.  Deviations  of  the  theoretical  curves 
from  the  data,  for  both  the  vacuum  and  plasma-neutralized 
cases,  are  probably  due  to  the  details  of  the  electron  beam 
distribution  function  which  are  grossly  simplified  in  the 
calculations.  Further,  no  accounting  has  been  made  of  the 
possibility  of  diamagnetic  effects  associated  with  the  high  a 
beam,  nor  do  the  calculations  consider  the  effect  of  space 
charge  on  the  “spinning  up”  of  the  electron  beam  by  the 
pump  magnet. 

In  conclusion,  we  have  demonstrated  transport  of 
beam  currents  in  excess  of  the  vacuum  space-charge  limit 
in  a  plasma-filled,  gyrotron-type  cavity.  For  values  of  the 
beam  alpha  in  the  range  of  1-2  the  increase  in  electron 
beam  current  is  approximately  a  factor  of  3.  Comparison  of 
the  measured  transmitted  vacuum  current  with  the  theo¬ 
retical  vacuum  space-charge-limited  current  shows  good 
agreement.  In  the  case  of  the  plasma-neutralized  measure¬ 
ments,  we  obtain  good  agreement  from  a  simple  calcula¬ 
tion  of  magnetic  mirroring  of  an  ensemble  of  noninteract¬ 


ing  electrons,  where  the  emianble  is  taken  to  reprtaent  a 
uniform,  low  initial  temperature,  annular  beam  of  radial 
dimensions  given  by  the  anode  mask.  The  higher  intracav- 
ity  beam  currents  achieved  with  the  aid  of  the  neutrahzmg 
background  plasma  should  enable  higher  power  operation 
in  existing  intense  beam  gyrotron  designs.94 
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Abstract — A  fuadaacatal  node  TE,’,,  tww-cayity  tnlfir  hum  gy- 
roUyftroa  ampliBer  cxpcnncal.  operating  at  an  accelerating  voltage 
of  1  MV.  b  reported.  The  two  cavitiea  that  were  tested  are  <  |0 

serve  as  bo  orb  lag  cavities  for  a  high-power  ootpot  cavity.  The  two- 
cavity  aaipUBer  has  demonstrated  a  linear  gain  of  15  dB  and  an  on¬ 
set  nrsUed  ootpot  power  of  -40  kW,  with  the  iotrocavity  gain  and 
power  —4  dB  higher.  The  freqoency  of  the  second  cavity  has  been 
found  to  track  the  frequency  of  the  driven  cavity  over  a  range  of  MB 
MHz  around  a  center  frequency  of  35  GHz.  Stable  ampUAer  operation 
was  achieved  with  beam  currents  as  large  as  150  A  and  a  velocity  pitch 
ratio  < v± /v,)  of  0.36.  The  stable  operating  range  was  limited  by  spu¬ 
rious  oscillation  in  the  TE,,.  made.  Theoretical  calculations  indicate 
that  higher  gains  might  be  attainable  if  this  mode  could  be  suppressed. 


I.  Introduction 

THE  GYROTRON  oscillator  has  proved  to  be  a  highly 
efficient  source  of  high-power  millimeter-wave  radia¬ 
tion.  Much  of  the  research  on  gyration  oscillators  has  been 
motivated  by  the  need  to  develop  sources  for  cyclotron 
resonance  heating  of  fusion  plasmas  [1].  However,  there 
are  a  variety  of  applications  in  which  the  requirements  for 
frequency  and  phase  control  are  more  demanding  than  for 
the  fusion  application.  An  example  of  this  is  the  require¬ 
ments  imposed  on  the  driver  tubes  for  high-power  linear 
electron  or  positron  accelerators,  in  which  a  large  number 
of  separate  microwave  sources  must  be  in  close  phase 
synchronism  to  properly  drive  a  long  chain  of  acceleration 
cavities  [2].  Another  example  is  the  requirements  im¬ 
posed  on  separate  sources  which  will  be  combined  for 
high-power-directed  energy  applications,  such  as  when 
each  source  drives  a  separate  element  of  a  phased  array 
antenna.  For  such  applications,  the  gyroklystron  amplifier 
has  a  number  of  natural  advantages  over  the  single-cavity 
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gyrotron  oscillator.  With  an  amplifier,  the  required  phase 
and  frequency  coherence  should  be  attainable,  and  in  ad¬ 
dition,  because  of  the  possibility  of  controlling  beam  pie- 
bunching  before  entry  into  the  final  cavity  where  micro- 
wave  power  is  produced,  higher  efficiency  operation 
should  be  possible.  Furthermore,  by  using  multiple  gy- 
ro klystron  cavities,  higher  stable  gain  should  be  achiev¬ 
able  than  in  gyro-traveling-wave  amplifiers  (see  [3]  and 
references  therein). 

A  number  of  previous  gyroklystron  amplifier  experi¬ 
ments  have  been  reported  in  the  literature.  Symons  and 
Jory  [4]  discuss  a  50  kW,  28  GHz  gyroklystron  with  40 
dB  gain  that  employed  a  circular  TEpi  (  input  cavity  and  a 
TEpji  output  cavity.  It  operated  at  80  kV  with  an  8  A 
beam  current,  and  achieved  a  saturated  efficiency  near 
10% .  Significant  difficulty  was  reported  in  this  device  with 
spurious  oscillations  in  the  input  cavity  and  beam  tunnel, 
litis  oscillation  was  suppressed  by  resistive  loading  of  the 
undesired  modes.  nons  and  Jory  also  reported  a  second 
harmonic  gyroklystron  experiment,  operating  at  SO  kV  and 
5  A,  that  produced  20  kW  at  10.4  GHz.  This  device  also 
experienced  significant  problems  with  oscillation  in  spu¬ 
rious  modes.  More  recently,  Bollen  et  al.  [5]  have  re¬ 
ported  a  50  kW,  4.5  GHz  three-cavity  gyroklystron  am¬ 
plifier  operating  at  35  kV  and  5-10  A  in  a  rectangular 
TE|0i  mode  that  achieved  30%  efficiency.  This  device 
avoided  mode  competition  by  operating  in  the  fundamen¬ 
tal  mode  of  rectangular  cavities,  with  drift  spaces  that 
were  cut  off  at  the  operating  frequency. 

In  recent  years,  gyrotron  oscillator  operation  has  been 
extended  to  very  high  peak  power  (hundreds  of  mega¬ 
watts)  by  employing  high  voltage  (  £  1  MeV )  intense  (  2  1 
kA)  relativistic  electron  beams  from  pulseline  accelera¬ 
tors  [6].  There  has  been  no  corresponding  extension  re¬ 
ported  for  gyroklystron  amplifiers.  This  paper  reports  the 
results  of  an  initial  experimental  study  of  the  operation  of 
a  two-cavity  gyroklystron  amplifier  with  fundamental 
mode  cylindrical  cavities  operating  near  1  MeV  at  rela¬ 
tively  low  current  (  2  100  A).  It  was  carried  out  at  35 
GHz  using  a  50  ns  beam  from  a  pulseline  accelerator.  The 
two  cavities  were  designed  to  serve  as  the  bunching  cav¬ 
ities  for  a  higher  power  final  output  stage,  which  was  in¬ 
tended  to  operate  as  a  phase-locked  oscillator  [7].  How- 
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ever,  theoretical  modeling  and  initial  experimental 
measurements  demonstated  that  the  accelerator  voltage 
waveform  (  ±S%  voltage  ripple)  was  inadequate  to  dem¬ 
onstrate  phase-locking  of  the  output  cavity.  For  the  final 
parameters  of  the  present  experiment,  the  output  cavity 
was  found  to  behave  as  a  "primed"  oscillator:  i.e.,  to 
oscillate  only  when  the  first  cavity  was  driven.  It  was 
found  to  have  a  peak  output  power  of  approximately  1 
MW  (based  on  near-field  measurements  at  the  center  of 
the  mode  pattern),  but  to  exhibit  strong  temporal  modu¬ 
lation  that  was  inconsistent  with  the  observation  of  phase- 
locked  operation.  This  amplitude  modulation  had  a  4-ns 
periodicity  that  seemed  to  match  the  period  of  the  ±5% 
ripple  on  the  voltage  waveform.  In  light  of  this,  the  pre¬ 
sent  study  was  intended  to  test  the  stability  of  the  bunch¬ 
ing  cavities  and  to  demonstrate  linear  amplification  of  the 
drive  signal,  with  definitive  tests  of  the  output  cavity  post¬ 
poned  pending  the  availability  of  a  new  accelator  with  an 
improved  voltage  waveform. 

II.  Apparatus 

These  experiments  were  carried  out  on  the  VEBA 
pulseline  accelerator  [8].  Fig.  1  shows  a  schematic  dia¬ 
gram  of  the  experiment.  An  8-mm-diam.  solid  electron 
beam  was  produced  by  an  apertured  diode  which  made 
use  of  beam  scraping  to  produce  a  low-velocity  spread 
beam  with  low  initial  transverse  momentum  [9].  The  diode 
operated  in  a  uniform  axial  magnetic  field  of  -7.8  kG. 
The  transverse  momentum  required  for  the  gyrotron  in¬ 
teraction  was  induced  by  transit  through  a  one-period  un¬ 
tapered  bifilar  helical  wiggler  magnet  with  4-cm  length, 
followed  by  adiabatic  compression  of  the  beam  by  means 
of  a  rise  in  the  axial  magnetic  field  to  a  final  value  of  -  25 
kG.  After  compression,  the  beam  was  designed  to  overfill 
the  4.32-mm-diam.  beam  tunnel  leading  to  the  first  cavity 
in  order  to  correct  for  the  decentering  induced  by  passage 
through  the  wiggler  magnet.  The  excess  current  was  de¬ 
posited  on  the  walls  of  a  graphite  down-taper.  The  final 
beam  current  was  monitored  by  a  Rogowski  coil  (not 
shown)  at  the  entrance  to  the  beam  tunnel.  The  final  axial 
magnetic  field  needed  for  the  device  was  determined  by 
the  resonance  condition  for  the  first  harmonic  cyclotron- 
maser  interaction  in  the  cavities,  while  the  field  in  the 
vincinity  of  the  wiggler  magnet  was  chosen  somewhat 
above  the  gyroresonant  value  [10].  This  was  due  to  pro  ¬ 
duce  the  required  beam  a,  where  a  =  v±  / v\  is  the  ratio 
of  transverse  to  axial  velocity,  without  inducing  large  mo¬ 
mentum  spread,  which  would  be  deleterious  to  the  oper¬ 
ation  of  the  gyroklystron. 

The  gyroklystron  has  two  slotted  cylindrical  TEm 
bunching  cavities  of  identical  design  (but  slightly  differ¬ 
ent  cold  test  properties),  separated  by  a  4-cm-long  drift 
space.  Following  the  second  cavity,  an  additional  4-cm- 
long  drift  space  leads  to  a  TEm  slotted  output  cavity. 
Each  cavity  has  a  separate  vacuum  enclosure  lined  with 
microwave  absorbing  material,  so  that  energy  leakage 
from  the  slots  will  not  couple  back  to  the  slots,  or  to  an¬ 
other  cavity.  The  bunching  cavities  can  be  accessed 
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Fig.  1 .  Schematic  diagram  of  the  gyroklystron  experiment. 


through  the  coupling  apertures,  which  are  labeled  in  Fig. 

1  as  “IN-1”  and  “IN-2,”  respectively,  and  through  the 
sampling  apertures,  labeled  “OUT-1”  and  “OUT-2.” 

Fig.  2  shows  the  details  of  the  bunching  cavity  design.  # 
including  the  location  of  these  apertures  and  of  the  slots 
used  to  control  oscillation  and  mode  competition.  Fig.  2 
also  shows  the  calculated  axial  RF-field  profile  for  the 
TEm  and  TEM2  modes  of  the  bunching  cavities.  The 
bunching  cavity  diameter  is  5.33  mm,  the  nominal  cavity 
length  (not  including  field  penetration  into  the  drift  spaces)  • 
is  7.5  mm,  and  the  drift  space  diameter  is  4.32  mm.  The 
calculated  isolation  of  each  cavity  from  leakage  fields  of 
the  adjacent  cavities  exceeds  100  dB  for  the  TEm  mode, 
not  including  the  additional  losses  due  to  the  presence  of 
slots.  The  present  work  deals  only  w.Ji  the  operation  of 
the  bunching  cavities.  ® 

The  bunching  cavities  were  designed  to  operate  at  a  to¬ 
tal  Q  of  200,  where  Q  is  the  cavity  quality  factor.  The  Q 
of  each  bunching  cavity  is  given  by 

Q-'  =  Qw  +  (1) 


where  QiM  is  the  internal  cavity  quality  factor,  determined 
principally  by  slot  and  ohmic  losses,  and  Qcu  is  the  qual¬ 
ity  factor  determined  solely  by  losses  through  the  cavity 
coupling  aperture.  It  is  convenient  to  define  the  coupling 
0  as  0  *  Qm/Qext-  In  terms  of  this  parameter,  the  frac¬ 
tion  (R  of  the  incident  power  reflected  from  the  coupling 
aperture  at  resonance  is  given  by  [11] 


<R  = 


(1 

(1  +  &f 


(2) 


A  value  of  0  less  than  one  is  considered  undercoupled, 
while  a  value  greater  than  one  is  considered  overcoupled.  % 
Critical  coupling  is  defined  as  a  coupling  /3  of  1,  a  con¬ 
dition  for  which  (R  goes  to  zero.  For  0  —  1 ,  a  drive  signal 
in  the  coupling  arm  should  couple  almost  completely  into 
the  cavity. 

The  bunching  cavity  design  called  for  0  -  1:  i.e.,  Qm 
-  Qex ,  -  400.  A  pair  of  opposing  axial  shots,  each  of  # 
44°  transverse  extent,  was  used  to  lower  Q,nl  to  400  for 
the  TE,  1 1  mode,  while  assisting  in  suppressing  other  com¬ 
peting  modes  [7].  The  length  of  these  slots  is  three  times 
the  nominal  cavity  length  (see  Fig.  2)  in  order  to  extend 
everywhere  that  the  TEm  mode  has  substantial  RF  fields. 

The  ohmic  Q  of  the  cavities  is  high  compared  to  the  Q  • 
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AXIAL  POSITION  (cm) 

Fig.  2.  Schematic  of  the  bunching  cavities,  indicating  the  location  of  ap¬ 
ertures  and  slots  and  calculated  axial  profile  functions  for  the  TEm  and 
TE„i  modes  of  the  bunching  cavities.  (The  calculated  profiles  do  not 
include  the  effects  of  the  four  "keyhole  slots,  which  are  expected  to 
suppress  the  wings  of  the  L  *  2  axial  profile  function.) 


associated  with  the  slots  and  may  be  neglected.  The  pres¬ 
ence  of  these  slots  also  permits  tuning  of  the  resonant  fre¬ 
quency  of  each  cavity  (to  slightly  higher  frequencies)  by 
transverse  compression  of  the  cavities. 

The  coupling  apertures  were  designed  to  approximate 
critical  coupling  to  the  cavity  (i.e.,  Qtu  -  400),  while 
the  sampling  apertures  were  designed  so  as  not  to  signif¬ 
icantly  load  the  cavities.  For  a  particular  (measured)  re¬ 
flected  signal,  (2)  can  be  used  to  calculate  two  possible 
values  for  0  which  are  reciprocals  of  each  other.  How¬ 
ever,  the  measurement  does  not  indicate  which  of  these  is 
the  correct  value.  The  remaining  uncertainty  can  be  re¬ 
solved  by  slotted  line  measurements  of  the  phase  of  the 
standing  wave  in  the  coupling  arm.  The  procedure  used 
to  ensure  nearly  critical  coupling  began  before  the  final 
cavity  brazing  took  place.  Each  cavity  was  initially  cold- 
tested  with  a  very  small  coupling  aperture  (0  «  1 ).  The 
cavity  (2-value  and  reflected  signal  were  then  determined 
and  the  coupling  aperture  progressively  enlarged  until  the 
Q  dropped  by  approximately  a  factor  of  two  and  the  re¬ 
flected  signal  at  resonance  dropped  to  near  zero.  At  the 
conclusion  of  this  process,  each  bunching  cavity  demon¬ 
strated  a  resonance  within  a  few  tens  of  MHz  of  35  GHz 
accompanied  by  a  large  ( -20  dB)  dip  in  the  reflected 
signal  at  resonance.  At  this  point,  the  final  cavity  brazing 
was  performed.  The  cold  tests  were  then  reverified,  yield¬ 
ing  center  frequencies  of  35.03  and  34.86  GHz  for  the 
first  and  second  cavities,  respectively.  (The  absolute  ac¬ 
curacy  of  these  two  frequencies  is  —  0. 1  % ,  or  ±35  MHz, 
but  the  precision  of  the  measurements  is  -5  MHz.  which 
permits  an  accurate  determination  of  the  frequency  differ¬ 
ence  between  the  cavities.)  This  frequency  difference 


would  correspond  to  a  25jxm  difference  in  the  diameter  of 
the  two  cavities.  In  addition,  the  coupling  to  each  cavity 
was  nearly  critical. 

The  desired  cold  cavity  frequency  of  the  gyroidystron 
was  35.06  GHz  (based  on  a  predicted  hot  cavity  fre¬ 
quency  shift  of  approximately  +0.5  %  [7]  and  the  calcu¬ 
lated  35.2  GHz  operating  frequency  of  the  TEm  output 
cavity).  Each  bunching  cavity  was  then  tuned  to  this  fre¬ 
quency  by  transverse  compression  by  means  of  separate 
clamps.  However,  cavity  deformation  affects  both  the 
center  frequency  and  value  of  Q.  Following  the  tuning 
process,  the  approximate  quality  factors  of  the  two  cavi¬ 
ties  (the  average  of  measurements  performed  driving  the 
large  and  small  apertures)  were  0,  *  230  and  Q2  *  140. 
The  lower  0-value  for  the  second  cavity  resulted  in  part 
from  the  greater  amount  of  compression  needed  to  tune 
this  cavity  to  the  desired  frequency.  At  the  final  cavity 
tunings,  the  dip  in  the  reflected  signal  for  the  first  cavity 
was  18.6  dB,  while  the  dip  in  the  reflected  signal  for  the 
second  cavity  was  1 1 .6  dB.  Based  on  the  slotted-line  mea¬ 
surements,  each  of  the  cavities  was  undercoupled.  Hence 
the  value  of  0  for  the  first  cavity  was  0.79,  and  for  the 
second  cavity  was  0.58.  For  the  first  cavity,  this  means 
that  the  internal  quality  factor  was  410.  For  the  second 
cavity,  this  means  that  only  —37%  of  the  power  gener¬ 
ated  in  the  cavity  would  escape  from  IN-2. 

As  in  the  previous  gyroklystron  devices,  a  critical  de¬ 
sign  consideration  was  to  avoid  oscillation  in  either  the 
operating  mode  of  the  bunching  cavity  or  in  other  spu¬ 
rious  modes.  Oscillation  in  the  design  mode  was  avoided 
through  control  of  the  cavity  0-values  by  means  of  slot 
and  aperture  loading.  Since  the  two  bunching  cavities 
were  designed  to  operate  in  the  fundamental  TEn  mode 
of  cylindrical  cavities,  no  mode  competition  was  possible 
from  higher  order  transverse  modes  in  the  first  harmonic. 
The  cavities  were  also  designed  for  stability  in  higher- 
order  transverse  modes  coupling  in  higher  harmonics  of 
the  cyclotron  frequency  [7].  However,  analysis  showed 
that  a  higher  order  axial  mode  of  the  bunching  cavities, 
the  TE|12  mode  at  approximately  40.4  GHz,  would  be  dif¬ 
ficult  to  suppress.  This  mode  could  only  be  weakly  cut  off 
in  the  drift  space  separating  the  cavities  because  of  the 
need  to  propagate  the  electron  beam.  As  a  result,  the  axial 
profile  function  of  the  TEnz  mode  extended  substantially 
farther  into  the  drift  space  than  that  of  the  TEm  mode, 
resulting  in  a  substantially  lower  starting  current.  In  order 
to  further  suppress  the  TEM2  mode  without  loading  down 
the  TEm  mode  excessively,  additional  pairs  of  7.5-mm- 
long  slots  (see  Fig.  2)  were  placed  in  the  walls  of  the 
cutoff  sections.  These  slots  begin  just  beyond  the  main 
cavity  slots,  but  are  at  an  angle  of  90°  to  them.  The  com¬ 
bination  of  large  slots  at  90°  intervals  in  different  regions 
of  the  cutoff  sections  was  intended  to  limit  the  axial  extent 
of  the  RF  fields  of  the  TEu2  mode  of  the  cavity.  They 
were  also  intended  to  substantially  lower  the  0  of  the  TEn 
mode  of  the  drift  spaces,  of  any  polarization,  as  well  as 
of  other  modes  that  might  occur  at  higher  harmonics  of 
the  cyclotron  frequency,  in  order  to  prevent  the  buildup 
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of  oscillation  in  the  drift  spaces.  The  design  of  the  entire 
RF  circuit  is  discussed  in  detail  by  Fliflet  et  al.  (7]. 

Despite  these  measures,  an  important  limitation  to  the 
available  parameter  space  of  these  gain  measurements  was 
the  need  to  avoid  exciting  the  TEU2  mode.  As  predicted, 
too  high  a  beam  a.  or  too  high  a  magnetic  field,  would 
cause  this  mode  to  oscillate  during  the  flat  portion  of  the 
VEBA  voltage  waveform,  during  which  the  amplification 
measurement  at  -  35  GHz  must  take  place.  The  presence 
of  this  mode  both  at  high  a  and  at  a  high  magnetic  field 
was  verified  by  determining  that  an  observed  oscillating 
mode  produced  power  that  could  propagate  through  a  short 
section  of  the  F-band  waveguide,  with  cutoff  frequency 
of  40.0  GHz.  but  not  through  a  section  of  the  W-band 
waveguide,  with  cutoff  frequency  of  59.35  GHz.  Limiting 
operation  to  lower  magnetic  fields  and  lower  beam  a  in 
order  to  avoid  exciting  this  mode  moved  the  35  GHz  op¬ 
eration  to  relatively  large  detunings  and  lower  gains, 
compared  to  the  optimum  values  predicted  for  this  circuit 
by  Fliflet  et  al.  [7], 


III.  Theory 

Early  results  on  the  small-signal  theory  of  the  gyro- 
klystron  were  reported  by  Ergakov  and  Moiseev  [12]  and 
Symons  and  Jory  [4].  A  nonlinear  analysis  of  the  two- 
cavity  gyroklystron  has  been  given  by  Ganguly  and  Chu 

[13] ,  and  a  small-signal  self-consistent  field  theory  of  the 
multicavity  gyroklystron  has  been  given  by  Ganguly  et  al. 

[14] .  A  small-signal  theory  of  the  multicavity  gyrokly¬ 
stron  based  on  Gaussian  axial  profiles  for  the  cavity  elec¬ 
tric  fields  and  expressed  in  terms  of  well-known  gyrotron 
normalized  parameters  has  been  given  by  Tran  et  al.  [15]. 
The  theory  of  the  phase-locked  gyrotron  with  a  prebunch¬ 
ing  cavity  has  been  treated  in  the  small-signal  approxi¬ 
mation,  including  finite  temperature  effects,  by  Manhei- 
mer  [16],  and  in  the  nonlinear  regime  by  Fliflet  and 
Manheimer  [17].  The  theoretical  approach  given  in  [15] 
has  been  used  to  calculate  the  small-signal  gain  for  the 
present  configuration  in  the  cold  beam  approximation.  The 
phase  bunching  of  the  beam  at  the  entrance  to  the  second 
cavity  is  characterized  by  the  bunching  parameter, 

q  =  v£flM.*-u’A/4,,[VW2  +  Me/]  (3) 

where  F,.  m i,  and  A  are  the  normalized  peak  electric  field 
amplitude,  interaction  length,  and  resonance  detuning  pa¬ 
rameters  for  the  first  cavity,  and  nd  is  the  normalized 
length  of  the  drift  section.  The  normalized  amplitude  of 
the  RF  electric  field  induced  in  the  second  cavity  by  the 
phase-bunched  is  given  by 

F2  *  y/ihuje-'^'^Mq) 
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where  /2  and  M2  are  the  normalized  current  and  length 
parameters  for  the  second  cavity,  ^  is  essentially  the  phase 
difference  between  the  RF  fields  in  the  first  and  second 
cavities,  and  7,  is  a  regular  Bessel  function  of  the  first 


kind.  For  a  linearly  polarized  TEI(1  circular  waveguide 
mode,  an  on-axis  beam,  and  the  fundamental  harmonic 
interaction,  the  normalized  quantities  are  defined  accord¬ 
ing  to 
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where  the  subscript  i  is  the  cavity  index,  e  and  mo  are  the 
electron  charge  and  rest  mass,  mo  is  the  free-space  perme¬ 
ability,  c  is  the  speed  of  light,  x,  is  a  zero  of  J\ .  X  is  the 
free-space  wavelength,  d,  is  the  effective  interaction 
length,  (3±0  and  (J,0  are  the  average  transverse  and  axial 
electron  velocities  normalized  to  c,  y0  is  the  relativistic 
energy  factor.  Q,  is  the  cavity  quality  factor,  r„  is  the 
cavity  wall  radius,  E,  is  the  peak  cavity  RF  field.  /0  is  the 
beam  current,  Q  is  the  relativistic  cyclotron  frequency, 
and  u  is  the  wave  frequency.  Except  as  noted,  all  quan¬ 
tities  are  expressed  in  MKS  units.  Equation  (4)  agrees  with 
the  result  given  in  [15],  except  for  the  presence  of  the 
term  proportional  to  cos  This  term  was  not  included  in 

[15]  or  [7],  which  both  assume  operation  at  detunings 
(magnetic  fields)  for  which  /x2A/4  »  1.  This  is  a  con¬ 
ventional  choice  for  obtaining  a  high  threshold  current  for 
self-oscillation  of  the  bunching  cavity,  but  unnecessarily 
restricts  the  generality  of  the  result.  The  intracavity  gain 
is  calculated  by  relating  F2  to  F,  using  (3)  and  (4)  and 
noting  that  the  power  generated  by  the  second  cavity  ( F2 ) 
is  related  to  the  power  injected  into  the  first  cavity  ( Fin ) 
as 

(9) 

However,  the  power  coupled  out  of  the  second  cavity  is 
given  by 

A. -/>„£!£=  (10) 

r  i  vf2»t 

Here  QlmI  corresponds  to  the  internal  quality  factor  of  the 
first  cavity,  and  QUu  refers  to  the  external  quality  factor 
(the  Q  associated  with  the  coupling  aperture)  of  the  sec¬ 
ond  cavity.  Note  that  the  cavity  lengths  do  not  appear  in 
(9)  and  (10)  because  mi  and  m  are  equal. 

IV.  Experimental  Results 

The  principal  measurements  were  a  straightforward  gain 
measurement  and  a  frequency  comparison  between  the 
first  and  second  cavities.  Measurements  were  carried  out 
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as  a  function  of  the  drive  frequency  applied  to  the  first 
cavity  and  as  a  function  of  experimental  parameters.  The 
diode  voltage  “flat-top”  was  950  ±  50  keV  (with  5% 
ripple),  the  beam  current  was  150  ±  20  A.  and  the  cal¬ 
culated  beam  a  was  0.36.  The  beam  a  was  calculated 
using  a  fully  relativistic  single  panicle  simulation  that  cal¬ 
culates  electron  particle  trajectories  in  the  combination  of 
solenoidal  fields  and  fields  due  to  the  wiggler  windings. 
The  wiggler  fields  were  calculated  from  a  complete  Biot- 
Savart  solution  of  the  fields  due  to  a  one-period  untapered 
wiggler  coil  with  realistic  closures  at  each  end. 

The  frequency  of  the  second  cavity  was  tracked  by  a 
heterodyne  diagnostic  as  the  driver  magnetron  frequency 
was  varied.  To  do  this,  the  signal  from  OUT-2,  after  at¬ 
tenuation,  was  split  by  a  3-dB  coupler,  and  half  of  it  was 
combined  in  a  balanced  mixer  with  a  local  oscillator  (an 
IMPATT  diode)  whose  frequency  could  be  tuned  sepa¬ 
rately  from  the  frequency  of  the  driver  magnetron.  The 
magnetron  and  the  IMPATT  frequencies  were  monitored 
by  separate  frequency  meters  whose  relative  calibration 
was  determined  by  cold  test.  By  this  means,  the  difference 
frequency  A/0  between  the  drive  signal  and  local  oscillator 
signal  could  be  determined  for  each  separate  experimental 
dischatge.  The  experimental  value  of  Af  for  the  output  of 
the  second  bunching  cavity,  when  the  first  bunching  cav¬ 
ity  was  driven  at  a  known  frequency,  was  determined  by 
analysis  of  the  signal  from  the  balanced  mixer  which  was 
recorded  on  an  analog  oscilloscope.  The  maxima  and  zero 
crossings  of  the  mixer  signal  were  used  to  count  the  full 
and  fractional  “beats”  of  the  local  oscillator  frequency 
against  the  output  frequency  of  the  second  cavity  during 
a  central  20  ns  central  interval  within  the  output  pulse 
length.  The  number  of  cycles  of  the  beat  signal  divided 
by  the  reference  time  interval  yields  an  experimental  mea¬ 
sure  of  A/. 

Fig.  3  shows  a  measurement  of  the  variation  of  the  sec¬ 
ond  cavity  output  frequency  as  a  function  of  the  frequency 
of  the  driver  magnetron,  with  the  local  oscillator  fre¬ 
quency  held  fixed.  This  data  was  taken  with  a  cavity  mag¬ 
netic  field  of  26.6  kG.  The  plot  actually  compares  the 
measured  beat  frequency  A f  between  the  local  oscillator 
(at  35.23  ±  0.02  GHz)  and  the  second  cavity  output  fre¬ 
quency  as  the  first  cavity  drive  frequency  was  varied  be¬ 
tween  34.98  and  35.27  GHz.  The  solid  line  indicates  the 
predicted  beat  frequency  A/0.  This  data  indicates  that  the 
frequency  of  the  signal  in  the  second  bunching  cavity 
tracks  the  drive  frequency  of  the  first  bunching  cavity; 
i.e..  that  the  gyroklystron  circuit  is  amplifying  the  signal 
injected  into  the  first  cavity.  (In  the  absence  of  the  beam, 
there  is  no  measurable  leakage  between  the  two  cavities 
at  the  drive  frequencies.) 

The  amplification  factor  is  measured  by  determining  the 
ratio  of  the  power  generated  in  the  second  cavity,  as  mon¬ 
itored  through  the  coupling  port  IN-2  (see  Fig.  1),  to  the 
power  injected  into  the  first  cavity  through  the  coupling 
port  labeled  IN-1,  as  monitored  by  the  sampling  port 
OUT-!.  This  determination  depends  sensitively  on  the 
calibration  of  the  coupling  factors  of  the  various  apertures 


Fig.  3.  Measured  beat  frequency  between  the  local  oscillator  and  second 
cavity  output  frequency  as  a  function  of  the  drive  frequency  of  the  first 
cavity.  The  solid  line  is  the  calculated  beat  frequency  based  on  the  mea¬ 
sured  difference  between  the  local  oscillator  and  magnetron  frequencies. 


on  the  first  and  second  bunching  cavities.  The  cold  tests 
were  carried  out  as  follows:  At  critical  coupling,  essen¬ 
tially  all  of  the  drive  signal  at  the  coupling  aperture  flows 
into  the  first  cavity  and  is  dissipated  in  the  other  cavity 
losses,  in  this  case  dominated  by  the  cavity  slots.  Cold 
tests  were  used  to  determine  the  ratio  of  the  power  in¬ 
jected  into  IN-1  to  the  power  detected  at  OUT-1.  To  de¬ 
termine  the  power  generated  in  the  second  cavity,  it  was 
assumed  that  only  37%  of  the  power  was  coupled  out  of 
port  IN-2,  while  the  remainder  was  delivered  to  the  inter¬ 
nal  cavity  losses,  dominated  by  the  cavity  slots  (see  the 
discussion  in  Section  II).  Thus  the  measured  signal  was 
multiplied  by  2.7. 

Fig.  4  plots  the  linear  gain  between  the  first  and  second 
cavities  as  a  function  of  the  axial  magnetic  field  at  a  drive 
frequency  of  35.19  GHz,  along  with  the  predicted  gain. 
Since  the  second  cavity  was  designed  as  a  bunching  cavity 
rather  than  an  output  cavity,  the  gain  was  defined  in  terms 
of  the  intracavity  power  P2  rather  than  the  output  power 
Pm,.  The  experimental  date  were  taken  by  varying  the  field 
provided  by  the  cavity  solenoid  while  keeping  the  main 
axial  magnetic  field  fixed.  Each  point  in  the  figure  rep¬ 
resents  a  single  experimental  discharge.  The  measured 
gain  peaks  in  the  vicinity  of  28.5  kG.  The  highest-single- 
discharge  gain  factor  is  ~90x,  corresponding  to  a  gain 
of  approximately  19  dB.  Based  on  the  difficulty  in  cali¬ 
brating  the  various  cavity  coupling  factors,  the  uncer¬ 
tainty  in  this  value  is  at  least  3  dB.  (The  corresponding 
gain  measured  in  terms  of  the  power  coupled  out  of  the 
second  cavity  is  -  15  dB. )  The  highest  intracavity  powers 
in  the  second  cavity  were  in  the  range  of  50  to  100  kW 
(20  to  40  kW  coupled  out ),  while  typical  first  cavity  drive 
powers  were  in  the  range  of  1  to  2  kW. 

The  predicted  gain  shown  in  Fig.  4  is  calculated  from 
(9).  It  is  found  by  optimizing  (4)  with  respect  to  which 
corresponds  to  driving  the  system  close  to  the  cavity  res¬ 
onant  frequency.  The  calculations  assume  a  950  keV,  150 
A,  o  *  0.36  beam.  In  obtaining  this  curve,  the  Bessel 
function  Jt  (q)  in  (4)  was  approximated  by  q/2.  From 
approximately  22  to  28.5  kG,  theory  and  experiment  agree 
moderately  well.  The  experiment  actually  does  slightly 
better  than  the  theoretical  model  in  this  range  of  magnetic 
fields.  (It  should  be  noted  that  small  changes  in  the  ex¬ 
perimental  values  of  current,  voltage,  magnetic  field,  and 
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Aoat  Magnmc  FwM  (feQ) 

Fig.  4.  Experimental  power  gain  of  the  gyrokiystron  as  a  function  of  the 
axial  magnetic  field.  The  points  plot  the  ratio  of  the  mtncavity  power  of 
the  second  cavity  to  the  drive  power  injected  into  the  first  cavity  for 
individual  experimental  discharges.  The  solid  line  is  the  predicted  gain, 
conesponding  to  a  930  keV.  130  A.  a  *  0.36  beam. 


beam  a  could  produce  50%  changes  in  the  predicted  gain.) 
Theory  shows  the  gain  to  continue  to  rise  at  higher  mag* 
netic  fields,  while  the  data  show  the  gain  rolling  over. 
This  is  believed  to  be  due  to  the  onset  of  oscillation  of  the 
TEm2  mode.  Data  taken  at  still  higher  magnetic  fields 
show  clear  evidence  of  this  oscillation.  Thus  the  substan¬ 
tially  higher  gains  predicted  at  higher  magnetic  fields  are 
inaccessible  due  to  mode  competition.  Future  efforts  will 
concentrate  on  achieving  stable  operation  of  the  third  cav¬ 
ity  (output  cavity),  and  achieving  stable  three-cavity  gy¬ 
rokiystron  amplifier  operation. 

V.  Discussion 

We  have  carried  out  a  fundamental-mode  two-cavity 
Hra-band  gyrokiystron  amplifier  experiment  driven  by  a  1 
MeV,  150  A  election  beam  from  a  pulseline  accelerator. 
The  two  cavities  were  intended  to  serve  as  bunching  cav¬ 
ities  for  a  higher  power  output  cavity.  We  have  demon¬ 
strated  that  the  output  frequency  of  the  second  cavity 
tracks  the  drive  frequency  over  the  range  from  35.0  to 
35.3  GHz  and  have  found  a  regime  of  stable  amplifica¬ 
tion.  The  peak  gain  was  15  dB,  measured  to  the  output  of 
the  second  cavity,  or  19  dB,  if  defined  in  terms  of  the 
increase  in  intracavity  electric  fields,  which  is  the  relevant 
parameter  for  the  intermediate  bunching  cavity  of  a  gy¬ 
rokiystron.  This  performance  is  in  reasonable  agreement 
with  the  predictions  of  theory.  The  peak  intracavity  power 
in  the  second  cavity  was  —  100  kW.  This  value  was  lim¬ 
ited  by  the  available  drive  power  and  did  not  correspond 
to  saturation.  More  than  half  of  this  power  flowed  into 
slot  losses  that  were  intended  to  stabilize  the  second  cav¬ 
ity  as  a  bunching  cavity,  rather  than  to  optimize  it  as  an 
output  cavity.  As  a  result,  the  peak  output  power  was  -  40 
kW.  The  available  parameter  space  for  amplifier  opera¬ 
tion  was  limited  by  the  excitation  of  parasitic  oscillation 
of  the  competing  TEM2  mode,  as  predicted  by  theory  [7]. 
This  problem  could  have  been  mitigated  somewhat  by  a 
small  reduction  in  the  diameter  of  the  drift  spaces.  De¬ 
spite  this  limitation,  these  measurements  have  demon¬ 
strated  the  feasiblity  of  operating  gyrokiystron  amplifiers 
with  megavolt  electron  beams.  In  addition,  they  have 
demonstrated  the  feasiblity  of  using  multiple  bunching 
cavities  to  increase  the  RF  fields  available  for  beam 


bunching.  The  resulting  increase  in  bunching  would  make 
possible  a  higher  gain  in  a  gyrokiystron  amplifier,  or  a 
larger  locking  bandwidth  in  a  gyrokiystron  oscillator. 
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BROADBAND  GYRO-AMPLIFIER  RESEARCH  AT  NRL 

i.  J.  Cboi*.  G.  S.  Parti,  S.  Y  Pbrifl,  C.  M.  Armstrong. 

R.  H.  KyserS.  and  M.  L.  Barsanri 
Nava)  Research  Laboratory,  Code  6840.  Washing  ion.  D.C.  20375-5000 

INTRODUCTION 

The  high  power  handling  capability  o f  millimeter  wave  gyro- amplifiers  makes  ibex  devices  attractive  for  applications 
such  as  high  resolution  radar,  long  range  space  communication,  and  plasma  heating.  The  Vacuum  Electronics  Branch  at  NRL  is 
making  continuing  efforts  to  develop  stable,  broadband  (>  IS  %)  millimeter  wave  gyro-amplifiers  operating  at  low  beam  voltage 
(<  100  kV  ).  Two  configurations  are  being  investigated:  a  two-stage  tapered  gyrotron-traveling-wave-tube  amplifier  (gyro- 
TWT).  and  a  two-stage  slow  wave  cyclotron  amplifier  (SWCA).  The  growth  mechanism  in  the  two-stage  gyro-TWT  is  based  on 
phase  synchronism  between  the  relativistic  cyclotron  motion  of  a  gyrating  beam  and  a  fast  guided  wave,  leading  to  die 
phase  bunching  (cyclotron  resonance  maser  instability);  whereas  wave  growth  in  the  SWCA  occurs  when  the  gyrating  beam  is  in 
synchronism  with  a  slow  guided  wave,  resulting  in  axial  bunching  (Weibel  instability).  A  two-stage  Ka-band  gyro-TWT  has 
been  assembled  and  experiments  are  currently  underway  to  demonstrate  stable,  high  power,  broadband  amplification.  An  initial 
design  study  on  a  Ka-band  two-stage  SWCA  with  a  sever  has  been  completed.  A  high  quality  axis-encircling  beam  (60  kV,  5 
amps.  £  2  %  at  vfvz  *  1 )  is  employed  in  the  slow  wave  circuit.  Characteristics  of  cold-test  rf  components  are  described. 

TWO-STAGE  TAPERED  GYRO-TWT  AMPLIFIER 

Previous  experiments  on  the  single-stage  Ka-band  tapered  gyro-TWT  at  NRL1  have  demonstrated  high  power  (-5  kW). 
millimeter  wave  amplification  with  an  instantaneous  bandwidth  >  30%.  As  is  usual  in  single-stage  distributed  amplifiers 
without  severs,  gain  in  this  device  was  limited  by  the  impedance  mismatch  between  the  RF  amplifying  circuit  and  the  vacuum 
window.  In  order  to  increase  the  stable  gain  while  reducing  the  amplifier's  sensitivity  to  circuit  match,  a  two-stage  tapered  gyro- 
TWT  has  been  designed  and  built . 

The  experimental  setup  of  the  two  stage  tapered  gyro-TWT  is  depicted  in  Figure  1.  An  annular  electron  beam  is 
produced  from  a  thermionic  cathode  of  a  double  anode  MIG.  The  initial  beam  velocity  ratio,  a  »  vt/vz,  is  adjusted  from  0.5  to  1 
at  the  entrance  of  the  tapered  circuit  by  adjustment  of  the  mod  anode  voltage  and  the  magnetic  field  at  the  cathode.  The  r*tkr*i* 
voltage  is  typically  -  33  kV  DC  and  the  mod  anode  voltage  (-10  -  -20  kV)  is  pulsed  at  60  Hz.  The  circuit  consists  of  three 
sections;  a  linearly  down-tapered  rectangular  waveguide  input  section,  a  1’  long  waveguide  cutoff  section  (f^  a  39.4  GHz),  and  a 
linearly  up-tapered  rectangular  waveguide  output  section.  The  rf  signal  from  a  frequency  synthesizer  and  a  50  W  TWTA  is 
injected  into  the  input  section  through  a  directional  coupler.  The  rf  amplified  in  the  input  section  is  reflected  at  the  cutoff  section 
and  coupled  back  to  a  matched  load  through  the  directional  coupler.  The  amplified  rf  power  in  the  output  section  is  extracted 
directly  through  a  smooth  transition  to  Ka-band  waveguide.  The  width  of  the  circuit  varies  from  0.24"  (fco  «  24.6  GHz)  to 
0.15"  (fco  *  39.4  GHz)  along  the  8"  axial  length  in  the  input  section  and  from  0.15"  to  0.24"  along  the  12"  axial  length  in  the 
output  section.  The  circuit  height  throughout  its  axial  extent  remains  constant  at  0.14“.  The  total  length  is  the  same  as  that  in 
the  single-stage  gyro-TWT  and  the  input  and  output  tapering  lengths  are  selected  so  that  oscillations  are  not  expected  in  the 
amplifier.  The  grazing  condition  for  beam-wave  synchronism  can  be  maintained  over  a  wide  frequency  range  by  tapering  an 
external  magnetic  field  along  both  tapered  circuits.  The  grazing  magnetic  field  is  related  to  beam  and  circuit  parameters  through 
B  a  Tfco/(2.8yz)  in  kG,  where  yz  is  (l-fvj/cA*1^  and  fco  is  in  GHz.  Such  a  precise  non-linear  tapered  field,  as  shown  in  Figure 
1.  is  produced  by  a  computer  controlled,  14-coil  superconducting  magnet  system  based  on  a  magnet  current  synthesizing  code. 
As  will  be  shown  below,  the  instantaneous  bandwidth  of  a  two-stage  gyro-TWT  is  very  sensitive  to  the  axial  velocity  spread. 
Thus,  in  order  to  produce  a  low  velocity  spread  beam  from  the  double  anode  MIG,  three  water-cooled  trim  coils  are  added  in  the 
gun  region  to  insure  a  flat  field  at  the  cathode. 

A  directional  coupler  to  inject  RF  power  in  the  input  section  was  designed  based  on  Bethe's  coupling  theory  using 
Chebyshev  coupling  distribution  (7  element  and  6  array  )2.  a  broad  wall  coupling  of  the  Ka-band  waveguide  was  chosen  because 
it  produces  a  broader  bandwidth  than  a  narrow  wall  coupling  .  In  order  to  increase  the  coupling  strength,  rectangular  holes  with 
rounded  comers  arc  used.  Figure  2  shows  a  coupling  strength  measurement,  obtained  from  a  HP8510B  network  analyzer. 
Measurements  show  a  coupling  value  of  -1.5  dB.  a  return  loss  <  -27  dB,  and  a  bandwidth  of  43  %  (24.1  -  37.4  GHz);  these  are  in 
good  agreement  with  the  simulation  using  the  3-D  electromagnetic  code.  HFSS^.  Two  vacuum  windows  and  DC-breaks  for 
monitoring  beam  currents  in  the  circuit  and  collector  are  made  of  mica  films  with  thickness  less  than  1  mil. 
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Cold  lest  measurement  oo  Use  window  shows  a  reflection  of  less  than  -23  dB.  which  satisfies  the  amplifier  stability  condition 
(Gaia  <  Reflection)  in  both  the  input  and  output  sections. 

Simulation  results  for  the  amplifier  performance  obtained  from  a  non-linear  code4  predict  a  two-stage  gam  of  >30  dB.  an 
electronic  efficiency  of  20-30  %,  and  an  instantaneous  bandwidth  of  10-13  %  for  dvz/vz  =  2%.  In  contrast  to  the  single-stage  q 
gyro-TWT,  the  bandwidth  is  seen  to  be  very  sensitive  to  axial  velocity  spread,  although  the  efficiency  is  less  sensitive. 


TWO-STAGE  SLOW  WAVE  CYCLOTRON  AMPLIFIER 

Another  broadband  millimeter  wave  gyro-device  is  the  slow  wave  cyclotron  amplifier,  in  this  device,  a  constant  group 
velocity  can  be  maintained  over  a  wide  frequency  range  when  a  waveguide  is  appropriately  loaded.  The  SWCA  interaction  occurs 
over  the  frequency  band  where  the  wave  group  velocity  is  close  to  the  beam  axial  velocity  in  the  slow  wave  region  (Vpj,  <  c). 

Two  types  of  slow  wave  circuits  have  been  considered:  a  metallic  disk  loaded  waveguide^  and  a  dielectric  loaded  waveguide**.  As 
an  initial  experiment,  the  dielectric  loaded  circuit  was  chosen  because  the  amplifier  is  operated  in  the  lowest  TE  mode  (TE,io- 
even)  and  is  thus  free  from  mode  competition,  and  because  the  required  magnetic  field  in  the  circuit  is  lower  (e.g„  -7  kG  for  a 
Ka-band  operation). 

Figure  3  shows  a  cross-section  view  of  the  dielectric  loaded  circuit.  Two  dielectric  slabs  line  the  narrow  walls  in  the 
circuit.  Transtar7  (AI2O3  (99.9  %),  er  =  10.1)  was  chosen  because  of  its  low  loss  tangent  (-10-4)  and  its  high  dielectric  strength 
(>190  kV/cm).  An  irregular  circuit  is  chosen  such  that  the  fundamental  beam  line  does  not  intersea  any  undesired  higher  order 
hybrid  modes  in  the  operating  frequency  range  (28  •  36  GHz).  As  shown  in  Figure  4.  the  measured  wave  dispersion 
characteristics  are  in  good  agreement  with  the  prediction. 

A  compact  (-  6  cm  long)  input  directional  coupler  was  designed  for  high  coupling  value  and  wide  bandwidth.  The 
difference  from  the  gyro-TWT  coupler  is  in  that  the  coupling  holes  are  arrayed  with  an  8  element.  4  array  distribution  and  thus 
the  coupling  strength  and  the  bandwidth  are  increased  with  fewer  holes.  Measurements  show  a  coupling  value  of  -0.4  dB  over  a 
60  %  bandwidth  (22.7  to  >  40  GHz)  and  a  minimum  directivity  of  43  dB.  Table  1  shows  the  comparison  between  theory,  code, 
and  cold-test  results.  It  was  also  observed  in  the  simulation  (hat.  by  reducing  the  coupling  wall  thickness  from  10  mils  to  3 
mils,  a  more  compact  (>  4  cm  long)  coupler  can  be  designed  with  the  coupling  strength  and  flatness  as  good  as  the  present 
coupler. 

The  HFSS-code  was  utilized  to  design  a  mode  convertor  to  couple  a  fast  wave  injected  from  the  directional  coupler  into 
the  slow  wave  in  the  circuit.  The  mode  convenor  employs  two  tapered  sections.  In  the  first,  linearly  tapered  dielectrics  in 
uniform  Ka-band  waveguide  convert  a  fast  wave  TE{q  mode  into  a  slow  wave  TE^p-even  mode.  In  the  second,  both  dielectrics 
and  surrounding  metallic  waveguide  are  tapered  to  match  with  the  smaller  circuit  dimension.  Simulations  predict  pure  mode 
conversion  (coupling  value  -  -0.02  dB)  and  low  return  loss  (-  -30  dB)  in  the  frequency  range  of  22  -  36  GHz.  Figure  3  illustrates 
the  difference  in  the  mode  conversion  efficiency  between  the  irregular  dielectric  and  regular  dielectric  loading  ( ie.  simple 
rectangular  cross-section).  Note  that  there  is  mode  conversion  to  a  hybrid  mode  at  -  33  GHz  where  the  hybrid  mode  has  the 
same  phase  velocity  as  the  TE,  10-even  mode. 

Since  the  maximum  RF  field  is  located  in  the  dielectric  in  the  slow  wave  region,  the  beam  should  be  propagated  close 
to  the  dielectric  surface  for  strong  coupling.  The  clearance  between  the  beam  and  the  dielectric  in  the  circuit  is  >  30  mils  for  a 
cold  beam.  Thus,  it  is  possible  for  a  highly  energetic  beam  to  be  intercepted  by  the  circuit.  Arrays  of  thin  wires  on  the  dielectric 
surface  could  drain  charge  buildup.  However,  simulations  show  that  hybrid  modes  become  very  dense  near  the  operating  mode 
when  such  wires  are  present  resulting  in  undesired  mode  competition.  Therefore,  a  thin  conducting  film  of  tantalum  is  sputtered 
on  to  the  dielectric  surface  to  drain  the  space  charge.  It  is  also  possible  that  beating  of  the  dielectric  due  to  electron  beam 
bombardment  can  cause  a  change  in  the  properties  of  the  dielectric.  Cold-test  measurements  show  a  2%  increase  of  the  dielectric 
constant  at  200  ’C.  which  was  observed  similarly  in  other  dielectric  materials**.  Therefore,  temperature  rise  should  be  monitored 
during  experiments,  and  circuit  cooling  may  have  to  be  applied. 

A  non-linear  theory^  was  used  to  examine  the  performance  of  a  single-stage  amplifier  in  the  small  and  large  signal 
regions.  As  shown  in  Figure  6.  the  efficiency  is  very  sensitive  to  beam  axial  velocity  spread.  This  is  because  the  Weibel 
instability  takes  place  at  large  values  of  the  axial  propagation  constant  in  the  slow  wave  region.  The  saturation  length  is 
different  for  Avz/vz  *0,2,4  %.  The  circuit  length  was  chosen  to  maximize  the  gain  and  efficiency  at  Avz/vz  *2%.  A  triple 
pole  piece  center-post  gun  10-  designed  at  Litton  and  currently  in  assembly,  will  be  used  to  produce  a  high  quality  axis-encircling 
beam  with  a  low  velocity  spread  (60  kV,  3  amps,  d,\jf\z  <  2  %). 

As  seen  in  the  dispersion  relation  (Figure  4).  oscillation  at  the  second  harmonic  TE,  jQ-odd  mode  can  exist  in  the  long 
single-stage  circuit  In  addition,  the  odd  mode  and  all  the  hybrid  modes  would  be  completely  trapped  in  the  circuit  because  the 
dielectric  mode  convertor  is  designed  such  that  only  TEX  jg-cven  mode  can  couple  with  the  TCjq  mode.  A  threshold  current  of 

die  gyro-BWO  in  the  dielectric  loaded  slow  wave  circuit*  *  is  expressed  as 
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where  g  *  1 .9733/Lj,  *  ((oi/c)2-kz2)1/21  *o  «  k^,  Lj  ■  circuit  half  width,  L2  *  circuit  height,  L*  »  dram  length  normal  rind 


by  Lj,  s  ■  harmocuc  number,  and  T  is  defined  in  reference  12.  Figure  7  illustrates  the  threshold  currents  versos  interaction 
length.  It  is  clear  that  a  sever  is  necessary  for  a  stable  operation  of  the  amplifier  at  high  gain.  Backward  wave  growth  (negative 
phase/group  velocity)  was  observed  in  a  panic le-in-cell  code.  MAGIC1'  when  there  was  no  sever,  this  is  consistent  with  the 
prediction  from  linear  theory.  The  length  and  tapering  angle  of  two  lossy  dielectrics  for  the  sever  were  optimized  by  the  use  of 
HFSS.  The  code  predicts  a  wave  attenuation  of  better  than  >25  dB  and  low  reflection  (<  -30  dB)  in  the  operating  frequency  rage. 

Large  signal  calculations  of  the  two-stage  SWCA  predict  an  efficiency  of  10-15  %,  a  gain  of  23  -  25  dB.  and  an 
instantaneous  bandwidth  of  15  -  20  %  for  an  input  section  length  *  13.6  cm,  output  section  length  *  14.1  cm,  sever  length  -  2 
cm.  input  power  *  200 W,  and  Avz/vz  »  2  %.  The  results  from  the  slow  time-scale  non-linear  code  agree  with  MAGIC 
simulations  for  a  cold  beam. 


CONCLUSION 

Cold-tests  on  each  component  of  the  two-stage  tapered  gyro-TWT  have  been  completed.  Hot-test  of  the  circuit  with  a  33 
kV.  0.5  -1  amp  beam  is  currently  underway  to  demonstrate  stable  high  gain  broadband  amplification. 

A  design  study  on  the  SWCA  has  been  performed  to  conduct  Ka-band  experiments  on  a  broadband  millimeter  wave 
amplifier  with  a  low  magnetic  field.  An  axis-encircling  beam  with  low  velocity  spread  is  designed  to  amplify  Ka-band  radiation 
with  a  power  >  30  kW  and  an  instantaneous  bandwidth  >  15  %.  One  of  the  main  difficulties  in  the  SWCA  experiment  will  be 
beam  propagation  through  the  circuit. 


ACKNOWLEDGEMENTS 

The  authors  would  like  to  acknowledge  useful  discussions  with  Drs.  J.  Hirshficld  and  V.  Granatstein.  This  work  is  supported  by 
the  Office  of  Naval  Technology. 


REFERENCES 

^.S.  Park.  el.  al..  IEDM  Technical  Digest,  p.  779-781, 1991 
2R.  Levy.  Advances  in  Microwaves,  Vol.  1,  ed.  by  L.  Young,  1966 

3HP  High  Frequency  Structure  Simulator.  Version  A.02.01,  Hewlett  Packard  Co.  and  Ansoft  Co. 

4 A.  K.  Ganguly,  et.  al..  InL  J.  Electronics,  53(6).  p.  641-658.  1982 

5J.  Y.  Choc.  et.  al..  lnt  J.  of  Electronics.  53(6).  p.  729-741.  1982 

6H.  Guo.  et.  al..  Phys.  Rev.  Lett.  49(10),  p.  730-733,  1982 

7Ceradyne,  Inc.  Costa  Mesa.  CA 

8W.  E.  Courtney.  IEEE  Trans.  Microwave  Theory  and  Tech.,  MTT-18(8),  p.  476-485. 1970 
9 A.  K.  Ganguly,  et.  al..  Phys.  Rev.  A,  42(6),  p.  3544-3554,  1990 
*®G.  P.  Scheitrum,  et.  al..  IEEE  lnt.  Conf.  on  Plasma  Science,  1991 
*  lj.  J.  Choi.  et.  al..  to  be  published 
A.  k.  Ganguly,  et.  al..  NRL  Memo  Report  4215, 1980 
*^B.  Goplen.  et.  al..  MAGIC  User's  Manual  (MRC),  Newington.  VA,  1989 


Table  1.  directional  counlerdesigned  bv  8-element/4-arrav  Chebvshev  method 


coupling  value 
(dB) 

min.  directivity 
(dB) 

3dB  bandwidth 
(GHz) 

theory 

0 

45.4 

24-42 

HFSS 

-0.2 

43 

22-42 

cold  test 

-0.4 

45 

22.7  -  >40 

Figure  f .  Experimental  setup  at  «  two-stage  tapered 
gyro-TWT 


Figure  2.  Coupling  measurement  of  •  directianai  coupler 
(f-start-20  GHz.  f-stop»40  GHz.  Ret  -  OdB.  5  dB/div). 
Dots  ere  values  obtained  from  HFSS-simuietions. 
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Figure  3.  Irregular  dielectric  loaded  circuit 


Figure  5.  Mode  convertor  with  regular  and 
irregular  dielectrics.  (  c  s  regular,  •  s  irregular) 
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Figure  4.  Uncoupled  dispersion  relations 
(Dots  are  measured  values.) 


Figure  6.  Efficiency  vs  axial  length  for  a 
single-stage  circuit. 


Figure  7.  Oscillation  threshold  current  vs  axial 
length  for  a  second  harmonic  TExIO-odd  mode. 
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Gyro-TWT  amplifier  configurations  are  under  investigation  to  demonstrate  broadband  (>  10 
%),  multi-kilowatt,  millimeter  wave  generation  with  low  beam  voltage  (<  60  kV)  and  low  magnetic 
field  (<  1.4  Tesla)  for  electronic  warfare  applications.  Wideband  rf  amplification  can  be  achieved 
by  either  loading  the  waveguide  to  slow  down  the  rf  phase  velocity  of  the  wave  or  tapering  the 
waveguide  along  the  axial  distance.  Three  configurations  are  under  study:  (1)  a  broadband  W- 
band  harmonic  tapered  gyro-TWT  amplifier,  (2)  a  dielectric  loaded  slow  wave  cyclotron  amplifier, 
and  (3)  a  folded  waveguide  gyro-TWT  amplifier. 

The  broadband  harmonic  tapered  gyro-TWT  concept  under  study  is  an  extension  of  the  Ka- 
band  two-stage  tapered  gyro-TWT  experiment  at  NRL  [1).  The  use  of  tapered  waveguide  allows 
wideband  interaction  along  the  circuit.  As  shown  in  Figure  1,  the  interaction  circuit  consists  of 
two  linearly  tapered  circuits  of  rectangular  cross-section  separated  by  a  uniform  drift  section.  The 
input  circuit  is  designed  to  operate  in  the  fundamental  cyclotron  harmonic,  while  the  output  stage 
operates  in  the  third  harmonic.  A  two  stage  configuration  is  used  to  isolate  the  input  and  output 
signals  and  to  enhance  the  gain  and  efficiency  by  pre-bunching  the  beam.  The  circuit  is  placed  in  a 
nonlinearly  tapered  external  magnetic  field  which  is  maintained  synchronously  at  each  axial 
position.  Efficient  interaction  occurs  over  a  broad  frequency  range  when  the  magnetic  field  is  held 
near  the  grazing  condition  along  the  circuit.  A  Ka-band  drive  signal  is  injected  in  the  input  section 
to  modulate  the  axis-encircling  beam  as  in  the  previous  two-stage  tapered  gyro-TWT.  However,  in 
the  output  section,  the  waveguide  width  is  designed  so  that  the  waveguide  mode  is  in  phase 
synchronism  with  the  third  harmonic  beam  cyclotron  mode.  As  a  result,  amplified  radiation  in  the 
output  section  is  extracted  at  frequencies  increased  by  the  harmonic  number  (s  =  3)  over  the  drive 
signal.  To  insure  single  mode  operation,  the  waveguide  operates  in  the  lowest  order  mode,  TEjo, 
in  both  the  input  and  output  sections  of  the  amplifier. 

One  of  key  issues  for  the  W-band  harmonic  gyro-TWT  is  beam  formation  and  transport.  A 
triple  pole  piece,  center-post  electron  gun  [2]  originally  designed  for  the  NRL  gyropeniotron 
experiment,  will  be  used  to  produce  a  high  quality  axis-encircling  beam  for  the  tapered  harmonic 
experiment.  Since  the  operating  mode  is  the  lowest  rectangular  waveguide  mode  interacting  with 
the  third  harmonic  beam  cyclotron  mode,  the  beam-circuit  clearance  in  the  output  circuit  is  tight. 


To  alleviate  the  beam  clearance  problems  in  the  output  stage  and  to  allow  the  use  of  a  single 
sidewall  coupler,  an  overmoded  slotted  square  waveguide  is  used.  To  suppress  the  undesired 
polarization  in  the  square  guide,  lossy  dielectrics  are  placed  adjacent  to  the  waveguide  slots.  For  a 
hot  beam  in  the  square  output  guide,  the  beam  clearance  varies  from  10  mils  (at  the  narrow  end)  to 
20  mils  along  the  output  circuit.  This  corresponds  to  a  beam  filling  factor  of  50  -  68  %.  It  is 
crucial,  therefore,  that  the  magnet  provide  a  straight  field  over  the  circuit  length  for  good  beam 
propagation.  Since  the  circuit  width  in  the  input  section  is  three  times  wider  than  the  output  circuit, 
beam  intercepdon  in  the  input  section  is  not  expected  to  be  a  problem. 

The  performance  of  the  harmonic  tapered  gyro-TWT  amplifier  has  been  examined  using  a  self- 
consistent  slow-time-scale  nonlinear  code  [3].  A  detailed  description  can  be  found  in  reference  4. 
Simulation  parameters  are:  beam  voltage  -  50  kV,  current  -  2  A,  input  rf  power  -  10  W,  initial  beam 
velocity  ratio  at  the  entrance  of  the  input  stage  -  l.  The  simulated  efficiency  and  output  power  of 
the  amplifier  are  shown  in  Figure  2  as  a  function  of  frequency  for  various  axial  velocity  spreads 
(Avz/vz)  of  the  electron  beam.  Gain  in  the  input  and  output  stages  are  also  plotted  in  Figure  3. 
The  peak  efficiency  is  seen  to  decrease  from  13  %  to  8.5  %  as  Av^vx  increases  from  0  to  4  %, 
while  the  3  dB  bandwidth  decreases  from  15%  to  6%.  At  Avz/vz  =  2  %,  the  saturated  efficiency  is 
approximately  12  %  (corresp  ending  to  12  kW)  with  a  bandwidth  of  10  %  from  90-  100  GHz. 

A  proof-of-principle  tapered  harmonic  experiment  is  currently  underway.  Broadband  rf 
vacuum  windows  have  been  designed  for  Ka-band  (input  window)  and  W-band  (output  window). 
The  windows  consist  of  three  sections  of  1/4  wavelength  BeO.  Figure  4  shows  the  return  loss 
measurement  for  the  Ka-band  vacuum  window.  The  return  loss  is  observed  to  be  better  than  -  20 
dB  in  the  frequency  range  of  23.5  -  37.2  GHz  (bandwidth  =  46  %),  which  agrees  very  well  with 
the  prediction  from  a  3-D  electromagnetic  code,  HFSS  [5].  A  broadband  rf  directional  coupler  for 
the  experiment  has  been  designed  using  Chebyschev  impedance  transformation  theory  and  Bethe 
coupling  theory  [6].  A  Ka-band  directional  coupler  has  been  fabricated  using  EDM  (electrical 
discharge  machining)  for  cold-test.  Figure  5  shows  the  forward  coupling  measurement  obtained 
from  a  HP  8510B  network  analyzer.  Measurements  show  a  coupling  value  of  -0.4  dB  over  22.7 
to  >  40  GHz  (BW  >  60  %),  minimum  directivity  of  40  dB,  and  return  loss  of  <  -25  dB,  in  good 
agreement  with  HFSS  predictions. 

The  second  wideband  gyro-device  concept  under  study  is  a  dielectric  loaded  slow  wave 
cyclotron  amplifier.  By  the  use  of  a  loaded  circuit,  a  constant  group  velocity  can  be  maintain  over 
a  wide  frequency  range  in  the  slow  wave  region  therefore  providing  the  possibility  for  wideband 
operation.  Figure  6  shows  a  cross-section  view  of  a  ridged  rectangular  circuit  which  is  loaded 
with  two  dielectric  slabs.  A  high  quality  axis-encircling  beam  (60  kV,  5  A,  a  =  1)  couples  with 
the  slow  waveguide  mode,  TEX  10-even  mode  in  this  device.  The  dielectric  height  is  less  than  that 
in  the  beam  tunnel  to  insure  that  the  fundamental  beam  line  does  not  intersect  any  undesired  higher 


order  hybrid  modes  (such  as  TMX  modes)  in  the  operating  frequency  range  of  interest.  The  ridged 
circuit  has  some  advantages  over  a  regular  rectangular  shape  in  that  (1)  the  dielectric  slabs  can  be 
protected  from  beam  intercepdon,  and  (2)  the  peak  electric  field  is  shifted  from  inside  the  dielectric 
to  near  the  ridges  in  the  beam  tunnel.  Thus  the  beam-wave  coupling  is  expected  to  be  improved. 

A  linear  theory  (7]  predicts  second  harmonic  backward  wave  oscillations  of  the  TExlO*odd 
mode  in  the  single  stage  circuit.  In  order  to  suppress  the  gyro-BWO  oscillation,  the  circuit  must  be 
severed.  Large  signal  calculations  of  the  two-stage  SWCA  predict  a  saturated  efficiency  of  -  17  % 
(50  kW  output  power),  a  gain  of  ~  28  dB,  and  an  instantaneous  bandwidth  of  -  20  %  (29  -  36 
GHz)  for  input  power  =  150  W,  B  =  7  kG,  and  Avz/vz  =  2%.  Note  that  although  the  SWCA 

operates  at  the  fundamental  cyclotron  harmonic  interaction  the  magnetic  field  is  reduced  by  a  factor 
of  2  compared  with  conventional  fast  wave  gyro-devices  due  to  the  large  doppler  shift  in  the 
electron  cyclotron  frequency.  The  results  from  the  slow  time-scale  non-linear  code  are  found  to 
agree  with  the  simulations  by  the  particle-in-cell  code,  MAGIC  [8].  The  design  of  the  SWCA  tube 
has  been  completed  and  pans  are  on  order  for  hot-test.  Detailed  design  calculations  for  the  device 
can  be  found  in  reference  7. 

Another  wideband  gyro-device  concept  which  has  recently  been  investigated  is  the  folded  (H- 
plane  bend)  waveguide  gyro-TWT.  As  illustrated  in  Figure  7,  the  device  is  configured  so  that  an 
axis-encircling  electron  beam  exchanges  energy  with  a  transverse  electromagnetic  wave  as  it  passes 
successively  through  the  narrow  walls  of  a  metallic  serpentine  structure.  The  major  advantages  of 
the  folded  waveguide  gyro-TWT  amplifier  include;  (1)  natural  rf  separation  from  the  spent  electron 
beam,  thus  easily  applicable  for  operation  with  a  depressed  collector  for  efficiency  enhancement, 
(2)  potentially  high  average  power  handling  capability,  (3)  simple  input  and  output  coupling,  and 
(4)  low  cost  of  fabrication.  Potential  shortcomings  for  the  device  include  reduced  gain  per  unit 
length  over  continuous  interaction  schemes  and  bandwidth  reduction  due  to  backward  wave  and/or 
stop  band  oscillations. 

Figure  8  shows  the  normalized  gain  function  in  a  cavity  structure  as  a  function  of  the  linear 
theory  detuning  parameter  for  two  cases;  (a)  gyro-klystron  type  cavity  in  which  case  the  beam 
propagates  along  the  long  dimension  (L)  of  the  cavity,  and  (b)  the  case  of  the  folded  waveguide  in 
which  case  the  beam  propagates  along  the  short  dimension  (A)  of  the  cavity.  The  detuning 
parameters  are  defined  as  (to  -  Wc/y  -  kzvz)(L/vz)  for  the  case  (a)  and  (co  -  coc/y  *  kxvx)(A/vx)  for 
case  (b),  where  coc/y  is  the  relativistic  cyclotron  frequency,  kz  =  n/L,  kx  =  tt/A,  A=  cavity  width,  L 
=  cavity  length  (3A),  and  vx  and  vz  are  the  beam  axial  velocity.  As  depicted  in  Figure  8,  the  linear 
magnitude  of  the  gain  function  for  case  (b)  is  lower  by  a  factor  of  10.  This  is  primarily  due  to  the 
reduction  in  the  interaction  length  for  the  folded  waveguide  case. 

In  order  to  examine  the  large  signal  performance  of  the  folded  waveguide  gyro-TWT,  the 
configuration  has  been  modeled  and  simulated  using  the  PIC  code  MAGIC.  In  the  simulation,  the 


transverse  and  axial  length  of  the  serpentine  structure  was  set  so  that  the  rf  "effective"  axial  (beam 
propagation  direction)  phase  velocity  was  reduced  to  [//(/+h))vph  =  0.9  vph,  where  Vph  is  the 
phase  velocity  of  an  unfolded  waveguide  and  t  and  h  are  defined  in  Figure  7.  The  beam  current 
was  set  at  0.5  A,  which  is  less  (by  a  factor  10)  than  the  designed  beam  current  of  5  A,  to  reduce 
the  beam  potential  depression  effects  observed  in  the  2-D  simulation.  In  the  simulations,  a  high 
power  drive  signal  of  3  kW  was  injected  to  save  simulation  space  and  time  for  saturation.  As  a 
result  the  high  power  rf  injection,  a  strong  electron  azimuthal  phase  bunching  was  observed  after 
only  4  passes  through  the  folded  waveguide  circuit  Figure  9  illustrates  MAGIC  outputs;  gain  and 
electronic  efficiency  versus  the  number  of  beam  passes  through  the  serpentine  waveguide.  The 
saturated  electronic  efficiency  is  -  12  %.  The  linear  gain  of  the  device  is  expected  to  be  around  1.6 
dB/cm  for  a  beam  current  of  5A. 

A  cold-test  model  of  the  folded  waveguide  has  been  fabricated.  A  beam  hole  with  a  diameter  of 
86  mils  was  made  on  the  narrow  walls  of  the  folded  waveguide  by  wire  EDM.  A  larger  hole  for 
high  beam  power  can  be  accommodated,  however,  at  the  expense  of  the  increased  rf  mismatch  near 
the  stop  bands.  Cold  test  measurements  show  a  return  loss  of  -12  dB  at  the  stop-bands  where  the 
space  harmonic  modes  intersect  and  -20  dB  in  the  propagation  bands.  The  stopband  frequency  and 
spacing  are  in  good  agreement  with  HFSS  simulations.  In  order  to  increase  the  spacing  between 
the  stop  bands,  a  double  ridged  circuit  is  proposed  for  which  broadband  (>10%)  operation  may  be 
possible.  The  dispersion  relation  for  the  ridged  folded  waveguide  gyro-TWT  is  depicted  in  Figure 
10.  Future  work  includes  the  study  of  the  threshold  conditions  for  the  onset  of  backward  wave 
gyrotron  oscillations  for  the  space  harmonics  and  the  development  of  a  slow-dme  scale  non-linear 
simulation  code. 

t  Work  supported  by  ONR. 

*SAIC,  McLean,  VA  22102 

REFERENCES 

[1]  J.  J.  Choi,  et.  al.,  Conf.  Digest  on  Infrared  and  Millimeter  wave  Conf.,  p.  314  -  317, 1992 

[2]  G.  P.  Scheitrum,  et.  al.,  IEEE  Int.  Conf.  on  Plasma  Science,  1991 

[3]  A.  K.  Ganguly,  et.  al.,  Int.  J.  Electronics,  53(6),  p.  641-658,  1982 

[4]  J.  J.  Choi,  et.  al.  to  be  published 

[5]  HP  High  Frequency  Structure  Simulator,  Version  A.02.01,  Hewlett  Packard  Co.  and  ’soft 
Co. 

[6]  H.  A.  Bethe,  Phys.  Rev.  66(7),  p  163  -  182,  1944 

[7]  J.  J.  Choi,  et.  al.,  to  be  published 

[8]  B.  Goplen,  et  al.,  MAGIC  User's  Manual  (MRQ,  Newington,  VA,  1993 


Figure  1.  Schematic  of  the  broadband  tapered 
harmonic  gyto-TWT  amplifier  with  magnetic 
field  and  cutoff  frequency  axial  profiles. 


Figure  2.  Efficiency  and  output  power 

versus  output  frequency  for  various  velocity 
spreads. 
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Figure  3.  Gain  versus  output  frequency  for 
various  velocity  spreads,  (a  long  dashed  lute 

for  Avz/vz=0%,  a  solid  line  for  2%,  and  a 
short  dashed  line  for  4%) 
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Figure  4.  Return  loss  measurement  of  the 

input  rf  vacuum  window. 
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Figure  5.  Cold-test  results  on  the  input 
directional  coupler 
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Figure  6.  Cross  section  view  of  a  ridged 
slow  wave  circuit. 
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Figure  7.  Folded  waveguide  gyro-TWT 
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Figure  9.  MAGIC  results  for  a  folded 
waveguide  gyro-TWT 
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Figure  10.  Uncoupled  dispersion  relations  of 
a  ridged  folded  waveguide  gyro-TWT  (m 
denotes  index  of  space  harmonics) 


Figure  8.  Normalized  gain  fuentions  in  a 
cavity  structure  versus  detuning  parameters 
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WIDEBAND  GYRO-TWT  AMPLIFIER  EXPERIMENTS 

J.  J.  Choi*,  G.  S.  Parkl,  S.  Y.  Paxil,  C.  M.  Armstrong,  A.  K.  Ganguly, 

R.  H.  Kyser$,  and  M.  L.  Barsanu 
Naval  Research  Laboratory,  Code  6840,  Washington,  D.C.  20375 

INTRODUCTION 

Research  oo  broadband,  multi-kilowatt  millimeter  wave  gyro-TWT  amplifiers  operating  at  low  beam  power  (<  300 
kW)  is  attractive  for  applications  such  as  electronic  warfare,  radar,  and  communications.  In  order  to  achieve  wideband  rf 
amplification  in  gyro-devices,  the  waveguide  is  either  tapered  along  the  axial  distance  or  loaded  with  disks  or  dielectric.  Two 
Ka-band  gyro-TWT  amplifiers  are  considered;  (1)  a  tapered  rectangular  waveguide  and  (2)  a  dielectric  loaded  rectangular 
waveguide.  A  frequency  multiplied  harmonic  interaction  in  tapered  waveguide  is  also  investigated  for  W-band  rf 
amplification. 


TWO-STAGE  TAPERED  GYRO-TWT  AMPLIFIER 

Previous  experiments  oo  the  single-stage  Ka-band  tapered  gyro-TWT  at  NRL1  have  demonstrated  high  power  (-5 
kW),  millimeter  wave  amplification  with  an  instantaneous  bandwidth  >  30%.  It  was  found  that  gain  in  the  single  stage 
amplifier  was  limited  by  reflection-type  oscillations  caused  by  the  rf  mismatch  in  the  vacuum  window.  Separation  of  the 
input  section  from  the  output  section  will  stabilize  such  oscillations. 

A  two-stage  Ka-band  gyic-TWT  has  been  assembled  and  experiments  are  currently  underway.  Preliminary 
experimental  results  show  that  there  is  sane  beam  interception  in  the  multihoie  directional  coupler  due  to  insufficient 
magnetic  compression  of  the  small  orbit  beam  (33  kV,  1  A)  produced  by  the  MIG.  An  improved  input  coupler  is  designed 
for  better  beam  clearance  mid  wider  coupling  bandwidth.  A  3-D  electromagnetic  code  (HFSS)^  predicts  a  coupling  value  of 
-0.4  dB  and  a  bandwidth  of  60  %  (22  GHz  -  40  GHz). 

Numerical  results  obtained  from  a  slow-time  scale  non-linear  code^  predict  a  two-stage  gain  of  -  30  dB,  an  electronic 
efficiency  of  20  -  30  %,  and  an  instantaneous  bandwidth  of  10  -  15  %  for  Avz/vz  *  2  %.  In  contrast  to  the  single-stage  gyro- 
TWT,  the  bandwidth  is  expected  to  be  very  sensitive  to  axial  velocity  spread. 

RIDGED  SLOW  WAVE  CYCLOTRON  AMPLIFIER 

A  dielectric  loaded  rectangular  waveguide  can  provide  a  constant  group  velocity  over  a  wide  frequency  range.  Figure 
1  shows  a  cross-section  view  of  the  ridged  circuit  loaded  with  two  dielectric  slabs.  A  high  quality  axis-encircling  beam4  (60 
kV,  5  A.  a  *  1)  couples  with  the  slow  wave.  The  dielectric  height  is  less  than  that  in  the  beam  tunnel  to  insure  that  the 
fundamental  beam  line  does  not  intersea  any  undesired  higher  onler  hybrid  modes  in  the  operating  frequency  range.  The  ridged 
circuit  has  some  advantages  over  a  regular  rectangular  shape.  First,  the  dielectric  slabs  can  be  protected  from  beam 
interception.  Secondly,  the  peak  electric  field  is  shifted  from  inside  the  dielectric  to  near  the  ridges  in  the  beam  tunnel.  Thus 
(he  interaction  coupling  is  expected  to  be  improved. 

Large  signal  calculations  of  the  two-stage  ridged  SWCA  predict  a  saturated  efficiency  of  -  17  %,  a  gain  of -28  dB, 
and  an  instantaneous  bandwidth  of  -  20  %  (29  -  36  GHz)  for  input  power  =  150W,  B  =  7kG,  andAvz/vz  =  2%.  The  results 

from  the  slow  time-scale  non-linear  code  agree  with  MAGIC^  simulations  for  a  cold  beam. 

A  broadband  rf  window  has  been  designed  by  the  use  of  the  HFSS  code.  It  consists  of  three  sections  of  1/4 
wavelength  BeO.  As  shown  in  Figure  2,  the  return  loss  is  better  than  •  15  dB  in  the  frequency  range  of  23.5  -  37 2  GHz 
(bandwidth  »  46%). 


FREQUENCY  MULTIPLIED  HARMONIC  GYRO-TWT  AMPLIFIER 
The  operation  of  a  ’frequency  multiplier”  broadband  harmonic  gyro-TWT  amplifier  configuration  is  also  under 
investigation.  Figure  3  depicts  the  schematic  of  the  amplifier,  and  the  axial  profiles  of  the  non-linear  tapered  magnetic  field  (9 
- 13  kG)  and  the  circuit  cutoff  frequency.  A  Ka-band  frequency  drive  signal  is  injected  in  the  tapered  fundamental  input  section 
to  modulate  the  axis-encircling  bean  (50  kV,  2  A),  as  in  the  two-stage  tapered  gyro-TWT.  However,  in  the  tapered  output 
section,  the  waveguide  width  is  designed  so  that  the  waveguide  mode  is  in  phase  synchronism  with  the  third  harmonic  bom 
cyclotron  mode.  As  a  result,  amplified  radiation  in  the  tapered  output  section  is  extracted  at  frequencies  increased  by  the 
harmonic  number.  Tbe  operating  waveguide  mode  is  the  lowest  or  do-  mode,  TEjo,  in  both  the  input  and  output  sections  of 
the  amplifier. 
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A  self -consistent  slow-time  scale  non-linear  code  has  beat  used  to  simulate  the  amplifier  performance  The 
calculated  efficiency  and  output  power  are  shown  in  Figure  4  as  a  function  of  frequency  for  various  velocity  meads  of 
the  election  beam.  The  effidimcy  drops  slowly  as  the  beam  velocity  spread  increases  but  the  jmiMmwmn  bandwidth  shrinks 
more  rapidly.  Simulations  also  show  that  the  amplifier  operation  is  insensitive  to  the  guiding  spread  At  Av^vj  >  2 
%.  the  saturated  efficiency  and  gain  are -12*  and- 30  dB.  Tbe  bandwidth  is  predicted  to  be  -  10  %  with  output  frequency 
in  the  range  erf  90  -  100  GHz.  A  drive  signal  of  -  10  W  in  tbe  30-33  GHz  frequency  range  is  wfljrifw  to  saume  the 
output  power  in  the  frequency  range  of  90  - 100  GHz. 


CONCLUSION 

Experiments  on  the  Ka-band  two-stage  tapered  gyro-TWT  amplifier  are  underway  with  the  improved  mput  directional 
coupler.  The  ridged  SWCA  has  been  designed  to  conduct  Ka-band  experiments  operating  at  a  low  ■«;■*««•  field.  The 
frequency  multiplied  harmonic  gyro-TWT  has  been  investigated  to  produce  W-bral  radiation  with  -  10  % 
bandwidth.  Both  the  SWCA  and  the  harmonic  gyro-TWT  require  an  axis-encircling  beam  with  low  velocity  spread. 
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Figure  1.  Cross  section  view  of  the  ridged  slow  wave 
circuit 


Figure  3.  Schematic  of  the  bcoaftand  frequency  multiplied 
harmonic  gyro-amplifier  with  magnetic  field  and  oaoff 
frequency  axial  profiles. 


Figure  4.  Efficiency  and  output  power  versos  output 
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Figure!  Return  loss  of  the  BeO  window. 
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ABSTRACT 

A  two-stage  slow  wave  cyclotron  amplifier  is  investigated  to  demonstrate  a  high  power, 
stable,  and  broad  Ka-band  radiation  source,  operating  at  a  low  beam  power  (-  60  kV,  -  5 
amps)  and  a  low  magnetic  field  (  ~  7  kG).  A  linear  theory  predicts  that  the  second 
harmonic  gyro-BWO  is  competing  in  the  amplifier  and  can  be  stabilized  by  inserting  a  sever 
in  the  interaction  circuit.  A  slow-time-scale  non-linear  code,  with  a  sever  included,  predicts 
a  saturated  gain  ol' 24  -  28  dB,  an  efficiency  of  15  -  17  9b,  and  an  instantaneous  bandwidth 
of  15  -  20  %  at  a  beam  axial  velocity  spread  of  2  %.  A  broadband  rf  coupler  and  a  mode 
converter  are  designed  by  the  use  of  a  3-D  electromagnetic,  finite  element  code.  Measured 
rf  characteristics  are  in  good  agreement  with  predictions. 
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I.  INTRODUCTION 


Increasing  demands  on  broadband  radiation  sources  in  millimeter  and  submillimeter 
wavelengths  for  applications  such  as  high  resolution  radar/com  muni  cations^  make  gyration 
devices  attractive  because  of  their  high  power  handling  capability.  The  Vacuum  Electronics 
Branch  at  NRL  is  making  continuing  efforts  in  the  development  of  stable,  broad 
(bandwidth  >  20  %)  Ka-band  gyro-amplifiers  operating  at  a  low  beam  power  (<  100  kV,  < 
5  amps).  One  of  the  recent  gyro-amplifier  experiments  is  a  tapered  single-stage  gyro-TWT 
amplifier^.  It  has  demonstrated  a  saturated  power  of  S  kW  and  an  instantaneous  bandwidth 
>  30%  in  the  Ka-band  frequency  range.  As  in  usual  single-stage  amplifiers  without  severs, 
however,  the  gain  was  limited  by  the  traveling  wave  mismatch  between  the  RF  amplifying 
circuit  and  the  vacuum  window.  A  two-stage  tapered  gyro-TWT^  reduces  sensitivity  on 
the  wave  mismatch  and  enhances  the  amplifier  gain  without  gain  fluctuation  with 
frequency. 

Gyro-devices  such  as  tapered  gyro-TWT  amplifiers  are  operated  at  a  very  high 
external  magnetic  field,  e.g.,  9  •  14  kG  to  produce  Ka-band  radiation.  Harmonic 
operations  in  gyro-peniotrons4  and  gyro-TWTs  with  a  vane  structure^  are  proposed  to 
overcome  such  a  high  magnetic  field  requirement.  Another  concept  on  a  millimeter  wave 
gyro-device  operating  at  a  low  magnetic  field  is  a  dielectric  loaded  slow  wave  cyclotron 
amplifier  (SWCA).  The  beam-wave  instability  in  the  SWCA  (called  Weibel  instability^) 
takes  place  when  the  gyrating  beam  is  in  resonance  in  phase  with  a  slow  waveguide  mode 
and  an  axial  bunching  due  to  a  v^  x  §  force  dominates  where  v_l  is  a  beam  perpendicular 
momentum  and  B  is  a  rf  magnetic  field.  It  is  shown  that  the  Weibel  instability  competes 
with  a  cyclotron  resonance  maser  instability:  azimuthal  bunching  dominates  in  a  fast  wave 
region  and  axial  bunching  dominates  in  a  slow  wave  region?.  One  advantage  of  the  SWCA 
over  the  harmonic  gyro-devices  is  that  a  SWCA  interaction  range  can  be  designed  to  be 
broadband  because  a  constant  wave  group  velocity  is  maintained  over  a  wide  frequency 
range  when  the  waveguide  is  loaded  such  that  the  wave  group  velocity  is  close  to  the  beam 


axial  velocity  in  the  slow  wave  region  (Vp^  <  c).  In  addition,  a  fundamental  cyclotron 
mode  can  couple  to  the  lowest  waveguide  mode,  thus  less  mode  competition  is  expected. 

Linear  theories  on  the  dielectric  loaded  slow  wave  cyclotron  amplifier  were  reported 
for  both  a  rectangular  waveguide**  and  a  circular  waveguide^  in  early  1980s.  The 
experiment  at  Yale  proved  the  principle  of  the  slow  wave  cyclotron  interaction  in  a  higher 
order  mode.  TEoi  circular  waveguide  mode  10.  However,  the  interaction  circuit  was  not 
optimized  due  to  the  lack  of  a  large  signal  non-linear  theory  of  the  beam-wave  interaction. 
Further,  the  bandwidth  of  the  amplifier  was  not  as  wide  as  expected,  probably  due  to  low 
beam  quality  with  large  axial  velocity  spread  and  mode  competition  with  other  hybrid 
modes  and  backward  wave  oscillations.  No  other  experimental  result  on  the  SWCA  was 
published. 

Recently,  a  slow-time-scale  non-linear  code*  *  has  been  developed  for  the  SWCA. 
The  present  paper  describes,  by  the  use  of  the  non-linear  code,  detailed  design  studies  on  a 
two-stage  SWCA  with  a  sever  to  demonstrate  a  stable,  broadband  millimeter  wave  gyro- 
amplifier  with  high  gain.  Amplifier  stability  in  the  second  harmonic  gyro-BWO  was 
examined  from  a  linear  theory.  To  demonstrate  the  wide  bandwidth  of  the  amplfier,  a  rf 
input  coupler  was  designed  for  a  high  directivity  and  a  high  coupling  value  over  a 
broadband  frequency  range.  A  compact  multi-hole  directional  coupler  has  been 
constructed,  based  on  a  Chebyschev  coupling  theory  *2  and  a  Bethe's  coupling  theory  *3. 
Cold-test  measurements  show  good  agreement  with  theoretical  predictions  and  simulation 
results  from  a  3-D  electromagnetic,  finite  element  code  (HFSS*^). 

II.  DISPERSION  CHARACTERISTICS 

A  proposed  experimental  configuration  is  shown  in  Figure  1.  Since  the  Larmor 
radius  of  a  gyrating  beam  is  larger  at  smaller  magnetic  field,  an  axis-encircling  beam  is  used 
to  couple  the  lowest  mode  of  a  dielectric  lined  rectangular  circuit.  A  high  quality  axis- 
encircling  beam  is  produced  from  a  triple-pole-piece  center- posted  gun  *5.  A  ratio  of 


perpendicular  velocity  to  parallel  velocity,  a  =  vj_/v||,  is  externally  controlled  by  a  bias 
voltage  applied  to  two  electrodes  placed  directly  after  the  cathode  and  magnetic  fields  in  the 
pole  piece  region.  As  shown  in  Figure  1.  two  dielectric  slabs  line  the  narrow  walls  in  the 
circuit.  Tran  star  1 6  (AI2O3  (99.9  %),  relative  dielectric  constant  (er)  =  10.1)  was  chosen 

because  of  low  loss  tangent  (-10*4)  and  high  dielectric  strength  (-190  kV/cm).  Wave 
dispersion  characteristics  of  a  dielectric  lined  rectangular  waveguide  are  generally  described 
by  LSE  (longitudinal  section  electric)  and  LSM  (longitudinal  section  magnetic)  modes  17. 
LSEX  (Ex  =  0)  and  LSMX  (Hx  =  0)  modes  are  often  refered  as  TEX  and  TMx  modes 
respectively  where  electric  fields  for  LSEX  and  magnetic  fields  for  LSMX  can  be  either 
symmetric  or  asymmetric  with  respect  to  x  =  0  plane.  Using  the  boundary  conditions  of 
ESan  =  Etan  =  0  conductor  and  E^  =  E^.  =  H^, 

£oE2onn  =  edEnonn*  4oH2onn  =  Hd  H2orm  on  vacuum -dielectric  interface  where  0  and  d 
denote  vacuum  and  dielectric  regions  respectively,  one  can  get  dispersion  relations  as 

^nmtan^nni^  ~  ^nmc0l^nmw  =  0 

^nmcol^nm^  +  ^nmcol^nmw  =  0  Equ.  1 

for  even  symmetry  TEXnm<  odd  symmetry  TExnm  modes,  and 

£r^nm^n^nni^  +  ^nmtan^nmw  =  0 

er^nmcol^nm^  “  ^nmtan^nmw  =  0  Equ.  2 

for  even  symmetry  TMXnm-  odd  symmetry  TMXnm  modes  respectively.  Here,  knm  is 
((2icf/c)2-(m7t/Ly)2-k||2)1/2,  knm'  is  (er(27tf/c)2-(mji/Ly)2-k||2)l/2,  k||  is  an  axial 
propagation  constant,  er  =  £d/eO<  d  is  the  distance  from  center  to  dielectric,  w  is  dielectric 
thickness,  and  Ly  is  height.  The  subscript  n  is  the  n-th  root  of  the  dispersion  relations. 


The  lowest  mode,  TExio*even,  was  chosen  as  an  operating  mode.  The  only  non- zero 
electric  field  of  the  TEX  10-even  mode  is  an  Ey-component,  given  by 


Ey  -  Ami,  *cos^nmx 
e0 

E$  =  Am— -Sinklun(Lx-lxl) 

£0  sink^w  Equ.  3 


where  Lx  =  d  +  w  and  Am  is  constant.  As  shown  in  Figure  2,  it  is  interesting  to  note  that  a 
peak  electric  field  of  the  TEX  10-even  mode  shifts  into  a  dielectric  region  as  frequency 
increases.  This  is  different  from  the  case  of  an  empty  metallic  waveguide  in  which  a 
transverse  electric  field  profile  is  independent  of  frequency.  It  indicates  that  a  beam-wave 
coupling  strength  in  the  slow  wave  structure  is  weak  in  a  high  frequency  region,  as  will  be 
also  shown  in  non-linear  simulations  later. 

The  slow  waveguide  mode  becomes  unstable  when  in  phase  synchronism  with  a 
beam  cyclotron  mode,  given  by 

(1)  =  s — ^  +  kuPyC  Equ.  4 


where  s  is  a  harmonic  number.  Oi^/y  is  a  relativistic  cyclotron  frequency  and  fill  is  a  beam 
axial  velocity.  Uncoupled  dispersion  relations  of  a  fundamental  beam  mode  and  six  lowest 
waveguide  modes  in  a  regular  rectangular  dielectric  lined  circuit  are  calculated  using  Equ.  1 
and  Equ.  2  and  plotted  in  Figure  3.  It  is  also  shown  that  HFSS  simulations  on  dispersion 
relations  are  in  good  agreement  with  the  calculation.  Note  that  the  TMxi  ]  mode  intersect 
with  the  designed  TEx  10-even  mode  at  -  33  GHz.  An  irregular  circuit,  as  the  cross-section 
view  is  shown  in  Figure  1,  is  designed  so  that  the  fundamental  beam  mode  does  not 
intersect  with  any  undesired  TMX  modes  in  band.  The  dielectric  height  is  less  than  the 
beam  tunnel  and  tapered  down  by  5°  to  raise  cutoff  frequencies  of  the  TMX  modes  without 


affecting  the  TEx  modes.  Waveguide  dispersion  curves  of  the  irregular  circuit  obtained 
from  the  HFSS  code  are  presented  in  Figure  4. 

An  experimental  verification  was  performed  by  the  use  of  a  HP  851  OB  network 
analyzer  to  check  the  validity  of  the  code  results  on  the  dispersion  characteristics.  A  rf 
signal  couples  in  and  out  from  an  enclosed  cavity  by  means  of  two  small  coupling  holes  to 
avoid  perturbation  of  the  resonant  peaks.  As  shown  in  Figure  4,  measured  resonant 
frequencies  of  the  TEX  iOp-even  modes  (axial  mode  index,  p  =  1. 2,  3,  and  4)  are  in  good 
agreement  with  the  prediction.  This  measurement  also  provides  a  measured  value  of  the 
dielectric  constant  of  Transtar.  £r  =  10. 1. 

III.  STABILITY  ANALYSIS  AND  CIRCUIT  DESIGN 

A  self-consistent  slow-time-scale  non-linear  code!  1  has  been  used  to  simulate  the 
performance  of  a  single  stage  SWCA.  In  this  formulation,  the  electromagnetic  field  is 
expanded  as  a  superposition  of  unperturbed  TE  modes  of  an  empty  waveguide.  Maxwell's 
equations  are  averaged  over  a  wave  period,  allowing  a  series  of  slow-time-scale  equations 
to  be  derived  for  the  evc'ution  of  the  amplitude  and  phase  of  each  TE  mode  as  driven  by  an 
electron  beam  in  an  external  guide  magnetic  field.  In  general,  the  guide  magnetic  field  is 
axisymmetric  but  nonuniform.  The  modes  are  coupled  through  their  mutual  nonlinear 
interaction  with  the  ensemble  of  beam  electrons.  The  wave-period  averaging  allows  multi- 
mode  interactions  to  be  considered  provided  the  frequencies  are  integral  multiples  of  a 
fundamental  frequency,  and  provided  the  time  average  is  done  over  the  fundamental  wave 
period.  In  this  case,  the  particles  that  enter  the  interaction  region  at  times  separated  by 
integral  multiples  of  the  fundamental  wave  period  will  execute  identical  trajectories  even 
though  they  interact  with  many  modes.  The  time-averaged  field  equations  are  integrated 
simultaneously  with  the  three  dimensional  Lorentz  force  equations  that  determine  the 
particle  orbits.  No  averaging  is  done  for  the  orbit  equations.  The  trajectory  of  each  particle 
is  calculated  by  summing  contributions  from  each  mode.  The  non-linear  equations  for 


gyroiron  traveling  wave  amplifiers  including  the  effects  of  guiding  center  motion  and  axial 
velocity  spread.  The  theory  can  be  easily  extended  to  include  a  nonuniform  guide  magnetic 
field.  In  the  simulation,  all  other  modes  except  a  TExiO-even  mode  are  assumed  to  be 
absent  and  ohmic  loss  of  a  dielectric  material  is  ignored. 

Since  the  peak  RF  Held  is  located  in  the  dielectric  in  the  slow  wave  region,  the  beam 
should  be  propagated  close  to  the  dielectric  surface  for  high  efficiency.  However,  in 
practice,  a  beam  radius  (or.  a  Larmor  radius  in  a  axis-encircling  beam)  can  not  be  more  than 
0.9  d  because  of  difficulties  in  aligning  a  beam  axis  to  a  magnetic  field  axis  and  in  having  a 
straight  field  axis.  In  the  present  design,  a  30  mil  clearance  between  a  beam  and  a 
dielectric  surface  is  chosen.  To  compensate  the  weak  interaction  due  to  such  a  large 
clearance  for  beam  propagation,  a  longer  interaction  length  or  a  higher  input  power  would 
be  required  for  saturation.  Increasing  the  input  power  for  saturation  is  limited  by  the 
threshold  breakdown  power  of  a  dielectric  and  power  handling  capability  of  waveguide. 
Figure  5  shows  the  difference  of  saturation  lengths  between  the  case  of  a  30  mil  clearance 
and  15  mil  clearance  where  a  beam  axial  velocity  spread,  Av||/v||  =  2  %  is  assumed  for  both 
cases.  The  interaction  length  for  the  case  of  30  mil  clearance  is  about  30  %  longer, 
compared  with  the  case  of  1 5  mil  clearance.  Note  that  the  saturated  efficiencies  are  about 
the  same  for  the  two  cases.  Figure  6  illustrates  a  large  signal  efficiency  versus  axial  length 
for  Av||/v||  =  0  %,  2  %,  and  4  %.  The  efficiency  is  very  sensitive  to  the  velocity  spreads. 
This  is  because  the  SWCA  interaction  takes  place  in  the  large  value  of  propagation 
constant,  k||.  An  interaction  circuit  length,  Lz  =  27  cm,  is  determined  where  a  maximum 
efficiency  occurs  at  Av||/v||  =  2%. 

As  seen  in  the  dispersion  relation  in  Figure  4,  a  possible  oscillation  in  the  second 
harmonic  TEX  jo-odd  mode  exists  in  such  a  long  single-stage  SWCA  circuit  A  universal 

equation  for  a  gyro-BWO  threshold  condition  is  derived  in  other  literature^.  A  BWO 
threshold  current  or  length  is  predicted  by  solving 
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Equ.  5 
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)exp(j5kiLz)  =  0 


where  A  is  a  detuning  parameter,  A  =  kl  +  (a)-sftc/y)/P|,  and  Lz  is  an  interaction 
length  normalized  by  Lx.  The  three  8k  j  values  are  roots  of  a  cubic  equation, 

8k(8k-A)2+£3  =  0  Equ.  6 


where  the  coupling  constant,  £,  is  related  to  all  beam  and  circuit  parameters.  A  general 
solution  of  Equ.  5  is  gLz  =  1 .9733  where  g  is  related  to  £  through 


,3  _ 


Equ.  7 


A  linear  theory8  of  the  slow  wave  cyclotron  interaction  predicts  a  coupling  constant  of 


Equ.  8 


where  47C£()moc-3/e  =17.1  kA,  Ly  is  a  circuit  height,  ro  is  a  beam  radius,  rL  is  a  beam 
Larmor  radius.  A  dimensionless  quantity,  0,  for  odd-symmetry  modes  such  as  a  TEXnO* 
odd  mode  is  given  as 


0  = 


d  L  sin2knmd  \  [  £  w 

d  +  w^  2knmd  J  £0d  +  w 


sin2k'mnw> 
2k  nm w  j 


Equ.  9 


For  even-symmetry  modes.  sin2knmd  is  replaced  with  -sin2knmd  and  cos^knmd  with 
sin^knmd.  From  Equ.  7  and  Equ.  8.  a  threshold  current  of  gyro-BWO  in  the  second 
harmonic  TEx  10-odd  mode  interaction  is  derived  as 

I*  =  - ,  Equ.  10 

e  Pl(knmLx)  {l  +  JofSknnj^jjjstkna,^)} 

where  a  cold  beam  is  assumed.  Figure  7  illustrates  threshold  currents  versus  interaction 
circuit  length  for  a  =  0.6. 0.8.  and  1.  Since  a  single-stage  circuit  with  an  interaction  length 
of  27  cm  is  predicted  to  excite  the  second  harmonic  gyro-BWO,  a  two-stage  circuit  with  a 
sever  is  employed  for  stable  operation  of  the  amplifier  at  high  gain.  A  circuit  length  of  each 
section  is  determined  to  be  shorter  than  the  threshold  length  corresponding  to  the  operating 
beam  current  of  5  amps. 

The  slow-time-scale  non-linear  code  used  for  examining  the  single  stage  SWCA  has 
been  modified  to  design  a  two-stage  circuit  with  a  sever,  in  the  code,  rf  electric  fields  are 
set  at  zero  in  the  sever  region.  Since  a  saturation  length  or  power  depends  on  an  input 
frequency,  all  the  following  simulations  were  optimized  at  a  frequency  of  30.4  GHz. 
Figure  8  shows  gain  and  efficiency  versus  input  rf  power  where  Av||/v||  =  2  ck,  input 
section  =  13.6  cm,  sever  =  1 .5  cm,  and  output  section  =  14.1  cm.  Saturation  occurs  at  the 
input  power  of  200  watts.  The  dependence  of  electronic  efficiency  on  a  sever  length  is 
depicted  in  Figure  9.  A  sever  length  of  1  -  2.5  cm  is  determined  to  be  an  optimum  length. 
As  shown  in  Figure  10,  large  signal  simulations  of  the  two-stage  SWCA  predict  an 
efficiency  of  —  15  %,  gain  of  -  24  dB,  and  an  instantaneous  bandwidth  of  ~  15  %  where 
Av||/v||  =  2%.  Table  1  summarizes  the  design  parameters  of  the  two-stage  SWCA. 

A  2-1/2-D  particle-in-cell  (PIC)  code,  MAGIC ^  simulation  with  a  cold  beam  is 
performed  to  compare  with  the  large  signal  results  from  the  slow-time-scale  non-linear 
code.  The  PIC  code  includes  a  fast-time-scale  phenomena  and  space  charge  effects  which 


are  assumed  iu  be  negligible  in  the  non-linear  code.  MAGIC  is  capable  of  modeling  and 
simulating  the  SWCA  circuit  because  both  the  axis-encircling  beam  and  the  Ey-component 
of  TExlO  modes  are  symmetric  along  y-axis.  A  sever  is  modeled  with  two  lossy  dielectrics 
lined  on  the  side  walls  which  resistivity  changes  gradually  along  axis  so  that  a  return  loss  is 
negligible.  A  TEX  10-even  mode  with  frequency  =  30.4  GHz  and  input  power  =  147  W  is 
launched  at  the  beam  entrance.  As  shown  in  the  MAGIC  output  plots  in  Figure  11,  an 
injected  rf  field  keeps  growing  in  the  input  section  until  it  encounters  the  sever  in  which  rf 
power  is  attenuated  by  -  23  dB.  A  bunched  electron  beam  passes  through  the  sever  and 
gives  up  its  kinetic  energy  to  a  rf  energy  in  the  output  section  until  saturation.  Rf  growth 
becomes  saturated  at  -  26  cm,  which  is  in  good  agreement  with  a  saturation  length  of  26.3 
cm  predicted  from  the  non-linear  code.  Energy  re-aborption  to  the  electron  beam  after 
saturation  is  seen  as  well.  This  is  because,  as  mentioned  early,  the  circuit  length  for 
saturation  is  optimized  at  Av||/v||  -2%.  Both  a  frequency  spectrum  and  a  transverse  mode 
pattern  confirm  a  single  TEX  10-even  mode  at  30.4  GHz.  An  amplified  rf  power  is  obtained 
by  calculating  a  slope  in  Figure  1 1(b),  which  is  an  energy  gained  from  rf  to  an  electron 
beam  divided  by  a  time  period.  The  calculated  gain  of  25.6  dB  agrees  with  26  dB  obtained 
from  the  non-linear  simulation.  The  small  discrepancy  could  be  due  to  the  difference  in 
modeling  the  sever:  in  the  non-linear  code,  the  whole  sever  region  assumes  zero  field 
whereas,  in  the  MAGIC,  rf  attenuates  gradually  as  in  an  actual  tapered  sever.  No  gyro- 
BWOs  were  excited  as  expected.  More  MAGIC  simulations  with  different  input  powers 
are  presented  in  Figure  12,  showing  good  agreements  between  the  particle-in-cell  code  and 
the  slow-time-scale  non-linear  code. 

When  a  high  energenic  electron  beam  is  intercepted  in  the  circuit,  an  rf  amplification 
would  no  longer  last  because  a  temperture  rise  in  the  dielectric  changes  the  dielectric 
properties.  Another  source  of  a  temperature  rise  is  in  a  finite  loss  tangent  of  Transtar. 
Power  dissipation  is  written  as 


where  tanS  is  loss  tangent,  £  is  given  in  Equ.  3,  and  integration  is  over  dielectric  volume. 
For  loss  tangent  of  1(H.  the  ratio  of  a  dissipated  power  in  the  dielectric  power  to  a  total 
power  in  the  circuit  is  calculated  to  be  -23  dB,  which  is  significant  in  the  operation  with  a 
high  duty  cycle.  The  sensitivity  of  the  amplifier  performance  on  the  change  of  a  dielectric 
constant  was  examined.  .As  shown  in  Figure  1 3,  an  efficiency  and  bandwidth  of  the 
amplifier  drop  by  half  when  the  dielectric  constant  is  changed  by  -2%.  A  cold-test  has 
been  performed  to  observe  a  dielectric  constant  change  as  a  function  of  temperature  by 
measuring  cavity  resonant  frequencies  of  a  TEX  104-even  mode.  A  thermal  expansion  of  the 
cavity  metal  enclosure  and  the  dielectric  was  taken  into  account  in  calculating  a  dielectric 
constant  As  shown  in  Figure  14,  the  dielectric  constant  of  10.08  at  room  temperature 
changes  to  10.23  at  200  °C,  which  was  observed  similarly  in  other  dielectric  materials^. 
Therefore,  temperature  rise  should  be  monitored  during  experiments,  and  circuit  cooling 
may  have  to  be  applied. 

In  order  to  drain  the  space  charge  off  in  case  of  electron  beam  bombarment  a 
conducting  material  should  be  applied  on  the  dielectric.  Arrays  of  thin  wires  on  the 
dielectric  surface  perpendicular  to  the  electric  field  direction  would  cure  the  charge  buildup 
problem.  However,  HFSS  simulations  predict  that  hybrid  modes  become  very  dense  near 
the  operating  mode,  resulting  in  undesired  mode  competition.  A  thin  conducting  film 
which  thickness  is  much  less  than  a  skin  depth  is  sputtered  on  the  dielectric  surface  to  drain 
the  space  charge  off. 


IV.  RIDGED  SLOW  WAVE  CIRCUIT 

A  ridged  irregular  circuit,  as  shown  in  Figure  15(a).  is  proposed.  It  consists  of  two 
dielectrics  lined  on  the  narrow  walls  and  four  metal  ridges  next  to  dielectrics.  Dielectric 


height  is  less  than  beam  tunnel  as  be  lore,  so  that  TMX  modes  can  not  be  supported  in  the 
circuit  in  the  operating  frequency  range.  One  of  the  major  advantages  is  that  the  metal 
ridges  prevent  electron  beam  bom  barmen  t  on  dielectrics.  Therefore,  one  can  design  the 
circuit  of  shorter  length  and  tighter  clearance  between  beam  and  dielectric.  In  addition, 
beam-wave  coupling  in  the  ridged  circuit  is  expected  to  be  stronger  than  the  circuit  without 
ridges  because  a  peak  electric  field  shifts  from  inside  dielectric  to  near  ridges.  Electric  field 
distributions  for  the  cases  of  a  regular  curcuit  and  a  ridged  circuit  are  shown  in  Figure 
15(b).  With  a  20  mil  clearance,  the  large  signal  non-linear  simulations  are  performed 
assuming  a  regular  circuit  It  predicts  an  efficiency  of  17  %.  a  gain  of  28  dB,  and  an 
instantaneous  bandwidth  of  20  %  (29  -  36  GHz)  where  input  section  =  9.3  cm,  output 
section  =  13.9  cm,  sever  -  1 .2  cm,  input  power  =  90  W,  and  Av||/v||  =  2  %.  A  dispersion 
curve  of  a  TExio  mode  in  the  ridged  circuit  is  not  significantly  affected  by  the  ridges  and 
the  irregular  dielectric  shaping.  Even  broader  band  operation  than  the  predicted  bandwidth 
(>  20  %)  may  be  possible  because  a  constant  group  velocity  of  the  TEX  10-even  mode 
extends  to  the  high  frequency  regime.  A  drawback  of  the  ridged  circuit  would  be  rf 
breakdown  across  the  ridges  and  thus  it  is  not  suitable  for  extremely  high  power 
applications.  However.  HFSS  simulation  predicts  that  the  peak  electric  field  around  the 
ridges  are  -  3(1  kV/cm  for  rf  power  of  50  kW,  which  is  less  than  the  breakdown  threshold 
field  in  vacuum  (-  100  kV/cm). 

V.  BROADBAND  RF  COUPLER 

A  rf  coupler  in  the  SWCA  should  have  a  broadband  coupling  characteristic.  A 
direct  side  wall  coupling  on  the  dielectric  lined  circuit  by  a  multi-hole  directional  coupler 
was  considered,  in  which  scheme  undesired  oscillations  in  the  coupling  region  may  be 
avoided  if  a  length  can  be  designed  to  be  short.  However,  since  a  coupling  hole  spacing  is 
a  quarter- wavelength  and  becomes  shorter  by  a  factor  of  (er)^2  than  a  regular  metallic 

waveguide,  a  number  of  small  holes  are  required  to  have  a  high  coupling  value.  As  a 


result,  a  total  longitudinal  length  may  become  longer  than  a  circuit  length.  In  the  present 
design,  as  shown  in  Figure  1 .  an  input  rf  power  is  coupled  into  the  dielectric  lined  circuit 
by  two  steps:  (i)  the  rf  signal  from  a  frequency  synthesizer  is  coupled  through  a  broadwall 
multihole  directional  coupler  in  rectangular  Ka-band  waveguides,  and  (ii)  the  fast  wave  in 
the  Ka-band  waveguide  converts  into  a  slow  wave  in  the  circuit  The  amplified  if  in  the 
output  section  can  be  coupled  out  either  directly  through  the  mode  converter  to  a  Ka-band 
waveguide,  or  through  a  directional  coupler  so  that  beam  is  separated  from  rf.  Both  a 
directional  coupler  and  a  mode  converter  are  designed  so  that  the  maximum  rf  power  can  be 
transferred  into  the  desired  mode  in  the  circuit,  TEx  10-even  mode.  Further,  a  return  loss 
on  each  component  has  to  be  designed  to  meet  the  amplifier  stability  condition,  G  >  L  + 
Rjn  +  Rquj,  where  G  is  an  amplifier  gain,  L  is  a  circuit  ohmic  loss.  Rji,  is  a  reflection  in  the 
input  end  and  Roul  is  a  reflection  in  the  output  end. 

A  compact  (-  6  cm  long)  input  directional  coupler  was  designed  for  high  forward 
coupling  strength  and  wide  bandwidth  i.i  a  Ka-band  frequency  range,  based  on  the  8 
element/4  array  Chebyshev  theory  and  the  Bethe's  coupling  theory.  Consider  a  wave 
incident  on  port  1  as  shown  in  Figure  16(a).  In  general,  for  a  n-hole  distribution,  a 
backward  coupling  amplitude  seen  on  port  3  is  given  by 

Aback  -  laie'2*-'*  Equ.  12 

i=l 

where  0  is  a  phase  difference  between  two  adjacent  holes  and  aj  is  a  coupling  amplitude  of 
a  i-th  hole.  For  a  8-hole  distribution  (n  =  8).  a  backward  coupling  amplitude  is  written  as 

IAbackl=  2{aiT7(cos0)+a2T5(cos<{»)  +  a3T3(cos0)  +  a4T](cos<»}  Equ.  13 

where  the  8  holes  are  assumed  to  be  symmetric,  or  tail  =  Ia9.il,  and  a  property  of  a 
Chebyschev  polynomial  function,  Tn(cos0)  =  cosn<J>,  is  used.  In  order  to  have  a 


Chebyschev  equal  ripple  directivity  over  a  given  frequency  band,  Equ.  13  is  required  to  be 
equal  to  AoTn_i(cos<J>/cos0o)  where  Aq  is  a  maximum  amplitude  of  a  backward 

coupling.  From  this  equality,  a  Chebyschev  taper  of  coupling  amplitude  is  derived  in  terms 
of  cos<|>o. 

Superposition  of  Chebyschev  arrays  yields  a  high  coupling  strength  and  broad 
bandwidth  in  a  limited  coupling  area.  The  unknown  parameter,  $o  is  determined  from  the 

condition  of  equal  coupling  strength  of  a  uniform  hole  array.  A  distribution  of  8  elements 
and  a  superposition  of  4  arrays  are  illustrated  in  Figure  16(b).  To  have  equal  coupling 
amplitude  in  the  uniform  region,  it  requires  aj  +  a4  =  &2  +  a3-  This  determines  the  $q- 
value.  Note  that  the  quantity,  (aj  +  a4),  represents  a  coupling  amplitude  per  hole  in  the 

uniform  hole  region.  Since,  in  a  rectangular  waveguide,  two  rows  of  a  longitudinal  multi¬ 
hole  coupling  array  can  be  placed,  a  total  coupling  amplitude  is  32  times  (aj  +  a4>.  For 

instance,  a  forward  coupling  of  0  dB  requires  a  coupling  per  hole  of  -30.1  dB  for  32 
identical  holes. 

With  a  total  coupling  value  given,  a  hole  size  and  a  hole  location  are  determined 
from  the  Bethe's  small  hole  coupling  theory.  For  two  identical  rectangular  waveguides,  a 
coupling  amplitude  through  a  single  hole  is  given  by 


Equ.  14 

where  Xg  is  a  guided  wavelength  given  as  c/[f(  1  -(fco/f)^)  ^] ,  Risa  radius  of  a  circular 
coupling  hole,  £  is  the  distance  from  waveguide  side  wall  to  center  of  hole,  and  La  and  Lb 
are  waveguide  width  and  height  respectively.  The  upper  (lower)  sign  denotes  forward 
(backward)  coupling  amplitude.  Since  the  Bethe's  theory  was  developed  with  the 
assumption  of  coupling  through  a  small  hole  which  thickness  is  negligible,  a  correction  for 


A  coupling  ~  J 
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a  large  area  of  the  coupling  aperture  is  necessary  for  a  better  estimation  of  the  required 
coupling  strength.  The  thickness  of  the  coupling  wall  makes  significant  effects  on  the 
coupling  strength  because  of  the  exponential  attenuation  of  rf  in  the  coupling  wall  given 
by^I 
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Equ.  15 


where  t  is  a  coupling  wall  thickness  and  l'co  is  a  cutoff  frequency  in  a  rectangular 
waveguide.  A  coupling  amplitude  correction  due  to  the  resonance  effect^!  in  the  hole 
given  by 
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reson  = 
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vco/ 


Equ.  16 


should  be  also  considered,  where  fCo  is  the  cutoff  frequency  of  a  fundamental  mode  in  a 
circular  coupling  hole.  The  effective  coupling  amplitude  is  the  sum  of  all  three,  or 


Aeff  ~  ^coupling  +  ^ thick  +  ^  reson 


Equ.  17 


In  Figure  17,  a  coupling  strength  of  each  circular  hole.  Aeff,  is  plotted  as  a  function  of  a 
hole  location,  £,  for  various  hole  radii  where  frequency  is  a  mid-frequency,  32.9  GHz. 
There  are  several  choices  of  hole  radius  to  meet  the  required  coupling  strength  of  each  hole 
of  -30.1  dB.  In  order  to  examine  coupling  flattness  over  frequency,  Aeff  versus  frequency 
for  various  hole  radii  is  plotted  in  Figure  18.  Note  that  coupling  of  each  hole  becomes 
weaker  as  frequency  is  away  from  the  cutoff  frequency.  Since  the  multi-hole  directional 


coupler  is  designed  for  a  broad  bandwidth  with  minimum  ripples  in  band,  a  hole  radius  is 
determined  at  2R/La  =  0.368  or  R  =  0. 131  cm.  Other  tapered  hole  radii  are  determined 
similarly  from  the  Chebyschev  taper  of  the  coupling  amplitude,  discussed  early.  It  is 
interesting  to  note  that  coupling  strength  of  each  hole 

A  minimum  directivity  (where  a  directivity  in  dB  unit  is  defined  as  D  =  20 
log(Afw£j/Aback))  estimated  from 


Dmio  =  20logT„_,<— ) 


Equ.  18 


where  a  forward  coupling  amplitude  is  I  Afwdl=  AoTn_j(l  /  cos<|>o)  and  -1  <  Tn.j  £  1  is 
used.  A  hole  spacing  is  determined  from  Xg/4  where  frequency  is  a  center  frequency  of 
minimum  and  maximum  frequency  obtained  from  the  inequality.  And,  a  coupling 
bandwidth  (minimum  and  maximum  frequency)  is  obtained  through 

4>o  -  ~T~  -  71  -  4>o  Equ.  19 


where  l  is  a  hole  spacing.  Table  2  summarizes  design  parameters  of  a  multi-hole 
directional  coupler. 

To  compare  the  coupling  theory  and  the  finite  element  code,  HFSS,  the  coupler  was 
simulated  where  rectangular  holes  with  rounded  comers  are  used  instead  of  circular  holes 
in  order  to  increase  the  coupling  strength.  Simulation  results,  as  shown  in  Table  3,  are  in 
good  agreement  with  the  coupling  theories.  Based  on  the  designed  parameters,  a 
directional  coupler  was  fabricated  using  electrical  discharge  machining.  Figure  19  shows  a 
forward  coupling  measurement  obtained  from  a  HP  8510B  network  analyzer. 
Measurements  show  a  coupling  value  of  -0.4  dB  over  22.7  to  >  40  GHz  (BW  >  60  %), 
minimum  directivity  of  40  dB,  and  return  loss  of  <  -25  dB,  which  are  in  good  agreement  of 


I 


the  predictions.  Note  that  the  coupling  flatness  covers  the  whole  Ka-band  frequency 
range.  It  was  also  observed  in  the  HFSS  simulation  as  well  as  the  coupling  theor  that, 
by  reducing  the  coupling  wall  thickness  from  10  mil  to  S  mil,  a  more  compact  <  4  cm 
long)  coupler  with  a  hole  distribution  of  8  elements  and  3  arrays  can  be  designed  Ji  the 
coupling  strength  and  flatness  as  good  as  the  present  coupler. 

The  waveguide  mode  coupled  through  the  directional  coupler  is  a  TEic  ist  wave. 
In  order  to  convert  the  TElO  fast  wave  mode  to  the  operating  TEX  10-even  mode,  a  mode 
converter  is  necessary  between  the  directional  coupler  and  the  circuit  The  mode  converter 
has  two  symmetric  dielectric  slabs  which  facilitates  the  propagation  of  the  TEX  10-even 
mode.  The  convener  employs  two  tapered  sections;  ( 1 )  a  linear  taper  of  two  dielectrics  in 
the  uniform  Ka-band  waveguide  where  a  fast  wave  TEio  mode  converts  into  a  slow  wave 
TEX  lo-even  mode,  and  (2)  both  tapered  dielectrics  and  surrounding  metallic  waveguide  to 
match  with  the  smaller  circuit  dimension.  HFSS  simulations  predict  pure  mode  conversion 
(coupling  value  -  -  0.02  dB)  and  low  return  loss  (-  -  30  dB)  in  the  frequency  range  of  22  - 
36  GHz.  Figure  20  illustrates  the  difference  in  the  mode  conversion  efficiency  between 
two  mode  converters  with  an  irregular  dielectric  shaping  and  a  regular  dielectric  with 
square-corners  lined  in  the  rectangular  waveguide.  Note  that,  for  the  mode  converter  with 
a  regular  dielectric  shaping,  there  is  a  mode  conversion  to  a  TMxi  l-even  mode  at  -  33 
GHz  where  the  TMxi  i-even  mode  has  the  same  phase  velocity  with  the  TExio-even  mode 
(as  seen  in  Figure  3).  Since  the  dielectric  mode  convertor  is  designed  such  that  only 
TEx10~even  mode  in  the  dielectric  loaded  circuit  can  couple  with  the  TE^q  mode  in  the 

standard  Ka-band  waveguide,  all  other  hybrid  modes  which  might  be  excited  from  beam 
instability  would  be  completely  trapped  in  the  circuit.  This  is  another  reason  tha  .  a  sever  is 
inevitable  in  the  circuit. 


VI.  CONCLUSIONS 


A  design  study  on  the  two-stage  SWCA  has  been  performed  to  conduct 
experiments  on  broadband  millimeter  wave  generation  at  a  low  magnetic  field.  A  high 
quality  axis-encircling  beam  with  low  velocity  spread  is  incorporated  in  the  dielectric  lined 
slow  wave  circuit.  To  stabilize  a  gyro-BWO  in  the  second  harmonic  TEx  10-odd  mode 
predicted  by  a  linear  theory,  a  two-stage  circuit  with  a  sever  is  designed.  Slow-time-scale 
non-linear  simulations  of  the  two-stage  SWCA  with  a  30  mil  clearance  predict  an  efficiency 
of  -  15  %  ,  gain  of  -  24  dB  (saturated  output  power  -  50  kW),  and  an  instantaneous 
bandwidth  of  -  15  %  at  input  power  =  200  W  and  Av||/v||  =  2  %. 

A  compact  multi-hole  directional  coupler  with  high  coupling  strength  over  a  wide 
frequency  range  was  designed  and  fabricated  to  inject  RF  power  in  the  input  section. 
Measurements  show  a  coupling  value  of  -  0.4  dB  over  a  60  %  bandwidth  (22.7  to  >  40 
GHz)  and  a  minimum  directivity  of  45  dB,  which  is  in  good  agreement  with  both 
theoretical  predictions  and  HFSS  simulations.  The  HFSS-code  was  utilized  to  design  a 
mode  converter  to  couple  a  fast  wave  injected  from  the  directional  coupler  into  the  slow 
wave  in  the  circuit.  Simulations  show  pure  mode  conversion  (coupling  value  -  -  0.02  dB) 
and  low  return  loss  (-  -  30  dB)  in  the  frequency  range  of  22  -  37  GHz.  One  of  the  main 
difficulties  in  the  SWCA  experiment  will  be  beam  propagation  through  the  circuit. 

A  ridged  slow  wave  circuit  is  predicted  to  be  more  practical  because  there  is  less 
chance  of  electron  beam  interception  directly  on  the  dielectrics.  Since  the  electric  field  is 
enhanced  near  the  ridges,  the  coupling  strength  becomes  strong  even  in  the  slow  wave 
interaction  region.  By  increasing  electron  beam  filling  percentage  in  the  beam  tunnel,  one 
can  design  for  high  gain  (-  28  dB)  with  shorter  interaction  length.  A  detailed  large  signal 
performance  of  the  ridged  circuit  will  be  investigated  in  the  future. 
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FIGURE  CAPTIONS 


Figure  1.  Proposed  experimental  configuration  for  a  two-stage  slow  wave  cyclotron 
amplifier.  A  cross-section  of  an  irregular  dielectric  lined  circuit  is  also  shown. 

Figure  2.  Transverse  electric  field  distribution  of  TEx  lOp-even  modes  where  p  is  an  axial 
mode  index. 

Figure  3.  Calculated  uncoupled  dispersion  relations  of  a  regular  dielectric  lined  circuit 
(TExlO-even,  TMX1 1-even,  TMX  11-odd,  TExio-odd,  TExn-even,  TExn-odd  in  the 
order  of  lowest  cutoff  frequency).  The  filled  square,  open  circle,  open  triangle,  filled 
triangle,  filled  circle,  and  cross  denote  the  dispersion  relations  of  TExio-even,  TMxh- 
even,  TMxj  i-odd.  TExi  O-odd.  TExi  i-even,  and  TExi  l-odd  respectively,  obtained  from 
HFSS  simulations. 

Figure  4.  Uncoupled  dispersion  relations  of  an  irregular  dielectric  lined  circuit,  obtained 
from  HFSS  simulations  (TEX  i  o-even,  TEX  l  O-odd,  TMX  j  i  -even,  TMX  l  j-odd  modes  from 
the  lowest  cutoff  mode).  Dots  are  measured  cavity  resonance  frequencies  of  TExi0p-«ven 
modes  where  cavity  dimensions  are  d=  0. 123  cm,  w  =  0.097  cm,  Ly  =  0.246  cm,  and  Lz 
=  1  cm. 

Figure  S.  Difference  of  saturation  lengths  between  the  cases  of  a  30  mil  clearance  and  IS 
mil  clearance  where  Av||/v||  =  2  %  for  both  cases.  Optimum  design  parameters  are  d  = 
0.153  cm,  w  =  0.095  cm,  Ly  =  0.246  cm,  B  =  6.81  kG,  a  =  0.82,  and  input  power  for 


saturation  =  200  W  at  f  =  30.4  GHz  for  the  case  of  30  mii  clearance;  and  d  =  0.123  cm,  w 
=  0.097  cm,  Ly  =  0.246  cm.  B  =  6.86  kG,  a  =  0.95,  and  input  power  «  170  W  at  f  *  32 
GHz  for  the  case  of  15  mil  clearance. 

Figure  6.  Efficiency  of  a  single-stage  SWCA  as  a  function  of  interaction  length  for  Av||/v|| 
=  0%,  2%,  and  4%. 


Figure  7.  Threshold  currents  of  the  second  harmonic  TEX  10-odd  gyro-BWO  as  a  function 
of  interaction  circuit  length  for  a  =  0.6,  0.8,  and  1.  The  operating  region  for  a  two-stage 
SWCA  is  shown. 

Figure  8.  Gain  and  efficiency  of  a  two-stage  SWCA  versus  input  rf  power  where  Avg/vfi  = 
2  %. 

Figure  9.  Dependence  of  electronic  efficiency  on  sever  length  where  Av||/v||  =  2%  and 
input  power  =  200  W. 

Figure  10.  Efficiency  and  gain  of  a  two-stage  SWCA  as  a  function  of  frequency  for  Av||/v|| 
-2%  and  input  power  =  200  W. 

Figure  11.  Typical  MAGIC  outputs  of  a  two-stage  SWCA  simulation;  (a)  electric  field 
growth  along  axial  length  at  t  =  4  nsec,  (b)  energy  gained  from  rf  to  electron  beam  versus 
time  (negative  slope  corresponds  to  rf  amplification).  A  TEx  10-even  mode  with  200  W  is 
launched  at  left  end  and  propagates  toward  right. 

Figure  12.  Comparison  between  MAGIC  and  slow-time-scale  non-linear  simulations. 
Dots  are  gain  obtained  from  MAGIC  simulations. 


Figure  13.  Sensitivity  of  amplifier  efficiency  on  the  change  of  dielectric  constant  where 
Av||/v||  =  2  %  and  input  power  =  200  W. 

Figure  14.  Measured  cavity  resonant  frequency  shifts  of  a  TEX  104-even  mode  and  the 
corresponding  dielectric  constant  values  as  a  function  of  temperture.  The  frequency, 
35.679  GHz,  is  a  measured  value  at  room  temperature. 

Figure  15.  (a)  cross-section  of  a  ridged  slow  wave  circuit,  (b)  electric  field  profiles  of  a 
regular  and  ridged  circuits. 

Figure  16.  (a)  Model  of  a  multi-hole  directional  coupler,  (b)  layout  of  8  elements  of 
coupling  holes  and  superposition  scheme  of  4  arrays  where  a;  is  the  i-th  coupling  amplitude 

of  5  different  holes. 

Figure  17.  Coupling  strength  per  hole  versus  normalized  hole  location  (2£/La)  for  various 
hole  radii  where  frequency  is  32.9  GHz. 

Figure  18.  Coupling  strength  per  hole  versus  frequency  for  various  radii  where  hole 
location  is  2£/La  =  0.393. 

Figure  19.  Measured  forward  coupling  values  obtained  from  a  HP  8510B  network 
analyzer.  Dots  are  the  HFSS-simulated  coupling  values.  Frequency  sweeps  from  20  GHz 
to  40  GHz.  Vertical  scale  is  3  dB/div. 

Figure  20.  Mode  conversion  efficiencies  obtained  from  HFSS  simulations:  (a)  an  irregular 
dielectric  lined  circuit,  and  (b)  a  regular  dielectric  lined  circuit 


axis-encircling  beam 
V  ~60kV 
I  -5  A 
B  -  7  kG 
a -0.8 
AV2/v2  =  2% 

length  of  input  section  =  13.6  cm 

length  of  output  section  =  14.1  cm 

length  of  sever  =  1.5  cm 

dielectric  thickness  =  0.093  cm 

circuit  width  (Lx)  =  0.248  cm 

circuit  height  (Ly)  =  0.246  cm 

dielectric  =  Transtan  (AI2O3, 99.9%,  er  =10.1) 

input  power  for  saturation  =  200  W 

saturated  output  power  =  50  kW 

large  signal  gain  =  V  <i,B 

large  signal  efficiency  =  15  % 

instantaneous  bandwidth  =  15  %  (29  -  34  GHz) 


coupling  value  =  0  dB 
number  of  holes  per  row  =  20 
coupling  per  hole  =  30. 1  dB 
hole  radius  =  0.131  cm 

hole  location  from  the  narrow  wall  of  waveguide  =  0.14  cm 

hole  spacing  =  0.297  cm 

thickness  of  coupling  wall  =  0.025  cm 

bandwidth  =  24-42  GHz 

minimum  directivity  =  45  dB 


Table  3.  Comparison  between  theory,  simulations  and  measurements  on  a  multi-hole 
directional  coupler 
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A  number  of  propped  applications  of  electromagnetic  waves  require  that  the  radiation  beam  mamtsm  a  high 
intensity  over  an  appreciable  propagation  distance.  These  applications  include,  among  others,  power  beaming, 
advanced  radar,  laser  acceleration  of  particles,  and  directed-energy  sources.  The  quest  to  achieve  these  objectives 
baa  led  to  a  resurgence  of  research  on  diffraction  theory.  We  present  a  survey  and  critique  of  the  analyeee  and 
experimental  testa  of  solutions  of  the  wave  aquation  in  connection  with  so-called  diffraction  Use  and  other  directed 
radiation  beams.  The  examples  discussed  include  electromagnetic  missiles,  Bsmsl  beams,  electromagnetic  direct- 
ed-eneegy  pulse  trains,  and  electromagnetic  bullets. 


1.  INTRODUCTION  AND  SUMMARY 

nifffart inn  ia  «  fundamental  characteristic  of  all  wave  fields, 
be  they  pMnnn,  electrons,  etc.  The  effect  of  diffraction  is 
typically  manifested  when  an  obstacle  is  placed  in  the  path 
of  a  bwmi  On  an  observation  screen  some  diatance  away 
from  the  obstacle,  one  observes  a  rather  complicated  modu¬ 
lation  of  the  time-average  intensity  in  the  vicinity  of  the 
boundary  separating  the  illuminated  region  from  the  geo¬ 
metrical  shadow  emit  by  the  obstacle.1-2 

In  many  applications  it  would  be  highly  desirable  to  prop¬ 
agate  a  beam  over  a  long  diatance  without  an  appreciable 
drop  in  the  intensity.  As  an  example  we  cite  the  possibility 
of  accelerating  particles  to  ultrahigh  energies  by  utilizing 
high-power  !<■«*»•  beams.  Although  the  accelerating  gradi¬ 
ent  in  many  of  these  schemes  ia  extremely  large,  the  actual 
diatance  over  which  the  particle  and  laser  beams  maintain 
an  appreciable  overlap  ia  limited.  The  overlap  is  reduced 
because  of  the  diffraction  of  the  laser  beam,  and  as  a  result 
the  net  gain  in  the  particle  energy  is  limited. 

With  the  use  of  high-power  lasers  and  microwave  sources, 
Jiffrurtinn  of  radiation  beams  with  finite  transverse  dimen¬ 
sions  has  become  a  problem  of  special  importance.  As  an 
Avamplp,  consider  laser  radiation  of  frequency  «  emanating 
from  a  cavity  n«*iH«ting  in  the  fundamental  transverse 
Gaussian  mode.  How  far  will  this  beam  propagate  in  a 
turbulence-free  atmosphere?  More  to  the  point,  how  fast  is 
the  falloff  in  the  intensity  of  this  laser  beam? 

The  answer  to  this  question  is  well  known.3  The  scale 
length  for  the  falloff  in  intensity  is  given  by  the  Rayleigh 
range,  defined  by 

ZR  *  rw02/X,  (1) 

where  u»o  is  the  spot  size,  or  radius,  of  the  beam, 

and  A  -  2rc/w  is  the  wavelength.  The  minimum  spot  size  wq 
is  also  known  as  the  waist  of  the  radiation  beam.  The  falloff 
of  the  beam  intensity  as  it  propagates  in  space  is  a  conse¬ 
quence  of  the  fact  that  initially  the  beam  waa  constrained  to 
a  finite  waist  Vo-  Diffraction  then  causes  the  beam  to  spread 
in  the  lateral  direction  and,  from  energy  conservation,  the 
intensity  must  drop  off  correspondingly.  In  the  limit  of  an 


infinitely  wide  beam,  ie<>  -*  • ,  the  Rayleigh  range  ia  infinite, 
than  is  no  diffraction,  and  the  intensity  is  constant 

A  natural  way  to  propagate  a  beam  over  long  distances  is 
to  increase  the  Rayleigh  range  by  employing  a  wider  beam  or 
shorter-waveiength  radiation.  Clearly  the  width  of  the 
beam  ia  limited  by  the  energy  source  available  for  pumping 
the  lasing  medium,  and  short-wavelength  Isaacs  (x  rays  and 
beyond)  are  not  currently  available.  As  a  result,  over  the 
peat  several  years  there  has  been  an  upsurge  in  raeaarch  on 
such  fundamental  topics  as  propagation  and  diffraction 
properties  of  radiation  beams.4-38  Briefly,  the  quartion  be- 
ing  asked  is  as  follows:  “Can  diffraction  be  overcome?" 
What  follows  is  a  summary  of  our  review  of  diffraction!— 
and  other  directed  radiation  beams: 

(1)  Electromagnetic  missiles  (Section  4):  Experiments 
indicate  the  possibility  of  generating  wave  pack—  with  a 
broad  frequency  spectrum.  The  high-frequency  end  of  the 
spectrum  determines  the  furthest  distance  the  miaaile  can 
propagate,  in  complete  accord  with  our  understanding  of 
diffraction. 

(2)  Beasei  beams  (Section  5):  A  Bessel  beam  is  a  partic¬ 
ular.  monochromatic  solution  of  the  wave  equation.  Beasei 
beams  propagate  no  farther  than  Gaussian  beams  or  plane 
waves  with  the  same  transverse  dimensions,  and,  contrary  to 
previous  assertions,  Beasei  beams  are  not  resistant  to  the 
diffractive  spreading  commonly  associated  with  all  wave 
propagation. 

(3)  Electromagnetic  directed -energy  pulse  trains  (Sec¬ 
tion  6):  These  are  particular,  broadband  solutions  of  the 
wave  equation.  We  show  that  the  experiment  and  the  nu¬ 
merical  studies  of  these  pul—  are  consistent  with  conven¬ 
tional  diffraction  theory,  and,  contrary  to  previous  asser¬ 
tions,  these  pul—  do  not  defeat  diffraction. 

(4)  Electromagnetic  bullets  (Section  7):  Electromag¬ 

netic  bullets  are  solutions  of  the  wave  equation  that  an 
confined  to  a  finite  region  of  space  in  the  wave  zone.  The 
ultimate  goal  of  the  research  has  been  to  determine  the 
source  function  that  leads  to  a  prescribed  form  far  the  bullet 
in  the  wave  zone.  Although  the  framework 

foT  this  has  been  established,  no  concrete  example  has  ap¬ 
peared  in  the  literature. 
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Sections  2  and  3  begin  with  a  review  of  basic  diffraction 
theory,  and  our  findings  and  conclusions  art  summarised  in 
Section  8. 

After  the  completion  of  our  research  we  became  aware  of  a 
number  of  relate!  studies.  In  a  review  of  diffraction-free 
propagation.  Godfrey  arrived  at  conciusiona  similar  to  ours 
regarding  electromagnetic  missiles,  Bessel  beams,  and  elec¬ 
tromagnetic  directed -energy  pulse  trains.39  Ananev  pre¬ 
sented  a  ernemm  and  revealing  analysis  of  Bessel  beams  and 
noted  that,  in  order  to  increase  the  propagation  range,  it  is 
necessary  to  illuminate  the  transmitter  (aperture)  as  uni¬ 
formly  as  possible.40  In  connection  with  this  point,  Bara- 
kat’s  variational  analysis  of  apodization  problems  in  the 
context  of  Fraunhofer  diffraction  is  noteworthy.41 

2.  ELECTROMAGNETIC  WAVE  DIFFRACTION 

Consider  the  radiation  beam  from  a  cavity  of  radius  d.  Hu 
wave  vector  is  given  by  corresponding  to  propagation 
predominantly  in  the  z  direction,  and  the  magnitude  of  the 
spread  in  the  wave  vector  in  the  transverse  direction  is  de¬ 
noted  by  AAj_,  with  ki  »  AkL.  The  angular  spread  of  the 
radiation  relative  to  the  z  axis  is 

e  =*  CJtJk..  (2) 

On  an  observation  screen  at  a  distance  z,  the  radius  of  the 
illuminated  region  is  given  by 

w  at  d  +  0z.  (3) 

The  first  term  on  the  right-hand  side  of  this  expression 
indicate*  the  width  of  the  region  illuminated  according  to 
geometrical  optics.  Beyond  this  region  lies  the  region  of  the 
geometrical  shadow,  and  the  second  term  in  expression  (3) 
indifto*  the  extent  to  which  this  region  is  illumine  ted  be¬ 
cause  of  diffraction  of  light.  The  distance  Z  over  which  the 
angular  spread  leads  to  a  falloff  in  the  intensity  is  given  by  d 
+  0Z«2d,or 

Z  -  d/9.  (4a) 

The  distance  Z  may  be  regarded  as  the  scale  length  for 
diffractive  spreading  of  the  beam. 

As  a  first  example,  suppose  that  the  transverse  distribu¬ 
tion  of  intensity  in  the  beam  is  uniform.  This  is  the  case 
when  plane  waves  are  apertured.  If  the  radius  of  the  aper¬ 
ture  is  d,  from  a  fundamental  result  of  Fourier  analysis, 
AAj.d  =t  1.  The  angular  spread  is  therefore  given  by  6  at  X/ 
2  xd,  where  X  =*  2xki  is  the  wavelength.  For  this  intensity 
distribution,  one  thus  finds  that 

ZP  at  2rd?/\.  (4b) 

For  the  case  in  which  the  transverse  intensity  distribution  is 
a  Gaussian,  expf-rVtvo2),  of  width  u>o,  we  have  &kL  at  l/u>c, 
and  the  angular  spread  of  the  beam  is  of  the  order  of  9  at  A/ 
2rw<y  In  this  case  dmw o,  and  hence 

ZG  at  2tuj02/\,  (4c) 

which  is  twice  the  Rayleigh  range  Zr  defined  in  Eq.  (I). 

Clearly,  diffraction  is  simply  the  physical  manifestation  of 
the  well-known  result  of  Fourier  analysis  relating  the 
spreads  in  wave-vector  space  to  the  corresponding  widths  in 
real  space,  A£,  Ax,  =*  1  for  i  -  1, 2, 3.  As  a  result,  Eq.  (4a) 


expresses  a  fundamental  relation  that  we  «><«»  make  use  of 
repeatedly  in  order  to  interpret  the  results  of  theory  and 
experiment  nn  so  railed  diffractionlaas  radiation  beams 

3.  DIFFRACTION  ZONES  (HUYGENS'S 
PRINCIPLE) 

According  to  Huygens’s  principle,  each  pc..  .  on  a  given 
wave  front  acts  as  a  source  of  secondary  wave -^ta.  Hw  field 
at  a  point  P  is  given  by  the  sum  over  the  r-ivolsta.  If  u(r) 
exp (—iwt)  is  the  amplitude  an  an  apertur..  an  approximate 
solution  of  the  scalar  wave  equation  at  P  is  given  fay*-* 

(Mr,  t)  “  (iXT1  txpi-iwt)  (  dS'u(r')RlL  expfudZ/cL- 

lupmtun 

(8) 

where  R  -  [(*  -  *0*  +  (y  -  y0*  +  z2)™  is  the  dwtance 
between  the  area  element  <LS' on  the  aperture  and  the  point 
P,  as  shown  in  Fig.  1. 

Tit  tte  P>««w«l  approximation  hi«n«iwMi  expansion 
R  may  be  used  to  simplify  Eq.  (5)  to 

M  W  (t‘Xz)_I  exp[u>)(z/c'  —  t)J 

X  dS'uix',  yOexp  ~  -  —  ^))  (6) 

For  plane  waves  incident  upon  an  aperture  with  linear 
HimniVin  d,  there  are  two  physically  interesting  limits  for 
approximating  expression  (6): 

(1)  Fraunhofer  diffraction  (far-field  or  wave  none  re¬ 
gion):  If 

z»dVX,  (7) 

one  may  neglect  the  quadratic  terms  in  the  exponent  of 
expression  (6),  and  the  wavelets  from  the  entire  wave  front 
at  the  aperture  contribute  to  the  field  at  P.  In  the  Fraunho¬ 
fer  region  is  simply  the  Fourier  transform  of  the  ampli¬ 
tude  at  the  diffracting  aperture. 

(2)  Fresnel  diffraction  (near-field  region):  ha  the  other 
limit, 

z  <  dVX,  (8) 

it  is  necessary  to  retain  the  quadratic  terms  in  the  exponent 
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aperture  of  radius  d  t 
in  opaque  screen 


Fig.  2.  Diffraction  through  a  circular  opening  of  radius  d  in  an 
opaque  screen.  The  point  of  observation  P  lies  on  the  symmetry 

axis. 


■  — ,  ■  .  Prsunnoter  ■■  - - 

Fig.  3.  Intensity  profile  on  the  axis  of  symmetry  of  a  circular 
aperture  of  radius  d.  The  point  of  demarcation  between  near-field 
and  far-field  regions  is  ~rf2/X. 

of  expression  (6),  and  the  wavelets  from  a  limited  portion  of 
the  wave  front  at  the  aperture  make  the  dominant  contribu¬ 
tion  to  the  field  at  P.  In  this  case  the  integration  in  expres¬ 
sion  (€)  may  be  taken  to  be  over  the  entire  z  »  0  plane. 

For  plane  waves  incident  upon  a  circular  aperture  of  radi¬ 
us  d  (Fig.  2),  malting  use  of  Eq.  (5),  we  find  that  the  exact 
field  on  the  aria  of  symmetry  is  given  by  «  exp(-iwf)- 
|exp(i«z/c)  —  expfiadd2  +  z2)xn/e\ |,  and  the  intensity  I  a 
'I'td'P*  is 

/ « cl  —  cos| ulid2  +  z2)in  -  zj/cj.  (9) 

Figure  3  is  a  schematic  plot  of  the  intensity  function  [expres¬ 
sion  (9)]  indicating  in  particular  the  transition  between  the 
Fresnel  and  the  Fraunhofer  regions.  Note  that  the  intensity 
drops  off  precipitously  beyond  z  at  2rd2/A,  consistent  with 
the  scale  length  defined  by  expression  (4b). 

We  proceed  now  to  examine  the  research  on  new  solutions 
of  the  wave  equation,  with  particular  emphasis  on  their 
diffraction  properties. 

4.  ELECTROMAGNETIC  MISSILES 

A.  Theory 

Consider  first  the  case  of  a  field,  termed  a  missile,  that  falls 
off  more  slowly  than  the  usual  1  JR  law.  The  inventive  step 
is  the  use  of  a  broad  frequency  spectrum.  Depending  on  the 
spectrum,  the  falloff  with  R  may  be  as  slow  as  desired.14*24 
To  appreciate  the  nature  of  this  field,  note  that,  for  an 
arbitrary  source  distribution  within  a  region  A.  as  shown  in 


Fig.  4,  the  energy  delivered  to  e  screen  5,  integrated  over  ail 
time,  is 

«(S,  R)  -  I"  dt  J  dSA  -  c(E  X  B)/4r, 

where  A  is  a  unit  vector  normal  to  the  screen  and  E  and  B  am 
the  electric  and  the  magnetic  fields,  roapectivaly.  For  a 
source  with  a  bounded  frequency  spectrum,  a  screen  of  fixed 
ana  5,  and  for  sufficiently  large  R,  <(S,  R)  ~  I  /IP,  according 
to  well-known  results.42 

The  current  density  for  the  electromagnetic  tu  de¬ 
scribed  in  Ref.  14,  J(r,  t )  *  Hz)fU)6t,  r<d,  is  confined  to  a 
disk  of  radius  d,  where  r  « (x2  +  y2)in  is  the  radial  coordinate 
and  /(t)  is  a  given  function  of  time.  If  A(u)  and  J(»)  denote 
the  Fourier  transforms  of  the  vector  potential  and  the  cur- 
rat  density,  respectively,  then  A («)  ■  /  dsrJ(w)«xp(iWi/ 
c)/c R  is  a  solution  of  the  wave  equation.42  In  tha  peneant 
case,  J(a>)  “  6(z)f(w)ij,  and  the  vector  potential  a  the  axia 
of  symmetry  is  given  by 

A(«)  -  ^/(w)  j f  drrir2  +  z2)~m 

Making  use  of  this  expression  for  A(w),  we  find  that  the 
Poynting  flux  along  the  z  axis  integrated  over  all  time,  U(z)  * 
fdt&,  •  c(E  X  B)/4r,  is  given  by 

U  m  c“‘  [l  +  z(z2  +  d2)~m\  j[  do>IA")l2 

X  ^1  —  cosj^  [(z2  +  d2)171  —  tjj^.  (10) 

Note  the  resemblance  between  expression  (9)  and  the  inte¬ 
grand  of  Eq.  (10).  Expression  (9)  is  for  a  monochromatic 
field  and  is  based  on  the  Huygens- Fresnel  principle,  while 
Eq.  ( 10)  is  obtained  from  a  rigorous  solution  of  the  full  wave 
equation. 

In  the  limit  z  —  ®  in  Eq.  (10),  for  a  fixed  frequency  u, 
cos|(Wc)[(z2  +  d2)ir2  —  zjj  — -  cos(wd2/2cz)  -**  1,  and  the 
integrand  tends  to  zero.  From  Fig.  3.  this  result  means  that 
the  contribution  of  this  frequency  to  the  expression  in  Eq. 
(10)  lies  in  the  far-field  region  and  is  thus  negligible.  At  a 
given  large  z  we  can  therefore  write 


expji^^+z2)^ 


Fig.  4.  Bounded  region  A  inside  which  there  is  a  distribution  of 
charge  e(r,t)  and  current  J(r.t).  The  origin  of  coordinate  system  0 
lies  inside  A .  The  distance  between  0  and  a  point  on  the  tcreen  is  R. 
The  unit  vector  normal  to  the  screen  is  denoted  by  A 
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U=*~r  dwt/Ml2  (1  -  coaiud2/2cz)j. 

c  haJ* 

We  see  that  the  most  important  contribution  is  from  the 
high-frequency  end  of  the  spectrum,  for  which  the  given 
point  i  lies  in  the  near-field.  Fresnel  zone.  The  contribu¬ 
tions  from  all  the  lower-frequency  components  will  have 
decayed  to  n«gHg»Me  values  before  reaching  the  given  t. 
While  the  eventual  falloff  of  any  frequency  component  is  as 
1/s,  the  falloff  of  the  time- integrated  Poynting  flux  for  the 
wave  packet  depends  on  how  rapidly  IA«)I  decays  or  u  >  2ez/ 
cP.  As  an  example,  consider  a  source  with  a  frequency  spec- 
tnnnw 

/(«)  «  [1  + 

where  c  >  0.  We  note  that  this  spectrum  is  not  an  analytic 
function  in  the  upper  half  of  the  »  plane.  The  singularity  in 
the  upper  half-plane  is  a  reflection  of  the  unrealistic  charac¬ 
ter  that /(£)  extends  over  the  entire  time  domain  -®  <  t  <  <=. 
For  this  hypothetical  spectrum  the  time-integrated  Poynt¬ 
ing  flux  falls  off  as  {/  «  l/z2*,  which  can  be  as  alow  as  desired 
by  taking  the  limit  <  —  0.  Consistent  with  this,  the  ampli¬ 
tude  varies  as  and  the  pulse  width  decreases  as  UzP 
In  the  time  domain  the  function  fit)  is  symmetric  with  re¬ 
spect  to  t  —  -f.  Evaluating  the  inverse  Fourier  transform 
of  /(«),  one  finds  that  fit)  ~  exp<— wot)  for  t »  1/wo. 

For  t  >  1/2  and  t «  1/wo,  fit )  — -  constant.  However,  for  the 
more  interesting  case  of  «  <  1/2,  fit)  -*  when  t «  1 /«*>, 

indicting  a  singularity  initially.1*-24 

For  a  realistic,  or  practical,  frequency  distribution  the 
important  issue  of  truncation  of  the  spectrum  at  a  finite 
frequency  has  been  addressed  by  Wu  etal.u  Naturally,  it  is 
found  that  truncating  the  spectrum  at  a  frequency lim¬ 
its  the  maximum  propagation  range  to  a  distance  of  the 
order  of  the  Rayleigh  range  corresponding  to  fm. 

&  Experiment  (Electromagnetic  Missiles) 

The  difficulties  involved  in  an  experimental  study  of  electro¬ 
magnetic  mi—il—  stem  from  the  need  to  generate  pulses 
with  extremely  short  rise  times  and  suitably  shaped  wave 
fronts.18  An  antenna  was  used  to  generate  a  pure  spherical 
wave,  which  formed  the  primary  pulse,  and  the  field  reflect¬ 
ed  from  a  parabolic  dish  of  radius  0.61  m  (2  ft)  formed  the 
secondary  pulse.  The  pulses  were  detected  by  a  specially 
designed  sensor.  The  primary  pulse  was  found  to  fall  off  as 
llz\  the  energy  decaying  by  1/16  when  the  sensor  was  moved 
from  1.22  m  (4  ft)  to  4.88  m  (16  ft)  from  the  source.  This 
falloff  occurred  because  the  antenna,  being  a  point  source, 
generated  spherical  wave  fronts.  The  pulse  reflected  from 
the  parabolic  dish  was  found  to  resemble  that  of  a  circular 
di«k,  similar  to  that  studied  in  Subsection  4 .A.  Over  the 
same  distance,  the  energy  in  this  electromagnetic  missile  was 
found  to  decay  by  just  under  1/2.  This  behavior  and  the 
diminishing  pulse  width  have  been  found  to  be  in  accord 
with  analytical  predictions.18 

These  experimental  results  indicate  that  a  suitably  tai¬ 
lored  pulse  shape  can  be  designed  to  have  an  energy-decay 
rate  essentially  limited  by  the  highest  frequencies  present  in 
the  pulse  generator,  in  complete  accordance  with  the  ele¬ 
mentary  notions  of  diffraction  of  light.  Propagation  of  a 
composite  pulse  in  free  space  is  a  dispersive  process.  As  the 


beam  propagates,  the  lowest-frequency  components  diffrwt 
away  first. 

The  genaratioa  and  transmission  of  energy  by  riactwa^- 
netic  missiles  is  severely  limited  by  the  practical  means  of 
launching  wave  packets  with  extremely  shut  rise  times  and 
pulse  widths. 

5.  BESSEL  BEAMS 

A.  Theory 

An  example  of  a  so-called  diffractionless  rlintimiMgnslii 
beam  is  a  Bessel  beam.  We  note  that  a  particular  solution  of 
the  scalar  wave  equation 

-  c-2  ~)  ifa,  t)  *  0 

is 

«  exp|i(k,z  -  wt)] 

rlrii,, 

X  d0A(0)exp[iit±(x  cos0  +y  sin#))  (11) 

for  arbitrary  90  and  A(0),  provided  that  u2  "  eHk^  +  h±*). 
Here,  A|  and  *  x  denote  the  magnitudes  of  the  components  of 
the  wave  vectors  parallel  and  orthogonal  to  the  z  axis,  re¬ 
spectively,  and  A  ”  2x/(*i2  +  k1})in  is  the  wavelength. 
Since  the  z  dependence  in  Eq.  (11)  is  separated  front  the  x 
end  y  dependences,  the  solution  is  clearly  difffartioni—  in 
the  sense  that  the  time-average  intensity  is  independmit  of  z. 
In  fact,  the  intensity  is  constant  for  all  z  and  all  t. 

Durnin  considers  the  case  in  which  A(0)  ■  L®  In  this 
case,  if  one  makes  use  of  the  expansion  exp(if  sin  0)  ■ 
£„J*(f)exp(in0),  where  J„  is  the  ordinary  Beaeel  function  of 
the  first  kind  of  order  n,43  Eq.  (11)  simplifies  to  i>  ■ 
2rJ0(X  j.r)exp[t(fe|Z  -  wt)J,  where  r  » (x2  +  y2)122  is  the  radial 
variable. 

Making  use  of  the  properties  of  the  Bessel  function,42  one 
can  show  that  the  energy  content,  f  drrJ02ik±r),  integrated 
over  any  transverse  period,  or  lobe,  is  approximately  the 
same  es  that  in  the  central  lobe.  This  point  will  be  impor¬ 
tant  in  our  interpretation  of  the  diffractive  properties  of 
Beaeel  beams. 

B.  Experiment  (Bessel  Beams) 

A  Bessel  beam  has  an  infinite  number  of  lobes  and  therefore 
has  infinite  energy.  In  the  laboratory  an  approximation  to 
this  ideal  beam  is  realized  by  clipping  the  beam  beyond  a 
certain  radius.  The  question  is,  given  the  finite  transverse 
size,  how  well  is  the  diffractionless  property  preserved. 

To  answer  this  question  Durnin  et  al.x  competed  the 
propagation  of  a  clipped  Bessel  beam  with  a  Gaussian  beam. 
(See  also  Ref.  27.)  The  full  width  at  half-maximum 
(FWHM)  of  the  Guassian  was  taken  to  be  equal  to  the 
FWHM  of  the  central  lobe  of  the  Bessel  beam.  In  the 
experiment  the  on-axis  intensity  of  each  beam  was  measured 
along  the  axis  of  symmetry.  The  Bessel  beam  was  claimed28 

to  be  “resistant  to  the  diffractive  spreading  commonly  aeeo- 

ciated  with  all  wave  propagation”  since  its  intensity  was 
observed  to  remain  approximately  constant  for  a  much  long- 
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er  distance  than  the  Guaaaian  beam.  The  idea  of  a  diffrac¬ 
tion-free  beam  was  further  reinforced  by  using  a  geometrical 
optics  argument  in  order  to  obtain  a  formula  for  the  propa¬ 
gation  distance  of  the  central  lobe  of  the  Bessel  beam. 

We  shall  now  reconsider  this  comparison.  The  wave¬ 
length  of  the  radiation  was  X  *  6S2S  A.  For  the  Gaussian 
beam  expf-rVtoo2),  u>o  was  equal  to  0.042  mm,  correspond¬ 
ing  to  a  FWHM  of  0.07  mm.  For  the  Bessel  beam  Jo(kxr), 
kL  was  equal  to  41  mm'1,  corresponding  to  a  FWHM  for  the 
central  lobe  of  0.07  mm.  The  beams  were  apertured  to  a 
radius  d  *  3.5  mm.  The  following  order-of-magnitude  dis¬ 
cussion  is  based  on  expressions  (2M4);  a  more  rigorous  anal¬ 
ysis  is  presented  in  Appendix  A.  The  angular  spread  due  to 
the  natural  width  of  the  Gaussian  beam  is  i  *  >J2twq,  and 
expression  (3)  takes  the  form  wm  w0  +  (A/2 rw0)z,  where  the 
first  term  in  this  expression  is  wo,  rather  than  d,  since  the 
energy  of  the  Gaussian  is  concentrated  in  the  central  peak. 
The  scale  length  for  diffraction  is  the  same  as  that  given  by 
expression  (4c),  namely,  Zq  at  2rteo2/X  “  1.75  cm.  The 
natural  angular  spread  of  the  Bessel  beam  is  0  at  kLXJ2r, 
and  expression  (3)  takes  the  form  wmd  +  (k±X/2r)z,  where 
the  first  term  represents  the  radius  of  the  aperture  since  the 
energy  in  each  lobe  is  approximately  the  same  and  the  lobes 
all  affect  the  propagation  of  the  Bessel  beam.  The  scale 
length  for  diffraction  is,  therefore,  given  by  d  +  (*  L  \I2t)Zb 
=*  2d,  or  Zg  =*  2 rd/kL  st  85  cm,  which  is  consistent  with  the 
experimental  observation. 

In  the  transverse  plane  the  lobes  of  the  Bessel  beam  dif¬ 
fract  away  sequentially  starting  with  the  outermost  one. 
The  outermost  lobe  diffracts  in  a  distance  of  the  order  of 
2r2/AAi2,  which  is  approximately  equal  to  Zg-  The  next 
lobe  diffracts  away  after  a  distance  of  the  order  of  2Zc-  This 
process  continues  until  the  central  lobe,  which  diffracts 
away  after  a  distance  ~NZq,  where  N  denotes  the  number  of 
lobes  within  the  aperture.  In  the  experiment  N  at  50,  im¬ 
plying  a  propagation  distance  of  the  order  of  50Zg  for  the 
central  lobe  of  the  Bessel  beam,  which  is  consistent  with  the 
measured  value.  Measurements  of  the  on-axis  intensity 
displayed  by  Durnin  et  al.  obviously  fail  to  reveal  the  gradu¬ 
al  deterioration  of  the  transverse  beam  profile.  However,  by 
careful  examination  of  Fig.  2  of  Ref.  25,  we  find  that  the 
numerical  plots  are  consistent  with  such  having  occurred. 
Therefore  the  Bessel  beam  is  not  “resistant  to  the  diffractive 
spreading  commonly  associated  with  all  wave  propaga¬ 
tion."  28  Our  interpretation  points  out  the  significance  of 
each  successive  lobe’s  having  approximately  the  same  ener¬ 
gy.  The  central  lobe  persists  as  long  as  there  are  off-axis 
lobes  compensating  for  its  energy  loss,  and  hence  the  com¬ 
parison  with  the  narrower  Gaussian  beam  in  Ref.  26  is  of 
little  significance. 

Let  us  now  consider  the  power-transport  efficiency  of  the 
beams.28  We  note  that,  utilizing  the  full  width  of  the  aper¬ 
ture,  a  Gaussian  beam  propagates  a  distance  of  the  order  of 
NZg,  i.e„  N  times  farther  than  the  Bessel  beam.  Conse¬ 
quently,  in  terms  of  diffraction-free  propagation  distance 
per  unit  energy,  the  two  beam  profiles  are  equally  efficient. 
However,  by  appropriately  curving  the  wave  front,  one  can 
focus  nearly  all  the  power  of  the  Gaussian  beam  on  a  target 
of  dimension  wo  in  a  distance  Zg.  Hence,  for  this  purpose,  a 
Gaussian  beam  would  be  significantly  better  than  the  Bessel 
beam  employed  by  Durnin  et  al. 


6.  ELECTROMAGNETIC  DKECTED-ENEEGY 
PULSE  TRAINS 


A  Theory 

Electromagnetic  directed -energy  pulse  trains  an  particular 
solutions  of  Maxwell’s  equations.29'54  The  leaaeirh  on 
these  pulse  trains  resulted  from  earlier  studies  of  focus  wave 
modes. 5-13  To  discuss  these,  we  make  the  <*— 1»  of  vari¬ 
ables  f  *  z  -  ct  and  r  »  t  and  transform  the  wave  equation 

(V2  -  e'2aV*2)*  -  0 


into  the  form 

Making  the  assumption  that 

*  ■  idi,  r,  r)exp(iwf/c)  (12) 

leads  to  an  equation  for  the  complex  envelope  H  • 


.,ix2  a2  \  .  n 

>  +  lue.-  +  7  —  -c 

Here  r  denotes  the  radial  variable  and  Vx  is  the  differential 
operator  in  the  plane  z  constant.  If  Hi,  r,  r)  varies  slowly 
compared  with  the  characteristic  scales  l/tt  and  c/u,  the 
second  derivative  of  the  envelope  function  may  be  neglected, 
and  the  wave  equation  reduces  to 


^Vx2  +  2mc~2  i  at  0.  (18) 

Expression  (13)  is  an  extremely  useful  approximation  to  the 
full-wave  equation  in  a  vacuum.  Note  that  the  full-wave 
operator  is  of  the  hyperbolic  type,  whereas  the  reduced-wave 
operator  is  of  the  parabolic  type.  For  this  reason,  expres¬ 
sion  (13)  is  sometimes  referred  to  as  the  parabolic  approxi¬ 
mation  to  the  wave  equation. 

A  particular  solution  of  expression  (13)  is  given  by 


^  ■  C  —  exp[-i  tan_1(r/rfi)  -  (1  -  irh^/ur],  (14a) 
w 


where  C  is  a  constant, 

w  -  u>0(l  +  (t/t*)2)"2  (14b) 

is  the  spot  size,  w0  is  the  waist,  and 

rR  -  uw02/2c2  (14c) 

is  related  to  the  Rayleigh  range  ZR  =*  ww02/2c  by  r*  ■  Zr/c. 

References  28-33  make  use  of  the  variables  transforma¬ 
tion 


£  “  z  —  ct,  v  m  z  +  et 

in  the  wave  equation  in  order  to  reduce  it  to  the  form 

Representing  *  in  the  form 

♦  -  Hi u  r)exp(iw(/c)  (15) 

leads,  without  any  approximation,  to  an  equation  for  H 
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A  particular  solution  of  Eq.  (16)  is  given  by 
f  ■  C  ~  exp(-i  tan'l(Ve*)  -  (1  -  in/vaJrVur],  (17a) 

where  C  is  a  constant, 

w  ■  w0(l  +  (>r/v*)2]l/I.  (17b) 

and 

Vg  *  wU)02fc  (17c) 

is  related  to  the  Rayleigh  range  Zr  ■  uw02/2c  by  nx  -  2Z«. 

Some  remarks  on  the  solutions  in  Eqs.  (14)  and  (17)  are  in 
order.  Flat.  Eqs.  (14)  are  solutions  of  the  parabolic  approx- 
imstion  to  tha  fall  wave  equation.  On  the  other  hand,  Eqs. 
(17)  are  exact  solutions  of  tha  full  equation.  Second,  than  is 
a  factor-of-2  difference  between  the  scale  length  ere  in  Eq. 
( 14c)  and  the  scale  length  *r  in  Eq.  (17c).  Third,  the  solu¬ 
tion  of  Eqs.  (17)  has  infinite  energy.  Finally,  the  exact 
solution  in  Eq.  (15)  consists  of  a  pulse  traveling  to  the  left 
that  is  modulated  by  a  plane  wave  moving  to  the  right 
To  examine  the  last  two  points,  we  may  combine  Eqs.  (15) 
and  (17)  in  order  to  form  a  fundamental  Gaussian  pulse  ♦* 
with  parameter  k  ■  Wc: 

♦*(r,  r,  f)  ■  expiikn)  (18) 


when 

i  i  -  4  A  -  z0  +  fVzo,  R  -  {  +  z02/{, 

VAR 

and  2o  is  constant 29-33  From  Refs.  29-33,  Eq.  (18)  repre¬ 
sents  a  pulse  traveling  to  the  right  that  is  modulated  fay  a 
pl«i>«>  wave  moving  to  the  left  With  an  appropriate  weight 
function,  it  can  be  shown  that  the  for  all  k  form  a  com¬ 
plete  set  of  basis  functions,  each  with  total  energy  propor¬ 
tional  to  /d3r|'f'*l2  —  "•  Just  as  in  the  case  of  Fourier 
synthesis  with  plane  waves,  a  general  finite-energy  pulse 
may  be  obtained  by  superposing  the  various  **  according  to 
a  weight  function  F(k)i  that  is, 

f(r,  r,  t)  -  |  d**fc(r,  r,  t)FXk) 

-  -  —  1  —  f  dAF(*)exp(-fc*),  (19a) 

4  «(z0  + 1{)  Jo 


when 

s  *  -in  H — —~r:-  (19b) 

Equation  (19a)  indicates  that  fir,  2,  t)  is  proportional  to 
the  Laplace  transform  of  F{k). 

B.  Modified  Power-Spectrum  Pulse:  Numerical  Study 
References  29-33  examined  in  detail  the  pulse  correspond¬ 
ing  to  a  modified  power  spectrum  (MPS).  With  a  slight 
redefinition  of  constants,  the  spectrum  has  the  form 

F(k)  -  4 riBHik  -  *r)exp(-(fc  -  *f)LJ,  (20a) 


where  d  and  L  art  constants.  H(x)  is  the  Heaviside  ftmebon, 
*P***"""  **  fnr  ■>»«—  w.wh—  SXCSed- 

ing  the  cutoff  value  he  Substituting  Eq.  (20a)  into  Eqa. 
(19),  one  obtains 


f  fl  exp(ihcs  -  h/Vkp  +  *f)l| 
(*o  +  L  +  r*/(z o  +  i|)  -  in  J 


(Mb) 


The  real  part  of  this  function  defines  the  MPS  puma.  Frees 
Eq.  (20b)  we  note  that  z«  is  a  measure  of  the  axial  axtasit  of 
the  pulse,  which  is  equivalent  to  a  frequency  of  the  order  of 
c/zo.  This  frequency  is  the  upper  bound  of  the  spectrum  in 
ZhrikowskFs  examples  and  is  much  greater  than  the  cutoff 
frequency  ch«.  The  radial  profile  of  the  MPS  pulse  at  tha 
pulse  center,  (  «  0,  has  tha  form 


g  exp(2thcz  -  fc^/zp) 
mx)  ~  Zo  L+r*/z0-2iz  ' 


(200 


In  the  numerical  studiaa  the  pulse  was  replicated  by  su¬ 
perposing  the  fields  from  a  planar  array  of  discrete  points, 
each  of  which  was  driven  by  a  function  specified  by  the  MPS 
form  on  some  z  constant  plane.31  The  parameters  were  L  * 
6.0  X  1014  cm.  0  •*  6.0  X  1014,  Zo  ■  1.667  X  10-3  cm,  and  k,  *■ 
1.667  X  lO^cm-1.  The  spectrum  was  approximately  flat  up 
to  200  GHz,  becoming  negligihle  beyond  —c/z*  »  18  THz. 
The  pulse  generated  in  this  manner  was  propegatad  forward 
and  compared  with  the  exact  form  in  Eq.  (20b)  at  several 
locations  along  the  *  axis.  The  minimum  radius  of  the  array 
required  to  replicate  the  meet  pulse  form  at  1, 10, 100,  and 
1000  km  was  determined.  From  the  results  of  Raft.  29-33 
we  the  corresponding  radii  of  the  sntasma  to  be 

approximately  0.5, 5, 50,  and  500  m,  respectively. 

We  shall  examine  these  results  by  asking  the  following 
question:  What  is  the  scale  length  for  diffraction  of  the 
MPS  pulse?  The  pulse  has  a  Gaussian  radial  profile,  as 
indicated  in  Eq.  (20c),  with  a  width  wp  •jzo/kt)utmSUi  cm. 
and  therefore  Ziolkowski  calculates  a  Rayleigh  range  evaj/VX 
m  0.21  km  for  the  200-GHz  component.31  This,  however,  is 
not  the  appropriate  scale  length  for  diffraction  of  the  MPS 
pulse.  The  correct  scale  length  is  given  by  2*» vti/X,  whan 
the  antenna  dimension  d  always  exceeds  wp.  The  point  here 
is  that  the  Rayleigh  range  based  on  the  waist  too,  as  calculat¬ 
ed  by  Ziolkowski,30-31  is  valid  only  at  the  pulse  canter  f  ■*  0. 
Away  from  the  plane  {  *  0  the  effective  waist  increases,  as 
indicated  by  Eq.  (20b),  and  the  actual  diffraction  length  is 
therefore  laager  than  two2 A.  This  explains  why  the  pulse 
propagates  farther  than  the  Rayleigh  range  defined  in  terms 
of  uio.  To  calculate  the  actual  diffraction  length,  we  note 
that  the  perpendicular  wave-number  (hj.)  spectrum  given  in 
Ref.  31  indicates  that  the  smallest  kx  is  of  the  order  of  l/«*o- 
Hence  an  estimate  for  the  diffraction  angle  is  X/2«Ws.  The 
width  of  the  radiation  beam  given  by  Eq.  (3)  can  be  written 
as  w  ■  d  +  (A/2two)z,  where  d  is  the  radius  of  the  array  or 
antenna.  The  scale  length  for  diffraction  is  then  simply 

ZH ps  -  2xw0d/X. 


Note  the  similarity  between  the  diffraction  length  in  Eq. 
(21)  and  the  scale  length  for  diffraction  of  the  Baamlbaam, 
Zb  m  Ixdfk  j.  A,  derived  in  Subsection  5 JL  The  resemblance 
is  a  reflection  of  the  fact  that  in  both  cases  the  pube  energy  » 
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spread  over  the  entire  radius  d  of  the  aperture,  which  is 
much  larger  than  the  waist  of  the  beam  wo. 

According  to  Eq.  (21),  the  larger  the  radius  of  the  array, 
the  longer  is  the  distance  of  propagation  of  the  puke,  conait- 
tent  with  the  numerical  values  quoted  above.  Indeed,  from 
the  numbers  the  ratio  of  the  propagation  distance  to  the 
antenna  radius  is  equal  to  2000.  Equating  this  to  Zygnid, 
from  Eq.  (21)  we  find  that  the  corresponding  frequency  is 
300  GHz.  Since  this  frequency  is  well  within  the  cutoff  of 
the  pulse  spectrum,  we  have  a  persuasive  indication  that  the 
MPS  pulse  does  not  defeat  diffraction  as  dawned  by  Sol- 
kowekL* 

u  wmmnaa  iTywM^opoccuni  nutR  riipjniMBi 
Ziolkowskict  aL  have  performed  a  water-tank  experiment  to 
demonstrate  the  properties  of  a  MPS  acoustic  pulse.32  The 
pulse  was  generated  by  a  6  X  6  cm2  square  array.  The  MPS 
pulse  parameters  were  L  *  300.0  m,0m  300.0,  so  "■  4.5  X 10-4 
m,  and  kt  ■  2^>  m_I.  From  these  parameters  one  finds  that 
the  pulse  width  ico  is  equal  to  1.5  cm.  The  experiment 
indicated  that  a  Gaussian  pulse  with  an  initial  width  equal  to 
1.5  cm  suffered  a  greater  transverse  spreading  than  the  MPS 
pulse. 

This  experiment  may  be  examined  in  the  light  of  the 
discussion  leading  to  Eq.  (21).  The  expression  in  Eq.  (21) 
gives  the  scale  length  for  the  f&Uoff  in  the  intensity  of  s  pulse 
that  is  generated  by  an  array  (Le.,  antenna)  of  radius  d. 
Since  the  square  array  is  6  cm  X  6  cm,  we  take  the  parameter 
d  to  be  equal  to  3  cm.  Note  that  the  speed  of  sound  in  water 
is  1.5  X 103  xn/aec;  the  wavelength  of  the  dominant  frequency 
in  the  pulse.  0.6  MHz,  is  A  «  25  mm.  From  this,  the  actual 
diffraction  scale  length  Zmps  is  1.1  m.  This  is  consistent 
with  the  experimental  obaervatian  that  the  MPS  pulse  prop¬ 
agated  a  distance  of  1  m  without  significant  spreading. 
Comparing  the  MPS  pulse  generated  by  s  6  cm  X  6  cm  array 
with  a  Gaussian  pulse  having  a  waist  of  1.5  cm  is  inappropri¬ 
ate.  A  Gaussian  beam  with  spot  size  equal  to  the  array 
radius  used  in  the  experiment  would  propagate  a  distance 
rdl/\  a*  Zmps.  i-*-,  as  far  as  the  MPS  puke. 

We  note  from  Eq.  (21)  that,  in  general,  a  Gaussian  beam 
with  an  appropriately  curved  wave  front  and  an  initial  spot 
size  equal  to  the  antenna  dimension  transfers  nearly  all  the 
power  onto  a  target  of  dimension  wq  in  a  distance  of  the  order 
of  Zmps-  Such  a  Gaussian  beam  therefore  transfers  more 
power  on  the  target  than  the  corresponding  MPS  puke. 

7.  ELECTROMAGNETIC  BULLETS 

In  this  section  we  shall  discuss  solutions  of  the  wave  equa¬ 
tion  that  are  confined  to  a  finite  region  of  space  in  the  wave 
zone  and  are  termed  electromagnetic  bullets.  We  consider 
solutions  of  the  wave  equation 

(V*  -  c-2dW)/(r,  t)  -  -p(r,  t),  (22) 

where  the  source  term  pit,  t)  is  assumed  to  be  nonzero  for  a 
finite  time  interval  —T  <t  <T.  In  this  problem  there  are 
two  cases  of  interest: 

Case  (a)  k  the  direct  source  problem  (initial  value  prob¬ 
lem).  In  thk  case  the  solution  for  t  <  —T  k  given,  and  the 
solution  for  t  >  T  k  sought. 

Case  (b)  is  the  inverse  source  problem.  Here,  the  solution 


of  the  homogeneous  wave  equation  for  irj  >  Tk  known,  and 
one  aeeka  the  source  term  appropriate  to  thk  aolutiop  Thk 
case  k  of  particular  interest  since  it  would  enable  one  to  find 
the  time-dependent  source  for  a  prescribed  field. 

Subjections  7.A-7.D  summarize  the  extensive  research  of 
Moses  and  Piuesei  *  u  on  thk  subject.  Far  a  brief  daecrip- 
tioo  of  the  properties  of  a  bullet,  the  reader  is  referred  to 
Subsection  7J). 

In  thia  subsection  we  indicate  the  re—on  for  the  nonunique- 
nam  of  the  inverse  source  problem.36  By  making  use  of  the 
eigenfunctions  of  the  curl  operator,  we  may  solve  the  siertro- 
magnetic  vector-field  wave  equation  along  eaaantially  the 
same  lines  as  the  one-dimensional  problem.  Tha  discussion 
in  this  subsection  k  therefore  confined  to  the  asm  dimen 
sional  wave  equation  in  order  to  avoid  the  compiketaone  of 

mnitidiwwwMMmal  effarta. 

Let  /+(*,  t)  *  fix,  t )  denote  the  solution  of  Eq.  (22)  for  t  > 
Tend  f-(x,  t) m  fix,  t)  denote  the  solution  for  t  <  —T.  Itk 
well  known  that  the  solution  of  the  source-free  initial  value 
problem  for  t  >  T  in  terms  of  the  values  of  the  function  f+ix, 
t)att  “  7"  and  the  velocity  (d/at)/+(x,t)  at  t  -  Tk  express 
ible  in  terms  of  a  propagator  Gix;  t): 

M*.  t)  -  j  dx'l Gix  -x',t-  D  £  /♦(*',  t  •  T) 

+  M*,,t-D^G(x-x/;t-T)  1.  (23a) 

Similarly,  the  solution  of  the  source-free  final  value  problem 
for  t  <  —  Tin  terms  of  f-(x,  t)  at  t  ■  -T and  (d/dt)f-{x,  t)  at  t 
■  -Tie  given  by 

/_(*,  t)  - 1  dx'[Gix  -x';t  +  T)  £  /_(*»,  t  -  -T) 

+  f  Ax' ,  t  m  —T)  j-  Gix  -  x';  t  +  T)J.  (23b) 
at 

The  propagator  G  can  be  written  in  terms  of  the  Heaviside 
function  H  as  follows: 

Gix;  t)  ■  %  ign(t)H(cV  -  x2)  ■  \[H(x  +  ct)  -  Hix  -  ct)J. 

(24) 

That  is,  G  may  be  expressed  as  the  difference  between  the 
advanced  and  the  retarded  Green  functions.  As  a  result, 
f+ix,  t)  k  influenced  only  by  points  x  at  t  •  T  that  lie  in  the 
backward  light  cone  of  the  observation  instant;  similarly, 
f-ix,  t )  is  influenced  only  by  points  x  at  t  *  -T  that  lie  in  the 
forward  light  cone  of  the  observation  instant,  as  indicated  in 
Fig.  5. 

Let  us  now  consider  the  effect  of  the  source  on  the  solution 
of  the  wave  equation.  We  define  two  auxiliary  functions, 

pik,  t)  -  (2r)~in  j  dxp(x,  t)exp(-ikx),  (25) 

Rk,  a,  t )  -  Rk,  a,  — Dexp(— «d*l(t  +  T)] 

X  exp(— icelklt)  j  dt'fik,  t'lezptfecMtlt'),  (26) 
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Pig.  5.  Backward  and  forward  light  coaaa  of  an  evant  t.  inA Luting 
tha  causal  propsniss  of  tha  propagator  G(x;  t). 

whan  a  -  +1,  — 1  distinguishes  the  two  directions  of  propa¬ 
gation  along  the  x  axis.  Note  that  p(A,  t)  is  simply  the 
spatial  Fourier  transform  of  p(x,  t).  In  terms  of  the  two 
auxiliary  functions,  it  is  simple  to  show  that 

fix,  t)  *  (2t)"‘  2  y  j  dkfik,  a,  r)exp(jAx) 

# 

is  a  solution  of  the  inhomogeneous  wave  equation  in  Eq.  (22). 
The  solutions  for  t<-T and  for  t  >  Tare  then  given  by 

/*(x,  t)  -  (2r)-,/!  J  j ”  d*A*.  <r.  ±D 

X  expfiAx  +  ioclAl(±T  -  f)J.  (27) 

Equation  (27)  expresses  the  solution  of  the  wave  equation  in 
terms  f  evaluated  at  ±T.  This  function  is  related  to  the 
source  p  by  Eqs.  (25)  and  (26).  Equation  (23),  on  the  other 
hand,  expresses  the  same  solutions  in  terms  of  /  and  (d/dt)f 
evaluated  at  ±T.  Hence  one  would  expect  to  be  able  to 
relate  J(k,  a,  ±T)  to/ and  id/dt)f  evaluated  at  ±T.  Indeed, 
the  formula  connecting  f(k,  a,  T)  and  f+  is 

Jik,  a,T)»  (8x)'1/2  f“  dx 

x  |7+(x,  t  =  T)  /♦(*»  t  *  T)J  exp(-thx),  (28) 

and  f(ko,—T)is  obtained  in  terms  of  f-  by  Fourier  inversion 
of  Eq.  (27)  evaluated  at  t  *  —T.  Thus,  in  the  direct  source 
problem,  U(x,  t )  is  obtained  by  specifying  either  /+(*,  t )  and 
(d/dt)f+(.x,  t )  evaluated  at  t  *  Tor  fix,  -T)  and  pix,  t). 

We  now  turn  to  the  inverse  source  problem.  Inverse  prob¬ 
lems,  in  general,  have  been  the  subject  of  extensive  research 
in  many  branches  of  physics.  In  our  case  we  wish  to  deter¬ 
mine  the  source  from  a  knowledge  of  the  field  generated  by 
that  source.  Supposing  that  f±ix,  t)  and  T  are  known,  we 
can  determine  ?(k,  a,  ±T)  from  Eqs.  (27)  and  (28).  Letting 
the  upper  limit  of  integration  of  Eq.  (26)  equal  T,  one  can 
apparently  obtain  the  temporal  Fourier  transform  sik,  u)  of 
p\k,  t),  where 

«(*, «)  -  (2r)~l/2  f^dWk,  rtexpiiut'). 
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The  source  function  is  then  given  by 
p(x,  t)  m  (2t)~*  j  d k  j  dmik,  w)exp (ikx  -  i<u). 

Thus,  if  sik  cii)  were  known  for  all  k  and  ail  u,  we  could 
determine  pix.t).  However,  referring  to  Eq.  (26),  we  notice 
that  sik,  u)  ia  known  only  for  w  ■  ±clhl,  which  ia  not  suffi¬ 
cient  to  permit  ua  to  reconstruct  p(x,  r).  This  cot  plication 
ia  intimately  connected  with  the  nonuniquenees  i  the  in¬ 
verse  problem. 

Moses  baa  shown  that  specification  of  the  t  me  depen¬ 
dence  of  the  source  is  sufficient  to  guarantee  a  uiique  solu¬ 
tion.35  Aa  a  concrete  example,  if  pir,  t)  ■--■  >Ar)hAt)  + 
Po(r)h0(f),  where  ht  is  an  even  function  of  t  a cu  h,  is  an  odd 
function  of  t  and  both  arc  essentially  arbitrary,  them  ■  com¬ 
plete  solution  of  the  inverse  problem  for  p,(r)  and  pjjc)  is 
possible.  It  must  be  stressed,  however,  that  this  assumed 
fora  for  the  source  function  is  a  sufficient  but  imnsn— arj 
condition  for  the  solvability  of  the  inverse  problem. 

Without  going  into  details  we  cite  the  example  given  in 
Ref.  35.  For  simplicity,  taking  the  time  dependence  to  be  of 
the  form  h,it)  “  5(f),  h„it)  “  5 'it),  where  the  prime  is  d/df, 
end  assuming  the  field  to  be  of  the  form 

/♦(x,  t)  ■  sin(h(x  -  ct)J,  -o  <  x  -  ct  <  a,  kam  nr, 

we  find  that  the  source  function  is  given  by 

p(x,  f)  ”  -(M(f)cos(Ax)  —  c-15'(t  )sin(fex)],  —n<x  <a. 

Note  that  the  source  is  confined  to  e  finite  region  of  space. 
This  important  attribute  for  any  physically  realisable  source 
function  is  not  in  general  guaranteed  for  the  inverse  source 
problem.  |We  should  point  out  that  the  source  function 
given  by  Moaes  is  erroneous  because  of  ■  sign  error  in  evalu¬ 
ating  the  Fourier  transform  of  h0it)  [Eq.  (2.36')  of  Ref.  35].) 

B.  Solution  of  the  Three-Dimensional  Wave  Equation  in 
the  Wave  Zone 

The  general  solution  of  the  source-free  three-dimensional 
wave  equation  is36 

fir,  t)  »  (2x)_3/j  ^  j  d3k  expfik  •  r  -  i <rckt)f(k,  a),  (29) 

where  a  ■  ±1  and  k  •  ikl.  In  spherical  coordinates  B  and  4 
are  used  to  denote  the  polar  and  the  azimuthal  angles,  re¬ 
spectively,  of  the  wave  vector  k.  Making  use  of  the  method 
of  stationary  phase,  we  can  show  that 

lim  exp(ik  •  r)  -  -  2t>  [-exp(iAr)i(5  -  6r)H<t>  -  *r) 

w  SID  w 

+  txpi-ikr)6{6  -  6/)8i<t>  -  */)].  (30) 

where  (6n  4>r)  are  the  angles  in  the  cone  along  the  +z  axis  and 
id/,  <t>/)  are  the  angles  in  the  cone  along  the  -z  axis.44  We 
shall  define  cones  more  precisely  in  the  following  discussion. 
Substituting  Eq.  (30)  into  Eq.  (29),  we  find  that  the  field  in 
the  wave  zone  is  given  by 

fir,  t )  ■  (8w)-l/2r-1  Im  j  dh{exp[th(r  -  ct)]/(A,  *r) 

-  txp[ikir  +  ct)]/(*,  B’,  d/)|.  (31) 
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Fig.  6.  Simple  cone  conaieting  of  two  eeeociated  solid  angles  and 
the  two-sheeted  cone  that  they  subtend.  One  eoiid  angle  lie*  in  the 
positive  hemisphefe  and  the  other  in  the  negative  hemisphere  rela¬ 
tive  to  the  indicated  direction  of  the  z  axis.  Positively  directed 
propagation  proceeds  from  the  negative  hemisphere  to  the  positive 
hemisphere. 


Remarkably,  Eq.  (31)  shows  that  the  general  solution  of  the 
three-dimensional  wave  equation  in  the  wave  zone  is,  apart 
from  the  factor  1/r,  a  superposition  of  one-dimensional  wave 
motion,  expressed  es  functions  of  r  —  ct  and  r  +  ct.  More¬ 
over,  if  initially /(r,  t)  is  confined  to  a  given  solid  angle,  J(k,  9, 
<p)  will  be  significant  for  k  lying  within  that  angle  and,  from 
Eq.  (31),  the  solution  in  the  wave  zone  will  also  be  confined 
to  the  same  angle.  For  the  purposes  of  interpretation  it  is 
convenient  to  consider  propagation  in  cones,  as  indicated  in 
Fig.  6.  In  particular,  an  electromagnetic  field  in  a  cone  is 
defined  as  one  that  is  completely  confined  to  a  cone  in  the 
wave  zone. 

C.  Exact  Solution  of  dm  Wave  Equation  bom  the 
Solution  in  the  Wave  Zone  (Radon  Transforms) 

The  purpose  of  this  subsection  is  to  point  out  that,  given  the 
solution  of  the  wave  equation  in  the  wave-zone  region,  it  is 
possible  to  determine  the  solution  everywhere.36-37  In  par¬ 
ticular,  one  seeks  the  initial  conditions  fir,  t)  and  (d/dt)fir,  t ) 
at  t  ~  T.  This  is  referred  to  as  the  inverse  initial  value 
problem. 

The  solution  of  the  inverse  initial  value  problem  is  dis¬ 
cussed  in  Ref.  36  for  a  particularly  simple  case.  A  systemat¬ 
ic  treatment  of  the  general  problem  is  possible  by  using 
radon  transforms.37 

The  radon  transform  Fik,  A)  of  a  function  fir)  is  obtrined 
by  integrating /over  all  planes  r- A  ■  constant: 

F(*,A>«  Jdfy(r)f(r-A-*), 
where  A  is  a  unit  vector.46  The  usual  radon  transform  is 


defined  as  an  integral  over  planes  whose  normals  vary  over  a 
unit  sphere.  In  general,  the  function  fir)  ***•>—  some  in¬ 
ternal  distribution  (such  as  density)  of  on  object,  and  F{k,  A) 
is  the  projected  distribution,  or  tha  profile,  of  tha  object  on 
the  plane  r  •  A  -  constant.  The  radon  tranafunn  is  a  useful 
tool  in  image  reconstruction  from  projectiotM,  with  applica¬ 
tions  in  computerized  axial  tomography,  radio  astronomy, 
remote  sensing,  etc. 

A  refinement  of  the  usual  d«rffrn«tinf|  at  the  radon  trans¬ 
form  shows  that  only  the  transform  over  a  hsmisphaie, 
which  may  consist  of  disjointed  parts,  is  sufficient  to  recon¬ 
struct  the  original  function.  It  can  than  be  shown  that  the 
task  of  obtaining  an  exact  solution  of  the  three-dimensional 
wave  equation  from  the  solution  in  the  wave  aone  reduces  to 
taking  the  inverse  of  the  refined  radon  of  the 

solution  in  the  wave  zone. 

From  Eq.  (31)  it  is  known  that  in  the  wnse  none  the 
solution  of  the  wave  equation  is,  apart  from  a  factor  1/r,  a 
function  of  only  r  -  ct  or  r  +  ct,  rnprsoonthng  propagation 
along  rays  confined  to  a  cone.  The  field  in  the  wave  zone, 
therefore,  defines  the  range  of  the  «»»»«*  vector  ft  end  the 
amplitude.  This  information  is  essentially  equivalent  to 
knowing  the  projections  in  different  directions.  The  exact 
field  may  then  be  reconstructed  from  the  set  of  projections. 

O.  Example  of  a  Bullet 

We  conclude  Section  7  hy  Hwimwig  «n  «f«lici»  nt « 

bulkt  that  is  a  solution  of  the  scalar  wave  equation.36  An 
example  of  an  electromagnetic  bullet  is  given  in  Ref.  38. 

A  bullet  that  is  confined  to  a  finite  volume  in  the  wave 
zone  is  given  by 

fir,  t)  ■  Hi* - 9)[Hir  ~  a  ~ct)  —  H(r -  b  —  ct)]/r, 

r—w,  (32) 

where  H  is  the  Heaviside  function;  a  and  b,  with  b  >  a, 
denote  the  boundaries  of  the  bullet  along  the  radius;  «<yl  2a 
is  the  vertex  angle  of  the  cone  containing  the  bullet  Note 
that  this  solution  is  causal  and  of  finite  energy  and  has  a 
form  that  is  consistent  with  the  remarks  following  Eq.  (31). 
It  represents  a  packet  of  energy  shot  through  a  cone  whose 
axis  coincides  with  the  z  axis. 

This  solution  can  be  easily  verified  by  letting/ »g(r,  9,  t)/r 
and  noting  that 


Assuming  thatg(r,  9,  t)  -  hir  -ct  —  r0)  Yi9),  one  finds  that 

which  tends  to  zero  for  all  continuous  Y(9)  ear—  <».  For  the 
case  when  Yi$)  »  ij(c  -  9),  we  let  — dl7d9  *  exp[— i*  —  9)*/ 
2A2]/(2r)1/2A,  with  A  —  0.  Note  that  as  A  —  0,  dY/dfl  — 
— 4(«r  -  9)  *  d vi*  -  9)/ 60.  Substituting  this  form  into  Eq. 
(33),  we  notice  that,  as  A  is  made  to  approach  zero,  r  must 
increase  indefinitely  in  order  for  the  right-hand  aide  of  Eq. 
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(33)  to  approach  zero.  Thia  shows  very  dearly  that  Eq.  (32) 
is  indeed  a  soiudor  in  the  wave  zone. 

The  spot  size  may  be  defined  by 

r~  *  j  drdMtfr2  sin  9(2 r  sin  0)2^/jdrd0d0/r  sin  9,  (34) 

where  2r  sin  9  is  the  width  of  a  cone  of  half-angle  9.  Substi¬ 
tuting  Eq.  (32)  into  Eq.  (34),  one  obtains 

r,  ’  ((8  -  9  coe 9  +  cos  3<r)/3(l  -  cose)] inct,  C  —  ®, 

(35) 

indicating  a  linear  increase  with  time  for  the  spot  size,  as  in 
the  case  of  the  Gaussian  pulse  in  Eq.  (14b),  although  the 
constants  of  proportionality  are  different.  We  mention  in 
passing  that  the  solutions  given  by  Moees  and  Prosser36-*8 
are  distinguished  from  the  other  solutions  reviewed  here  by 
not  having  an  explicit  dependence  on  the  frequency  or  the 
wave  number. 

As  mentioned  in  Subsection  7.C,  to  obtain  the  exact  solu¬ 
tion  everywhere  one  has  merely  to  evaluate  the  inverse  radon 
transform  of  the  solution  in  the  wave  zone  (Eq.  (32)].  Since 
the  derivation  is  lengthy  we  shall  simply  quote  the  result. 
The  exact  solution  is  given  by 

fir,  t)  -  fa(r,  r)  -  fb(r,  t ),  (36a) 

where 

fa(r,  t )  **  H(a  ~  9)\H[a  +  ct-r  coeid  —  <r)j  -  H(a  +  ct-  r)|/r 
+  ra\ H[a  +  ct-r  co e(tf  +  <r)]  —  ff[a  +  ct  —  r  cos (0  -  <r)]}/xr, 

(36b) 

with 

i>a  =  cos" ‘((cos  ff  —  cos  cos  0)/sin  fla  sin  9],  0<va<r 

and 

0a  =  cos~‘{(a  +  ct)/r],  0  <  0a  <  x/2. 


and  where  /*( r,  t)  is  identical  to  /„( r,  t)  except  that  a  is 
replaced  by  b. 

The  field  in  Eq.  (36)  is  identically  zero  for  all  r  upstream  of 
the  bullet,  Le.,  for  all  r  <  a  +  ct.  The  wave-zone  limit  is 
obtained  by  taking  r,  t  -*  •.  Then,  since  Eq.  (36)  corre¬ 
sponds  to  propagation  in  the  positive  cone  (Fig.  6),  from  r  — 
ct »  constant,  Eq.  (32)  is  recovered.  The  requirement  that  r 
-  ct  be  constant  is  equivalent  to  observing  the  bullet  in  a 
comoving  frame.  Close  to  the  origin  the  exact  solution  in 
Eq.  (36)  spreads  out  of  the  cone  significantly.  However,  in 
the  wave  zone  the  solution  is  confined  to  the  cone  and  is 
independent  of  the  angel  0  therein.  Finally,  it  has  been 
shown  in  Ref.  38  that  the  difference  between  the  exact  solu¬ 
tion  in  Eq.  (36)  and  the  wave-zone  solution  in  Eq.  (32) 
becomes  small  quite  rapidly  as  r,  ct  increase,  with  r  —  ct  held 
fixed. 

In  principle,  one  can  now  use  the  inverse  source  method  to 
determine  the  sources  that  lead  to  the  bullet  described  by 
Eq.  (32).  To  our  knowledge,  however,  this  computation  has 
yet  to  be  performed. 


long  distances  without  an  appreciable  decrease  in  the  inten¬ 
sity.  Possible  applications  would  include  power  beaming, 
advanced  radar,  laser  acceleration  of  particles,  and  directed 
energy  sources.  This  need  has  led  to  a  great  deal  of  interest 
in  such  fundamental  subjects  as  diffraction  and  new  solu¬ 
tions  of  the  wave  equation. 

It  has  been  reiterated  that  the  physical  basis  for  diffrac¬ 
tion  of  waves  is  the  well-known  relation  AA,Ax,  *  1,  for  i  ■  1, 
2,  3.  By  virtue  of  this,  it  is  simple  to  determine  the 
length  for  the  diffractive  spreading  of  a  beam  with  an  arbi¬ 
trary  transverse  profile.  Thus  a  knowledge  of  the  spectrum 
is  sufficient  to  permit  determination  of  the  maximum  propa¬ 
gation  distance  of  the  beam.  Since  diffraction  is  unavoid¬ 
able,  by  concentrating  the  energy  in  the  high  frequencies  one 
can  only  delay  the  spreading  of  the  beam. 

Four  examples  of  the  research  effort  on  the  subject  of 
beam  propagation  have  been  reviewed  here.  The  conclu¬ 
sions  are  as  follows: 

(1)  Electromagnetic  missiles:  Experiment  indicates 
that  a  suitably  tailored  pulse  shape  can  be  designed  to  have 
an  energy  decay  rate  limited  by  the  highest  frequencies 
present  in  the  pulse.  Thia  is  fully  consistent  with  our  under¬ 
standing  of  diffraction. 

(2)  Bessel  beams:  It  is  shown  that  as  far  as  propagation 

is  concerned  Bessel  beams  are  not  resistant  to  the  diffractive 
spreading  commonly  associated  with  all  wave  propagation. 
These  propagate  no  farther  than  Gaussian  beams  or 

plane  waves  with  the  same  transverse  dimensions. 

(3)  Electromagnetic  directed-energy  pulse  trains:  The 
diffractive  properties  of  the  pulse  form  studied  moat  inten¬ 
sively  under  this  general  heading  are  described  by  diffrac¬ 
tion  theory.  These  pulse  trains  do  not  defeat  diffraction. 

(4)  Electromagnetic  bullets:  Given  a  radiation  wave 
packet  in  the  wave  zone  that  is  confined  to  a  suitable  solid 
angle  and  extends  over  a  finite  radial  extent,  one  can  deter¬ 
mine  the  source  required  to  generate  the  wave  packet.  As  of 
this  writing,  however,  this  problem  has  not  been  solved  for  a 
practical  case. 

In  a  recent  study,  Godfrey  examined  electromagnetic  mis¬ 
siles,  Bessel  beams,  and  electromagnetic  directed-energy 
pulse  trains.  His  conclusions  regarding  the  practical  utility 
and  the  diffractive  properties  of  these  are  identical  to  ours.39 
Ananev’s  analysis  of  Bessel  beams  and  his  conclusions  re¬ 
garding  their  diffractive  properties  are  also  similar  to  ours.40 

APPENDIX  A 

The  purpose  of  this  appendix  is  to  examine  the  transition 
from  the  Fresnel  to  the  Fraunhofer  region  for  a  clipped 
Bessel  beam  and  a  clipped  Gaussian  beam  within  the  con¬ 
text  of  the  Huygens-Fresnel  approximation.46  The  clipping 
is  assumed  to  be  caused  by  a  finite-sized  aperture. 

In  the  case  of  the  Bessel  beam  the  field  distribution  at  the 
aperture  has  the  form  u(r,  z  *  0)  *  «/o(A  j  r)  within  a  circular 
aperture  of  radius  d.  Making  use  of  expression  (6),  we  find 
that  the  amplitude  at  a  point  on  the  axis  of  symmetry  is 
given  by 

^  *  r-1  [  dr'r'J0(k  tr')exp(ikr'2/2z).  (Al) 

Jo 

The  limit  k±  -  0  corresponds  to  the  case  of  plane  waves 


8.  SUMMARY  AND  CONCLUDING  REMARKS 

The  motivation  for  much  of  the  research  reviewed  here 
stems  from  the  need  to  propagate  a  beam  of  radiation  over 
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incident  upon  a  circular  aperture,  as  in  Section  3.  The 
intensity,  given  by  eipremion  (9),  falls  off  for 

z  >  Zp,  whan 

Zp  -  2 ad2 A.  (A2) 

Forkx  >  0,  the  oeci  lie  tory  behavior  of  the  Bees  »1  function  in 
expression  (Al)  tends  to  phase  mix  the  integrand,  effectively 
reducing  the  upper  limit  of  the  integration.  Consequently, 
the  boundary  of  the  Fresnel  region,  beyond  whidi  the  radia¬ 
tion  appears  to  be  emitted  essentially  from  a  point  source,  is 
reached  befon  Zp  ■  2xd3 A. 

Since  then  is  no  simple  analytical  approximation  to  the 
integral  in  stpnssion  (Al),  consider  the  case  of  a  cosine 
beam  u(x,  y,  z  ■  0)  ■  coefAxXkoeAyy),  which  is  the  Carte¬ 
sian  equivalent  of  a  Bessel  beam.  The  aperture  is  a  rectan¬ 
gular  opening  in  the  x-y  plane  defined  by  ((x,y),  W  <  X,  lyl 
<  Y].  In  terms  of 

**~(k/2z)M(X±kxz/k)f  (A3) 

the  amplitude  on  the  z  axis  has  the  form  <*■  /»/„  where 

/,  -  [C({J  +  iS(f+)  +  C(U  +  iS<Ule*p(-iV*/2fc) 

(A4) 

and 

S(t)  -  (2/x)1"  jT  dt  sin  t2,  C(t)  -  (2/t)V2  jf  dt  eoe  t2 

an  the  Fresnel  integrals.43  The  expression  for/y  is  obtained 
from  that  for /t  by  making  the  replacements  Y. 

We  an  interested  in  the  intensity  well  within  a 
Fresnel  region  defined  by  the  width  of  the  apertun 

r«*(X4,YI)/2  (AS) 

but  sufficiently  far  from  the  apertun  so  that  the  radiation 
diffracted  from  one  edge  can  reach  the  z  axis: 

z  *  k(X/kt,  Y/ky).  (A6) 

Taking  the  appropriate  limits  of  the  Fresnel  integrals,  we 
find  that  the  intensity  is  /  s*  /o/16,  where  /o  is  the  intensity 
at  the  diffracting  aperture.  This  analysis  indicates  that 
expression  (A6)  defines  the  boundary  of  the  true  Fresnel 
region.  The  terms  proportional  to  ±kjZ/k  in  Eq.  (A3)  repre¬ 
sent  propagation  at  an  angle  ±sin~1(k*A)  to  the  z  Asa 

consequence  the  drop  in  intensity  characterizing  the  transi¬ 
tion  to  the  Fraunhofer  region  takes  place  at  the  location 
indicated  by  expression  (A6)  rather  than  by  the  right-hand 
side  of  expression  (AS). 

Returning  to  the  Bessel  beam  with  d  » 1/k  x ,  we  find  that, 
in  the  region  of  significant  phase  mixing  in  the  integrand  of 
expression  (Al),  the  Bessel  function  has  the  asymptotic 
form43  Mz)  ~  (2 J*z)m  cos(z  —  x/4).  Substituting  this  into 
expression  (Al)  and  comparing  the  phases,  we  find  that  the 
Fraunhofer  region  for  the  Bessel  beam  commences  at  Zp  a t 
2zd/h1K  From  the  definition  of  Zp  in  Eq.(A2)  we  note  that 
Zb/Zp  m  l/k  id  « 1  for  the  experimental  parameters  in  Ref. 
26.  Thus  we  see  that  a  Bessel  beam  is  not  optimum  as  faur  as 
the  diffractive  falloff  of  the  intensity  is  concerned. 

For  the  Gaussian  beam,  substituting  u(r)exp(— rVwp2) 
into  expression  (6)  and  performing  the  integral,  we  find  that 
the  intensity  cm  the  axis  of  symmetry  is  given  by 


^  1  +  exp(-2(d/w0)2]  -  2  expt-Ww^ooefhdVkr) 

1  +  (r/Z,)2 

CA7) 

where  is  the  Rayleigh  range  defined  in  Eq.  (1).  For  the 
psrsmrtrrs  in  ffnf  26  d/wp  » 1  and  the  srala  hngth  fra  lire 
intensity  to  drop  to  a  quarter  its  initial  value  is  of  the  order 
of  2 Zp,  as  in  expression  (4c).  The  seme  scale  length  is 
roughly  applicable  to  the  case  of  a  wider  Geuaaaut  haem  with 
ue  at  d.  Far  an  infinitely  wide  beam,  u>o  —  »,  and  expses 
non  (A7)  goea  over  to  the  caae  of  pleas  waves  [nipraaaiisi 
(9)1 

For  the  off-axis  intensity  of  the  beam  we  limit  the 

disataaion  to  the  case  for  which  the  observation  point  is  an 
integral  number  of  half-periods  off  the  z  In  analogy . 
withEq.  (A3)  we  define 

{*  -  (k/2 z)M[X  ±  (k^/k  -  n,*/*,)]. 

V*  « (k/lz^X  ±  (kjt/k  +  nzw/kx)], 

where  n,T/kx,  with  nx  an  integer,  is  the  x  coordinate  of  the 
observation  point.  We  assume  that  nxr/kx  <  X.  In  terms 
of  these  variables,  the  amplitude  has  the  form + «  IJy  where 

/,  «  [C(U  +  iS(U  +  C(!_)  +  iS(U  +  C(,x) 

+  iS(v+)  +  C(,_)  +  iS(e_)l,  (A8) 


Fig.  7.  Plot  of  I/,!*,  in  Wfji  ussion  (A8),  venue  distenre  along  the 
axwofeynunetryx.  Psmnetsrs  arc  X  -  3A31  ma,  A  •  6328 A,  and 
*x  ■41mm'*:  (a)  penultimsta  lobe  (n,  •  49h  (b)  lobe  that  is  half- 
way  between  the  z  axis  end  the  edge  of  the  aperture  (n,  -  25);  (c) 
central  lobe  (it,  -  0).  The  Z  coordinate  in  (a)  extends  to  2  cm  only. 
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where  C  and  5  are  the  Fresnel  integrals  defined  above  and 
the  expression  for  /,  is  obtained  from  that  for  1,  by  making 
the  substitution  k,  — •  X  -•  Y,  and  n,  —  nr 

For  plane  waves  (kr.v  —  0)  and  on  the  symmetry  axis  <niy 
—  0).  the  transition  from  the  oscillatory  to  the  monotonicai- 
ly  falling  behavior  of  the  Fresnel  integrals  in  expression  (AS) 
takes  place  at  z  as  kUC2,  Y*)/2.  This  marks  the  boundary 
between  the  Fresnel  and  Fraunhofer  regions.  For  the  cosine 
beam  and  on  the  symmetry  axis  (n,,y  —  0),  expression  (A8) 
reduces  to  Eq.  ( A4),  and  hence  expression  (A6)  defines  the 
boundary  between  the  two  regions.  Away  from  the  symme¬ 
try  axis  (nI  y  >  0)  the  behavior  is  somewhat  more  complicat¬ 
ed.  On  the  aperture,  r  *0,  and  ®.  whence/,  *  2(1 

+ 1).  For  z  sufficiently  large  that  0  <  v-  <  1.  but  f*.,  n*  » 
1,  the  last  two  terms  in  expression  (AS)  are  small  and  I,  — 
3(1  +  0/2.  From  the  definition  of  s-  we  note  that,  as  the 
observation  point  approaches  the  edge  of  the  aperture  («,«■/ 
kt  —  X),  this  reduction  in  the  value  of  /,  is  obtained  at 
smaller  values  of  z,  according  to  the  formula  z  “  k(X  -  n, *7 
kx)kj.  Figure  7.  which  plots  l/,t2  as  a  function  of  z,  confirms 
this  behavior  for  parameters  similar  to  those  of  Ref.  26. 
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Comment  on  Noadiffractiag  Beams 

Nondiffracting  directed  beams  have  been  discussed  by 
several  authors.1'7  Our  intention  is  to  comment  on  (i) 
the  Bessel  beam2"*  which  has  been  called3  “remarkably 
resistant  to  the  diffractive  spreading"  and  (ii)  the  elec¬ 
tromagnetic  directed  energy  pulse  train5'7  (EDEPT) 
which  is  claimed 7  to  be  “significantly  improved  over  con¬ 
ventional,  diffraction-limited  beams,"  and  to5  “defeat 
diffraction.”  We  find  that  diffraction  is  not  reduced  in 
either  case  and  that  conventional  Gaussian  beams  will 
propagate  at  least  as  far  for  a  given  transmitting  antenna 
dimension. 

Durnin,  Miceli,  and  Eberly3  have  studied  the  field 
v(r,z,t)mmJ0(k±r)expli(k:Z  —  at)],  where  Jo  is  the 
Bessel  function,  kx  is  the  transverse  wave  number,  m  is 
the  frequency,  and  k:  is  the  axial  wave  number.  Two 
properties  of  y  are  as  follows:  (i)  The  power  contained 
in  each  lobe,  between  the  adjacent  zeros  of  Jo,  is  of  the 
same  order,  and  (ii)  Jo  is  a  superposition  of  plane  waves 
propagating  at  an  angle  —kx/kz  to  the  z  axis.8 

Based  on  geometric  optics,  Durnin,  Miceli,  and  Eber¬ 
ly1  found  the  propagation  distance  of  the  central  lobe  of 
an  apertured  Bessel  beam  of  radius  R  to  be  —2Rro/X, 
where  r0—x/kx  is  the  spacing  between  zeros  of  Jo  and  X 
is  the  wavelength.  They  compare  the  propagation  dis¬ 
tance  of  the  apertured  Bessel  beam  with  a  Gaussian 
beam  of  spot  size  r0.  The  diffraction  distance  of  the 
Gaussian  beam  is  Zc—nrilX.  Since  R»ro,  they  ob¬ 
served  that  the  Bessel  beam  propagated  —(2/x)R/ro 
times  further  than  the  Gaussian  beam. 

Our  interpretation  differs  in  a  number  of  fundamental 
ways  and  shows  that  the  comparison  between  the  Bessel 
beam  of  radius  R  and  the  Gaussian  beam  of  spot  size  ro 
is  not  appropriate.  If  /V»  1  is  the  number  of  lobes,  then 
R~Nr0.  The  diffraction  length  associated  with  the  cen¬ 
tral  lobe  is 

ZB  - R/8b  -2/Vr^/X  -2/fro/X  -  (2/x)NZc  , 

where  OB^kJk;—  X/2ro  is  the  diffraction  angle.  The  N 
lobes  diffract  away  sequentially  starting  with  the  outer¬ 
most  one.  The  outermost  lobe  diffracts  after  a  distance 
—tcri/X,  the  next  one  diffracts  after  a  distance  2 xr$/\, 
and  so  on  until  the  central  lobe  diffracts  away  after  a  dis¬ 
tance  — Mrr^/X— Zb-  The  central  lobe  persists  as  long 
as  there  are  off-axis  lobes  to  replenish  its  diffraction 
losses. 

If  we  take  a  Gaussian  beam  having  a  spot  size  equal  to 
the  aperture  R ,  it  will  propagate  N  times  further  than 
the  apertured  Bessel  beam.  By  focusing  the  Gaussian 
beam,  nearly  all  the  power  can  be  focused  on  a  target  of 
dimension  ro  in  a  distance  Zb.  For  the  same  power 
through  the  aperture,  the  focused  Gaussian  beam 
delivers  —N  times  more  power  than  the  Bessel  beam. 

Another  solution  to  the  wave  equation  which  has  been 
studied  for  its  diffractive  properties  is  the  EDEPT.5'7 
Ziolkowski,  Lewis,  and  Cook6  have  examined  a  particu¬ 


lar  pulse  form  both  numerically  and  experimentally. 
The  dominant  radial  profile  of  the  modified-power- 
spectrum  (MPS)  pulse  amplitude  is  expl— br2/p(zo 
+i{)1,  where  £«z  — ct,  and  b,  and  z0  are  constants. 
Ziolkowski,  Lewis,  and  Cook  use  the  minimum  spot  size, 
wo ~(fizo/b)'n,  at  the  pulse  center  4  “0,  to  obtain  the 
diffraction  length  Z—xwlfk  —xfizo/bk.  Their  results  in¬ 
dicate  that  the  pulse  propagates  significantly  further 
than  Z  —  xw$fk. 

In  our  interpretation  the  diffraction  length  is  not 
— jtw^A,  but  is  Zmps”^/0mps— *W(vR/X,  where  R  is 
the  transmitting  antenna  dimension  and  Omps^X/xwo  is 
the  diffraction  angle  associated  with  a  pulse  having  a 
typical  transverse  variation  of  — w0  <R.  As  in  the 
Bessel  beam,  the  energy  in  the  MPS  pulse  is  radially 
spread  out,  typically  over  the  full  width  R  of  the  aper¬ 
ture.  The  scale  length  Zmps,  derived  here  by  a  con¬ 
sistent  application  of  diffraction  theory  to  the  MPS 
pulse,  is  fully  consistent  with  the  experimental  and  nu¬ 
merical  results.6'7 

Utilizing  the  entire  transmitting  antenna  radius  R,  an 
unfocused  Gaussian  beam  would  propagate  a  distance 
— xR  2/X;  this  is  greater  than  the  MPS  pulse  propagation 
distance.  A  Gaussian  beam  can  be  focused  to  a  dimen¬ 
sion  — w0  in  the  distance  —Zmps-  Such  a  Gaussian 
beam  focuses  more  power  on  the  target  than  a  corre¬ 
sponding  MPS  pulse. 
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Danis,  Miceti,  ud  Eberly  Reply:  A  Bessel  beam  is  not 
a  Gaussian  beam,  and  so  it  has  a  number  of  different 
properties,  some  of  which  were  pointed  out  by  us  in  Refs. 
1-3.  An  ideal  Bessel  beam  carries  an  infinite  amount  of 
energy  and  is  totally  nondiffracting,  just  like  a  plane 
wave,  but  it  has  a  central  intensity  maximum  (a  beam 
spot)  which  a  plane  wave  of  course  does  not  have.  Ex¬ 
perimental  studies  have  shown  that  laboratory  realiza¬ 
tions  of  Bessel  beams,  which  can  be  generated  in  several 
ways  (see  Refs.  1  and  4),  retain  some  of  the  ideal  beam’s 
non -Gaussian  properties. 

Probably  the  most  interesting  of  these  properties  is  the 
relatively  enormous  depth  of  field  of  its  central  spot  (i.e., 
the  relatively  great  propagation  distance  over  which  the 
spot  half-width  remains  constant).  This  distance,  while 
great,  is  of  course  finite,  but  it  is  intrinsic  to  the  beam, 
once  formed,  and  does  not  depend  on  subsequent  lenses 
or  apertures.  An  example  is  the  propagation  of  He-Ne 
laser  light  in  the  form  of  a  Bessel  beam  with  a  35-/im 
spot  half-width,  with  less  than  5-/rm  spreading  over  a 
propagation  range  of  100  cm  (see  Fig.  1).  The  least  in¬ 
teresting  of  the  Bessel  beam’s  properties  may  be  its  com¬ 
parative  ability  to  carry  energy  onto  a  target,  particular¬ 
ly  if  the  distance  to  the  target  is  accurately  known  in  ad¬ 
vance.  Several  estimates  are  given  in  Ref.  3. 

Finally,  with  emphasis  added  to  indicate  the  important 
element  clearly,  we  give  here  the  complete  sentence  from 


Ref.  1  which  has  been  only  partially  quoted  in  the  first 
paragraph  of  Ref.  5:  “We  have  confirmed  that  beams 
exist  whose  central  maxima  are  remarkably  resistant  to 
the  diffractive  spreading  commonly  associated  with  all 
wave  propagation.” 
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FIG.  1.  Experimental  data  taken  at  6328  A  showing  the  (lack  of)  transverse  spreading  of  the  central  spot  of  the  Bessel  beam  de¬ 
scribed  in  Ref.  2.  A  dashed  line  representing  the  ideal  Bessel  beam  profile  has  been  superimposed  on  a  histogram  of  the  actual  beam 
intensity  measured  with  a  charge -coupled -device  array.  Even  after  100  cm  of  propagation  the  central  spot  width  is  essentially  un¬ 
changed,  although  growth  of  the  beam  wings  has  begun  to  be  apparent. 
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Synchrotron-betatron  parametric  instability  in  free-electron  lasers 
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Analysis  of  the  synchrotron-betatron  coupling  in  a  free-electron  laser  indicates  that  the  particle 
motion  is  susceptible  to  an  instability  that  is  of  a  fundamentally  different  physical  character  to  those 
examined  previously.  The  domain  of  this  instability,  which  is  of  a  parametric  type  and  causes  an  ex¬ 
ponential  growth  of  the  betatron  amplitude,  is  identified,  and  the  growth  rate  therein  determined. 


L  INTRODUCTION 

All  electron  beams  have  finite  emittance;  that  is,  there 
is  a  spread  in  the  particle  velocities  transverse  to  the  pri¬ 
mary  direction  of  motion.  On  traversing  a  wiggler,  the 
inevitable  presence  of  transverse  gradients  in  the  magnet¬ 
ic  field  leads  to  betatron  oscillations  of  the  particles.  On 
the  other  hand,  the  beating  of  the  wiggler  and  optical 
fields  forms  the  ponderomotive  potential  wherein  the  par¬ 
ticles  perform  synchrotron  oscillations.  Coupling  of 
these  two  basic  oscillatory  degrees  of  freedom  in  a  free- 
electron  laser  (FEL)  may  be  deleterious  to  its  efficient 
operation  due  either  to  detrapping  out  of  the  ponderomo¬ 
tive  potential  well  or  growth  of  betatron  oscillation  am¬ 
plitude  and  emittance. 

In  Ref.  1  it  is  shown  that  the  curvature  of  the  optical 
wave  fronts  couples  the  synchrotron  and  betatron  oscilla¬ 
tions  of  the  electrons  and  that  under  the  proper  reso¬ 
nance  condition  the  amplitude  of  the  synchrotron  motion 
increases  unstably.  In  subsequent  work,  the  authors  of 
Ref.  2  showed  that  a  similar  betatron-induced  forcing  of 
the  synchrotron  motion  results  in  the  case  of  planar  opti¬ 
cal  wave  fronts,  provided  the  wiggler  field  is  tapered. 

In  what  follows  it  is  shown  that  the  particle  motion  is 
additionally  susceptible  to  an  instabilif  *hat  is  dependent 
neither  on  the  curvature  of  the  wave  L^nts  nor  on  a  ta¬ 
pered  wiggler  field.  The  instability  arises  from  the  energy 
dependence  of  the  betatron  wave  number.  As  a  result, 
when  the  electrons  undergo  synchrotron  oscillations,  the 
betatron  wave  number  is  modulated  at  the  synchrotron 
period,  resulting  in  a  parametric  instability.  This  leads  to 
an  exponential  growth  of  the  betatron  oscillation  ampli¬ 
tude  and  velocity.  The  region  of  parameter  space 
wherein  this  instability  is  operative  is  identified,  and  an 
analytical  expression  for  the  growth  rate  is  obtained. 


H.  WIGGLER-AVERAGE  EQUATIONS  OF  MOTION 


the  vector  potential  is  taken  to  correspond  to  the  funda¬ 
mental  vacuum  Gaussian  mode: 


A,  =  .4,  cos 


— z  —cot  +4> 
c 


where  co  is  the  angular  frequency,  c  is  the  speed  of  light  in 
vacuo, 

<fi(y,z)=coy2A2cR)— iarctanlz/z*  )+^0  . 
R=z[l+(za/z)2] 

is  the  radius  of  curvature  of  the  wave  fronts. 


(la) 

(lb) 


**  =  - 


cowl 

2 T 


is  the  Rayleigh  range,  ^0isa  constant, 

11/2 
W0 


As  As 


w(z) 


exp[  —y2/wHz)]  , 


(lc) 


(Id) 


As  is  a  constant,  and  in  (z),  the  spot  size  at  z,  is  related  to 
the  waist  w0  at  z— 0  by 


m(z)=in0[l+(z/zJt  r] 


2ll/2 


(le) 


Following  Ref.  1  the  amplitude  and  phase  of  the  optical 
field  are  assumed  to  be  constant  in  time.  This  may  be  val¬ 
id  in  the  low-gain  Compton  or  the  trapped-particle  re¬ 
gimes  of  the  FEL.  By  writing  out  in  detail  the  form  of 
the  optical  field  we  shall  be  able  to  indicate  clearly  the  re¬ 
gion  of  applicability  of  the  following  analysis  [cf.  Eqs.  (6) 
and  (14)]. 

Following  the  standard  procedure,3  the  equations  of 
motion  in  terms  of  the  independent  variable  z  are  deriv¬ 
able  from  the  Hamiltonian  function  —pz(y,py;t,—E;z), 
which  is  given  by 


It  is  assumed  that  the  wiggler  is  linearly  polarized, 
with  the  vector  potential  given  by 

A.w  =  Awcosh(kwy)sin(kwz1ex  , 

where  Aw  is  constant,  2n/kw  is  the  wiggler  period,  and 
e,  is  t1  i  unit  vector  along  the  x  axis. 

The  optical  field  is  assumed  to  be  linearly  polarized  and 


pz  =  ^--^j^-ll+(p,/mc)2+a2]  ,  (2) 

where  E,  the  total  energy  of  an  electron  of  rest  mass  m 
and  charge  —  |e|,  is  canonically  conjugate  to  the  time  t, 
py  is  the  momentum  conjugate  to  the  coordinate  y,  and 
ax  is  the  normalized,  total  vector  potential: 
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ax=aw  cosh(  kwy  )sin(  kwz ) 


+a,cos 


— z  —a )t  +4  , 

c 


(3) 


with  aws  =  \e\AW'S/(mc2).  Since  the  vector  potential  is 
not  an  explicit  function  of  the  coordinate  x,  the  associat¬ 
ed  canonical  momentum  Px  is  a  constant.  Equation  (2) 
has  been  derived  by  choosing  Px  =0,  and  omitting  terms 
on  the  order  of  (mcl/E)~2  and  higher  in  the  expansion 
of  the  Hamiltonian. 

Upon  squaring  the  expression  in  Eq.  (3),  averaging  over 
the  wiggler  period,  and  retaining  only  the  slowly  varying 
contribution  to  the  ponderomotive  potential,  it  is  found 
that 


„  2*3 

m  c 
2  E 


1 +(pf  /me)2 + jo 2  cosh2(  kwy ) 


ID.  ANALYSIS  OF  SYNCHROTRON-BETATRON 
COUPLING 

Variation  of  the  optical  phase  d  across  the  wave  fronts 
underlies  the  instability  investigated  in  Ref.  1. 
Specifically,  the  first  term  in  (la)  leads  to  a  linear  increase 
with  z  of  the  synchrotron  oscillation  amplitude  of  deeply 
trapped  electrons.  Assuming  the  radius  o‘  orvature  R  of 
the  wave  fronts  to  be  constant,  the  growt  ate  of  this  in¬ 
stability  is  proportional  to  y\/R,  where  is  the  ampli¬ 
tude  of  the  betatron  oscillation.  In  what  follows  it  is  as¬ 
sumed  that  y2p/R—* 0.  This  is  the  case  for  electrons 
confined  to  the  central  portion  of  the  electron  beam,  or  in 
the  region  where  the  curvature  of  the  wave  fronts  is 
small.  Assuming  further  that  the  z  variation  of  tf>  is  small 
on  the  scale  length  of  the  instability  to  be  discussed,  for  a 
synchronous  electron  Eqs.  (4c)  and  (4d)  imply 

y=f— const  ,  (7a) 


+au,aJcosh(feu)y) 


Xsin 

~+kw 

z  —at  +$ 

c 

Hamilton’s  equations  are  then  given  by 


(4a) 


dv  ,  ,  sinh(  2k wy) 

Tz—k‘  ~ar. 


(4b) 


=kUJ  - -^z-[l+  ±a2cosh2(kwy)+(yv)2]  ,  (4c) 

dz  2  ylc 

^dz  ~ ~2ycaw a'fB cosh< kwy)cos(.4>+<f>)  ,  (4d) 


where  y=*E  /(me2),  if>—( a>/c  +kw)z  —at,  v  =py/(ymc), 
fB-JoW-W  *s  the  usual  difference  of  Bessel  func¬ 
tions,4  £=(<*„  /2  )2/(  1  +a2  /2 ),  and 


kp- 


a„kw 

V'ly 


(5) 


is  the  betatron  wave  number.  In  arriving  at  Eq.  (4b)  it 
has  been  assumed  that 


«£_  Yas _ a, 

aw  ’  l+a2/2  ’  aw(kww0)2 


«1  , 


(6) 


where  w0  is  the  waist  of  the  optical  field,  Eq.  (le).  Addi¬ 
tionally,  the  wave  term,  proportional  to  as  /y2,  has  been 
dropped  from  Eq.  (4c). 


il>+tf>=(n  -fjbr,  n  =0,±l,±2, . . . ,  (7b) 

whence,  for  « 1,  Eqs.  (4a)  and  (4b)  integrate  to 

y  =ypCos(fcpz)+1c  p'vp$m(Upz)  ,  (8) 

where,  from  (5),  ftp=awkU)/V'2y  is  the  betatron  wave 
number  for  a  synchronous  electron,  and  yB,ve  are  con¬ 
stants.  Upon  substituting  (8)  into  Eq.  (4c)  one  obtains 

}a  2  cosh2(  kwy  )  +  ( )2  =  jo 2  [  1  +  (  kwy  )2  ] + ( y  v  )2 

— ±a2+yHlc%y2p+v2p)  , 

which  is  a  constant  in  z,  whence  the  synchronous  energy 
follows  from  Eq.  (4c)  by  setting  d$/dz—0: 

y  2ckw/a—Vp 

For  an  electron  in  the  vicinity  of  the  synchronous  par¬ 
ticle,  y=f+8y,  ^=#+6 i>,  and  Eqs.  (4c)  and  (4d)  imply 
synchrotron  oscillations  of  8y  and  of  dtp.  Through  the  y 
dependence  of  the  betatron  wave  number,  Eq.  (3),  it  fol¬ 
lows  from  Eqs.  (4a)  and  (4b)  that  under  an  appropriate 
resonance  condition  a  parametric  instability  of  the  cou¬ 
pled  betatron  and  synchrotron  oscillations  is  then  possi¬ 
ble. 

To  examine  this,  the  expression  in  (8)  is  generalized  to 
y  =y^(z)cos[(^+e)z] 

+(£p+e)-1i;0(z)sin[(£0+e)z]  ,  (10) 

where  yB  and  ve  are  now  functions  of  z  and  e  is  a  small 
wave-number  shift  to  be  determined.  Assuming 
\dyB/dz\~eyp,  \dvp/dz\~evp,  and  omitting  terms  on 
the  order  of  e2,  substitution  of  (10)  into  Eqs.  (4a)  and  (4b) 
yields 


( dvp/dz  -e£gy$)cos[(fcp+e)z]—(1cpdyp/dz+€Vp)sin[(1cp+e)z] 

=H.2p{y0COi[{tip+e)z]+(fcp+e)~iVpSm[(fip+€)z'\](bY/f)  ■ 


(II) 
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To  obtain  an  expression  for  &y(z)  to  be  used  in  Eq. 
(1 1),  Eqs.  (4c)  and  (4d)  are  perturbed  about  the  synchro¬ 
nous  values  (7a)  and  (7b): 

&8*=*““2^[1+*a“(l +*^2)+?Vl 


+-7T[l+jai(l+*liy2)]5y ,  (12a) 

cf 

d  oMwa,f »  ,  , 

~-6y=(  —  1 1"-  8  ( l+lk^y2^ ,  (12b) 

dr  '  2fc  2 

where  n  denotes  an  integer  from  the  set  defined  in  (7b). 
Substituting  (10)  and  the  forms 

8y=Ay(z)cos[2(£^+e)r +1/J ,  (13a) 

8^=A#r)sin[2(£0+e)!z  +17]  ,  (13b) 

where  if  is  a  constant,  into  (12)  and  assuming  that 

kwy0«f~l/2,  (14) 


one  obtains  an  identity  whose  consistency  requires  that 
A  y  and  A^  be  independent  of  z  and  that 


2(£0+€)=£Jyn  , 


(15) 


where 


2  f*c2 


(l+jO 


1/2 


is  the  synchrotron  wave  number.  In  addition,  it  is  re¬ 
quired  that  the  integer  n  in  Eq.  (12b)  be  odd.  It  should  be 
noted  that  the  constraint  indicated  by  (14)  is  consistent 
with  the  neglect  of  the  radiation  field  term  in  Eq.  (4c)  and 
the  parameter  restriction  in  (6). 

Now  substituting  (13a)  into  Eq.  (11)  one  again  obtains 
an  identity.  Assuming  ye,ug~cxp(,kz),  the  consistency 
condition  reduces  to 


A.=±{[i^(Ay/f)cosir]2-e2),/2.  (16) 


exponential  growth  of  the  betatron  ampKmA*  of  the  elec¬ 
trons  (except  those  with  c+  —0,  which,  however,  belong 
to  a  act  of  measure  zero). 


IV.  DISCUSSION 

It  is  clear  that  the  source  of  the  instability  discussed 
here  lies  in  the  energy  dependence  of  the  betatron  wave 
number,  Eq.  (5).  Previous  studies  of  the  synchrotron- 
betatron  coupling  have  neglected  this  dependence.  The 
results  of  Refs.  1  and  2  indicate  a  linear  growth  in  the 
amplitude  of  the  synchrotron  motion  ( Ay,A^)  for  deeply 
trapped  electrons.  On  the  other  hand,  for  the  parametric 
instability  discussed  herein.  Ay  and  Ait>  are  constants, 
whereas  yg  and  vg  grow  exponentially  fast.  In  all  three 
cases,  however,  the  resonance  condition  is  essentially 

From  Eqs.  (15)  and  (16)  it  follows  that  for  a  sufficiently 
large  wave-number  mismatch  e  the  growth  rate  vanishes. 
Maximum  growth  is  obtained  for  e— 0: 

XMX=|^|(Ay/f)coshi/|  .  (17) 

It  should  be  remarked  that  the  growth  rate  in  Eq.  (17)  de¬ 
pends  on  the  laser  intensity  through  the  requirement  that 

Since,  at  the  order  of  approximation  employed  here. 
Ay  and  Ad>  are  constants,  the  parametric  instability  is  ex¬ 
pected  to  affect  the  extraction  efficiency  of  the  FEL  main¬ 
ly.  through  increased  electron-beam  radius  and  particle 
detrapping  from  the  ponderomodve  potential,  such  as 
that  described  in  Refit.  1  and  2,  and  would  result  once  the 
betatron  amplitude  is  sufficiently  large.  It  must  be 
remarked,  however,  that  if  the  variation  of  the  optical 
field  amplitude  or  phase  over  the  scale  length  indicated 
by  (17)  is  large  enough,  then  the  resonance  (15)  may  be 
crossed  without  an  appreciable  effect  on  the  efficiency.5  6 
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Analysis  of  the  synchrotron- betatron  coupling  in  a  free-electron  laser  indicates  that  the  particle  motion  is  susceptible  to  an 
instability  arising  from  the  energy  dependence  of  the  betatron  wave  number.  The  domain  of  this  instability,  which  is  of  a  parametric 
type  and  causes  an  exponential  growth  of  the  betatron  amplitude,  is  identified  and  the  growth  rate  therein  determined. 


1.  Introduction 


Coupling  of  the  various  oscillatory  degrees  of  free¬ 
dom  in  a  free-electron  laser  (FEL)  may  be  deleterious  to 
its  efficient  operation  due  either  to  detrapping  out  of 
the  ponderomotive  potential  well  or  to  growth  of  the 
betatron  oscillation  amplitude  and  emittance.  In  ref.  (1] 
it  is  shown  that  the  curvature  of  the  optical  wave  fronts 
couples  the  synchrotron  and  betatron  oscillations  of  the 
electrons  and  that  under  the  proper  resonance  condition 
the  amplitude  of  the  synchrotron  motion  increases  un¬ 
stably.  In  subsequent  work,  the  authors  of  ref.  [2]  showed 
that  a  similar  betatron-induced  forcing  of  the  synchro¬ 
tron  motion  results  in  the  case  of  planar  optical  wave 
fronts  provided  the  wiggler  field  is  tapered. 

Here  it  is  shown  that  the  particle  motion  is  addition¬ 
ally  susceptible  to  an  instability  which  arises  from  the 
energy  dependence  of  the  betatron  wave  number.  This 
leads  to  an  exponential  growth  of  the  betatron  oscilla¬ 
tion  amplitude  and  velocity.  The  region  of  parameter 
space  wherein  this  instability  is  operative  is  identified 
and  an  analytical  expression  for  the  growth  rate  is 
obtained. 


2.  Wiggle-average  equations  of  motion 

It  is  assumed  that  the  wiggler  is  linearly  polarized, 
with  the  vector  potential  given  by 

Am  m  Aw  cosh(kwy)  si n(kwz)ex, 

where  Aw  is  constant  and  2-n/km  is  the  wiggler  period. 
The  vector  potential  of  the  linearly  polarized  optical 
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field  is  taken  to  correspond  to  the  fundamental  vacuum 
Gaussian  mode: 

A,- A,  cos(^z  -«*  +  *)*„ 

where  u  is  the  angular  frequency, 

1>(y,  z)  -  ay2/(2cR)  -  l  arctanCz/z*) +4n>,  0») 

A~*[i  +  (*r/*)J] 

is  the  radius  of  curvature  of  the  wave  fronts. 


WHfc2 


(lb) 

(lc) 


is  the  Rayleigh  range,  ^  is  a  constant. 

exp[-.v2/w2(z)],  (Id) 

A,  is  a  constant,  and  w(z).  the  spot  size  at  z,  is  related 
to  the  waist  iq,  at  z  -  0  by 

*'(0“,n)[i  +  (*AR)2],/2-  (le) 

The  equations  of  motion  in  terms  of  the  independent 
variable  z  are  derivable  from  the  Hamiltonian  function 
-p,(y,  Py,  t,  -  E;  z),  which  is  given  by  [3] 

P-  *  7  ~  TT  l1  +  (Py/"*)1  +  °*}  •  (2) 

where  £  is  the  total  energy  and  a*  is  the  normalized 
total  vector  potential: 

ax  -  am  cosh(kw>’)  sin (kwz)  +  a,  cos^z  -u/  +  4>j, 

(3) 

with  aWJ-  | e\AWJt/(mc2). 

Substituting  eq.  (3)  into  eq.  (2),  it  is  found  that 

A"7‘Tf{1  +  («) 

+awa,  cosh(k„>-)xsin[(y  +**)*-«»  +  ♦]}• 
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Hamilton's  equations  are  then  given  by 
d  y 

-t~  «  o, 

dr 

dc  ,Jsinh(2A:w>-) 

37“  “*»[ — Ikl — j' 

37  -  kw  -  [l  +  iai  cosh?(/cwy)  +  (yo)2] , 


g  -  gawa,/B  cosh(kvy)  cos(t  +  t),  (4d) 

where  y  —  E/(mc2),  \p  —  (u/c  +  kw)2  —  at,  o  - 
Py/(ymc),  fBm/0(()-Ji(€)  is  the  usual  difference  of 
Bessel  functions  [4J,  {  »  (aw/2)J/(l  +  a  i/2),  and 

k*~~kv  (5) 

is  the  betatron  wave  number.  In  arriving  at  eq.  (4b)  it 
has  been  assumed  that 

(6) 

where  w0  is  the  waist  of  the  optical  field  [eq.  (le)]. 
Additionally,  the  wave  term,  proportional  to  a^/y1,  has 
been  dropped  from  eq.  (4c). 


3.  Analysis  of  synchrotron-betatron  coopting 


For  an  electron  in  the  vicinity  r  _e  sv.  chronous 
particle,  y-y  +  8y,  ^-<f  +  8i[,,  ar.  i.  (<•.  and  (4d) 
imply  synchrotron  oscillations  of  8-  of  ?  .  Through 
the  y-dependence  of  the  betatron  v  nun  er  [eq.  (5)) 
it  follows  from  eqs.  (4a)  and  (4'  .nat  under  an  ap¬ 
propriate  resonance  condition  a  arametric  instability 
of  the  coupled  betatron  and  syr .  trotron  oscillations  is 
then  possible. 

To  examine  this,  the  expression  in  eq.  (8)  is  gener¬ 
alized  to 

y=y#(z)  ««[(*„  + «)z] 

+  (£*  +  «)  XVp(z)  s»n[(£p  +  t)z], 

where  yt  and  t>B  are  now  functions  of  z  and  e  is  a  small 
wave-numbers  shift  Assuming  [dy^/dz]  *  *>>B,  |d v^/ 
dr  |  *cb9,  kwyt  <«:  fl/!,  and  omitting  terms  on  the 
order  of  c2,  one  finds  that  ye  and  oB  grow  like  expfXr) 
when  the  following  synchrotron  -  betatron  resonance 
condition  is  satisfied: 

2(*a  +  «)”*»y»- 
Here 


is  the  synchrotron  wave  number,  and 


Variation  of  the  optical  phase  b  across  the  wave 
fronts  underlies  the  instability  investigated  in  ref.  [1]. 
Specifically,  the  first  term  in  eq.  (la)  leads  to  a  linear 
increase  with  z  of  the  synchrotron  oscillation  amplitude 
of  deeply  trapped  electrons.  Assuming  the  radius  of 
curvature  R  of  the  wave  fronts  to  be  constant,  the 
growth  rate  of  this  instability  is  proportional  to  yg/R, 
where  ^  is  the  amplitude  of  the  betatron  oscillation.  In 
what  follows  it  is  assumed  that  y\/R  -» 0.  This  is  the 
case  for  electrons  confined  to  the  central  portion  of  the 
electron  beam,  or  in  the  region  where  the  curvature  of 
the  wave  fronts  is  small.  Assuming  further  that  the 
z-variation  of  $  is  small  on  the  length  scale  of  the 
instability  to  be  discussed,  for  a  synchronous  electron 
eqs.  (4c)  and  (4d)  imply 

y  «  y  **  constant,  (7a) 

t£  +  $=»(n  +  })ir,  n-0,  ±1,  ±2,  •  (7b) 


whence  for  |  kmy  |  •«  1  eqs.  (4a)  4b)  integrate  to 

y->@cos(£$z)+&p1up  sin(£pz),  (8) 

where,  from  eq.  (5),  -  a„kw/V2y  is  the  betatron 

wave  number  for  a  synchronous  electron,  and  y$,  bb 
are  constants.  The  synchronous  energy  follows  from  eq. 
(4c)  by  setting  d^/dz  «  0: 


Y  2ckw/u  ~  o| 


X- ±|[y*p(Ay/'9)  cos  ii]2-*2}  , 

is  the  growth  rate  of  the  instability. 


4.  Discussion 

It  is  clear  that  the  source  of  the  instability  discussed 
here  lies  in  the  energy  dependence  of  the  betatron  wave 
number  [Eq.  (5)].  Previous  studies  of  the  synchrotron- 
betatron  coupling  have  neglected  this  dependence.  The 
results  of  refs.  [1]  and  [2]  indicate  a  linear  growth  in  the 
amplitude  of  the  synchrotron  motion  for  deeply  trapp'd 
electrons.  On  the  other  hand,  for  the  parametric  insta¬ 
bility  discussed  here,  the  synchrotron  motion  is  stable, 
whereas  ye  and  grow  fast  exponentially.  In  all  three 
cases,  however,  the  resonance  condition  is  essentially 
«  2  kf.  Maximum  growth  is  obtained  for  c  -  r 

Xm»<-^al(Ay/y)cosn|.  ’v'-d) 

Since,  at  the  order  of  approximation  employed  here, 
the  synchrotron  motion  is  stable,  the  parametric  insta¬ 
bility  is  expected  to  affect  the  extraction  efficiency  of 
the  FEL  mainly  through  an  increased  electron-beam 
radius,  and  particle  detrapping  from  the  ponderomotive 
potential,  such  as  that  described  in  refs.  [1]  and  [2], 
would  result  once  the  betatron  amplitude  is  sufficiently 
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large.  It  must  be  remarked,  however,  that  if  the  varia¬ 
tion  of  the  optical-field  amplitude  or  phase  over  the 
scale  length  indicated  by  eq.  (10)  is  large  enough,  then 
the  resonance  may  be  crossed  without  an  appreciable 
effect  on  the  efficiency  (5,6]. 
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The  equilibrium  electron-beam  radius  in  a  free-electron  laser  is  determined  by  the  emittance  and  focussing  properties  of  the 
wiggler.  The  spot  size  of  the  radiation  beam  is  determined  by  the  optical  guiding  effects  of  the  interaction.  We  have  obtained  a  simple 
relationship  connecting  the  beam  emittance  and  the  wavelength,  with  wiggier  strength  and  current  as  parameters.  Making  use  of  the 
dispersion  relation  to  define  a  scaled  parallel  thermal  velocity,  we  then  proceed  to  determine  the  limits  on  the  velocity  spreads  to 
achieve  a  desired  lasing  wavelength. 


The  electron-beam  quality  in  a  free-electron  laser 
(FEL)  limits  the  efficiency  and  ultimately  the  wave¬ 
length  at  which  it  can  be  operated.  Although  the  radia¬ 
tion  and  electron  beam  in  the  FEL  are  not  constrained 
in  the  transverse  direction  by  a  slow-wave  structure  or  a 
waveguide,  the  beam  profiles  must  be  closely  matched 
to  ensure  an  efficient  interaction.  The  transverse  emit¬ 
tance  and  wiggier  focusing  determine  the  radius  of  the 
electron  beam,  and  the  radius  of  the  radiation  beam  is 
determined  by  optical  guiding  [1],  Here  we  consider  the 
case  of  gain  guiding  in  a  planar  wiggier.  In  this  case,  the 
relationship  between  the  unnormalized  electron-beam 
emittance  t  and  the  radiation  wavelength  X  (for  a 
filling  factor  of  1)  is  given  by 

X-[yr/(l+a£/2)]1/2«,  (1) 

where  r-  /b[lcA]/17/8  is  Budker’s  parameter,  y  -  1/(1 
-  fi2)l/2,  fi  -  o/c,  and  am  -  eAw/mc2,  Aw  being  the 
wiggier  vector  potential. 

As  is  well-known,  in  vacuo  the  scale  length  for 
diffraction  of  a  beam  of  waist  w  and  wavelength  X  is 
given  by  the  Rayleigh  range  ZR  —  irw2/X.  Thus,  for  a 
given  electron-beam  emittance,  higher  gain  and  current 
are  required  to  maintain  a  matched  radiation  beam  at  a 
longer  wavelength,  and  the  X  versus  /b  scaling  of  eq.  ( i ) 
is  a  reflection  of  this  fact.  This  is  to  be  contrasted  with 
the  classical  result  X  —  it*  which  is  obtained  by  simply 
matching  the  waist  of  the  electron  and  radiation  beams 
when  there  is  no  optical  focusing  [2].  In  fig.  1  we  plot 

eq.  (1)  for  two  different  cases,  y Ib  «  12  kA  ( - )  and 

y/b  -  60  kA  (....).  Also  shown  is  the  nominal  operating 
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point  for  the  experiments  at  Boeing  Aerospace  Com¬ 
pany  (BAC). 

Brightness  has  become  a  frequently  used  figure  of 
merit  for  the  electron  beam  in  FELs.  The  normalized 
brightness  is  defined  as  [2] 

Ba  - 

where  c„  -  fiyt  is  the  normalized  emittance  and  a  is  a 


Fig.  1.  Radiation  wavelength  versus  unnormalized  electron- 
beam  emittance  The  classical  X  —  sit  scaling  is  shown  as  a  full 
line.  The  other  hnes  show  the  scaling  indicated  by  eq.  (1).  The 
point  corresponding  to  the  experiment  at  the  Boeing  Aerospace 
Company  (BAC)  is  also  shown. 
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form  factor.  (For  a  beam  with  a  uniform  ellipsoidal 
cross  section,  a  -  2.) 

For  a  uniform  circular  cathode  of  radius  rc  the 
thermal  contribution  to  the  e  mi  nance  is  t  =  2^7"/ 
mc2)'/2.  For  typical  thermionic  emitters,  the  average 
transverse  energy  of  emitted  electrons  is  0.1  eV,  which 
gives  a  peak  brightness  of  (for  a  =  2)  Bn  —  8.2  x 
10Vb/y:.  where  Jb  is  the  current  density.  The  trans¬ 
verse  emittance  and  brightness  are  useful  parameters 
characterizing  electron  beams.  Emittance  filters  pre¬ 
serve  beam  brightness  while  reducing  beam  emittance. 
However,  the  dynamics  of  the  FEL  is  determined  by  the 
interaction  of  the  wave  with  the  axial  component  of  the 
beam  velocity.  The  axial  energy  spread  in  an  electron 
beam  can  come  from  a  variety  of  sources  such  as 
wiggler  gradients,  space  charge  and  pitch-angle  scatter¬ 
ing.  A  useful  definition  of  beam  quality  for  the  FEL 
that  emphasizes  the  axial  energy  spread  is 

A-vft). 

where  Sy:|  is  the  total  spread  in  the  axial  energy. 

Although  the  beam  parameters  Bn,  cn  and  BQ  are 
useful  figures  of  merit  for  the  electron  beam,  the  FEL 
dispersion  relation  is  required  to  obtain  the  scaling  of 
the  wavelength  with  emittance,  as  was  done  in  eq.  (1) 
for  the  case  of  gain  guiding. 

We  have  derived  the  dispersion  relation  in  the  high- 
gain  Compton  limit  for  an  electron  beam  with  a 
Lorentzian  electron  velocity  distribution,  and  solved  for 
the  effective  thermal  velocity  S  [2]: 

s  =  ( (2) 


Fig  2.  Radiation  wavelength  versus  parallel  and  perpendicular 
velocity  spreads  (normalized  to  the  speed  of  light,  c).  The 
parameters  are  taken  to  be  those  of  the  Boeing  experiment:  a 
170  MeV.  2S0  A  electron  beam  of  1  mm  radius,  a  2.18  cm 
wiggler  period  and  a  wiggler  field  of  1  T. 


where  So,,  is  the  axial  velocity  spread.  When  S  ap¬ 
proaches  1.  the  phase  velocity  of  the  ponderomotive 
wave  lies  within  the  velocity  spread  in  the  beam  frame. 
Hence,  we  make  the  transition  from  the  cold-beam 
limit,  where  all  of  the  beam  electrons  are  involved  in  the 
interaction,  to  the  warm-beam  or  kinetic  regime,  where 
only  a  fraction  of  the  beam  particles  are  involved. 

The  scaled  thermal  velocity  can  be  expressed  in 
terms  of  the  cold-beam  efficiency  p  as 

s  - 


We  can  combine  eq.  (1),  connecting  the  wavelength 
and  the  emittance,  with  the  expression  for  the  scaled 
thermal  velocity  [Eq.  (2)]  to  obtain  an  expression  for  the 
wavelength  achieveable  for  given  parallel  and  per¬ 
pendicular  velocity  spreads: 


_X 

'b 


let2  Yj y  1  +  aj/2  (  \3 

S3  ai  y*  \  c  ) 


+• 


1 

2 


(3) 


Here,  if  we  let  S  «  1,  we  can  find  the  bounding  surface 
for  transition  to  the  kinetic  regime  of  operation  of  an 
FEL.  Note  that  the  expression  in  eq.  (3)  has  the  virtue 
that  it  reduces  to  eq.  (1)  or  eq.  (2)  in  the  appropriate 
limit. 

In  fig.  2  we  have  plotted  the  wavelength  divided  by 
the  electron-beam  radius  as  a  function  of  the  parallel 
and  perpendicular  velocity  spreads.  The  parameters 
chosen  are  approximately  those  of  the  Boeing  FEL:  a 
170  MeV.  250  A  electron  beam  of  1  mm  radius,  with  a 
wiggler  period  of  2.18  cm  and  a  wiggler  field  of  1  T.  If 
X/rb  lies  on  the  surface,  then  we  are  operating  in  the 
cold-beam  regime  for  the  parallel  velocity  spread  and  in 
a  regime  where  the  radiation  beam  spot  size  is  matched 
to  the  electron  beam  for  the  given  perpendicular  veloc¬ 
ity  spread.  Note  that  the  requirement  on  Sun  is  about 
four  orders  of  magnitude  more  severe  than  that  on  8cx . 
This  indicates  a  possible  drawback  of  the  technique  of 
subharmonic  bunching  for  operation  at  short  wave¬ 
lengths.  Subharmonic  bunching,  which  increases  the 
peak  current  by  axially  compressing  the  beam,  has  the 
deleterious  effect  of  increasing  the  axial  velocity  spread. 

In  conclusion,  we  have  obtained  an  expression  for 
the  lasing  wavelength  of  an  optically  guided  FEL  in  the 
exponential-gain  regime  of  operation.  This  expression, 
given  by  eq.  (3),  allows  us  to  compare  and  evaluate  the 
effect  of  the  spreads  in  the  electron  distribution  func¬ 
tion  in  axial  and  perpendicular  directions.  Gearly,  limi¬ 
tations  on  electron  sources  and  problems  in  generating 
high-quality  beams  for  free-eiectron  lasers  will  continue 
to  challenge  accelerator  scientists. 
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We  compare  the  radiation  output  from  simulations  of  a  finite-pulse  high-power  laser  for  several  taper¬ 
ing  rates.  A  fast  taper  leads  to  a  tenfold  incre'se  in  efficiency  as  compared  to  a  slow  taper,  with  little 
change  in  peak  radiation  intensity.  The  enhanced  power  for  fast  tapering  rates  is  due  to  an  increase  in 
the  optical-pulse  cross  section,  brought  about  by  a  reduction  in  refractive  guiding.  This  is  analyzed  by 
an  envelope  equation  for  the  radiation  beam.  For  the  tapering  rates  leading  to  the  highest  powers,  the 
optical  pulse  is  virtually  free  of  sideband  modulation. 

PACS  numbers:  42.35.Tb,  52.75.Ms 


One-dimensional  f rce -electron-laser  (FEL)  theory  pre¬ 
dicts  that  the  radiation  intensity  increases  when  the 
wiggler  is  tapered,  leading  to  higher  efficiency. 1-3  Thus, 
one  would  expea  that  a  faster  taper  should  lead  to  a 
higher  output  intensity  and  efficiency.  Multidimensional 
results4  are  generally  reported  as  an  increase  in  output 
power,  without  specifying  the  intensity,  which  is  a  key 
parameter  in  many  applications.  We  have  studied  a 
high-power,  finite-pulse  FEL  with  a  3D,  axisymmetric, 
time-dependent  code.  Comparison  of  the  radiation  at 
the  wiggler  exit  for  several  tapering  rates  confirms  the 
increase  in  power  enhancement  with  faster  tapering 
rates.  Surprisingly,  this  improvement  is  not  primarily 
due  to  an  increase  in  the  peak  intensity  within  the  pulse; 
rather,  it  is  due  to  an  increase  in  the  radiation  spot  size. 
It  turns  out  that  the  extra  energy  extraaed  from  the 
electron  beam  is  spread  over  a  larger  cross  section  due  to 
a  reduction  in  optical  guiding. 

Two  causes  of  guiding,  gain  focusing  and  re¬ 

fractive  guiding,  have  been  distinguished  based  on  the 
notion  of  a  complex  refraaive  index.8  In  general,  these 
two  participate  simultaneously  and  their  combined  effea 
on  the  spot  size  can  be  ascertained  via  the  envelope  equa¬ 
tion  for  the  radiation  beam  in  an  FEL. 10  We  find  that 
refractive  guiding,  which  dominates  gain  focusing,  di¬ 
minishes  as  the  tapering  rate  is  increased.  As  a  result 
the  wave  fronts  become  more  convex  and  the  spot  size  in¬ 
creases. 

To  examine  guiding,  consider  the  FEL  refractive  in- 
dex'-35-10 

p  —  \+(onMHaw/2\a  |  Xexp (— i'|)/y), 

where  at,  is  the  plasma  frequency,  and  aw  —  |  e  \  BJ 
kwmcz  and  a  ™  i  e  \  A/mc2  are  the  normalized  veaor  po¬ 
tentials  of  the  wiggler  and  radiation  fields,  with  —  |e  | 
the  charge  and  m  the  mass  of  an  electron  with  energy 
ymc2,  Bw  the  amplitude,  and  2x/kw  the  period  of  the 
wiggler.  The  electron  phase  relative  to  the  ponderomo- 
tive  potential  is  $,  and  ( •  •  •  >  denotes  a  beam  average. 
The  optical  veaor  potential  is  represented  by 


Aeim(l,e~,)cx/2+c.c.,  where  A(r,t)  is  a  slowly  varying 
amplitude,  a  is  the  frequency,  and  ex  is  the  unit  veaor 
along  the  x  axis.  The  real  part  of  ji  governs  the  refrac¬ 
tive  effea  and  the  imaginary  part  describes  the  gain. 
Their  combined  foie  in  the  evolution  of  the  radiation  spa 
size  is  expressed  by  the  envelope  equation 10 

r t  +K2(z,t,r„  | a0 1  )r,  -0 , 

Af2a(2c/o>)2I-l+2Ccos5,  +  C2sin2^ 

+  (a/2c)r,Csia^Ar,~* , 

where  ao  is  the  amplitude  of  the  fundamental  Gaussian 
mode,  C"(2/*/1 7 yr)Haw/ 1  a0 1 ,  the  prime  symbol 
30/dz+c  ~ 1  d/Bt,  Ib  is  the  beam  current  in  kHoamperes, 
H,  which  is  a  form  faaor  related  to  the  transverse  profile 
of  the  elearon  beam,  is  roughly  a  constant  and  dose  to 
unity  herein,  y,  is  the  relativistic  faaor  for  a  resonant 
elearon,  and  is  the  resonance  phase  approximation  for 
<£>.  The  —  1  in  the  expression  for  K 2  is  due  to  vacuum 
diffraaion,  2Ccos£,  contributes  to  refractive  guiding 
arising  from  the  real  part  of  p,  and  the  third  and  fourth 
terms,  due  to  the  imaginary  part  of  ft,  contribute  to  gain 
focusing.  The  relative  importance  of  these  will  be  dis¬ 
cussed  along  with  the  simulation  results. 

The  code  employs  the  method  of  source-dependent  ex¬ 
pansion,  10  using  Gaussian  La  guerre  functions  to  evolve 
the  optical  field.12  Betatron  maion  in  a  wiggler  with 
parabolic  pole  faces  is  included.  The  initial  electron  dis¬ 
tribution  is  a  parabolic  along  the  axial  direction  and  in 
the  transverse  plane.  The  parameters  for  the  computa¬ 
tions,  which  are  similar  to  those  for  the  proposed  rf-linac 
FEL  experiment  at  the  Boeing  Aerospace  Company,  are 
listed  in  Table  I. 1 1  The  input  power  is  sufficient  to  ini¬ 
tially  trap  all  the  electrons.  The  tapering  of  the  wiggler 
field,  commencing  at  the  entrance,  is  obtained  by 
prescribing  a  constant  rate  of  decrease  of  electron  energy 
dyjdz  <  0. 

For  brevity,  the  results  for  only  two  tapering  rates  will 
be  discussed.  Case  (a),  —dy,fdz—  0.1  m_l  ({,“1.8°), 
has  a  slow  taper,  and  case  (b),  —dyjdz  “1.3  m  ~ 1 
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TABLE  1.  Parameters  for  a  high-power,  rf-iiaac  FEL. 


Energy  rmc 2 

175  MeV 

Current  /* 

450  A 

Normalized  edge  eminence 

153  mm m rad 

£-beam  radius 

1  mm 

£-beam  pulse  length 

6.7  ps 

Wiggler  field  B. 

6.4  kG 

Wiggler  period  2 a/k. 

4.7  cm 

Wiggler  length  L 

42  m 

Radiation  wavelength  2 xc/a> 

1  fim 

Initial  spot  size  r, 

1.25  mm 

Peak  radiation  input  power 

450  MW 

(£,  =  18°),  has  a  fast  taper.  Figure  1  shows  the  profiles 
of  the  optical  pulse  \a(z,rmmQ)\  and  the  electron  pulse 
at  the  end  of  the  wiggler  for  cases  (a)  and  (b).  Note 
that  the  peak  intensity  (~  [a  |2)  is  about  the  same  in 
both  cases.  The  asymmetry  of  the  optical  pulse  is  due  to 
the  slippage  of  the  electrons,  which  causes  a  greater 
amplification  of  the  trailing  side  of  the  optical  pulse  as 
compared  to  the  leading  edge.  Taking  account  of  the 
finite  transverse  extent  of  the  pulse,  the  slippage  over  a 
wiggler  of  length  L  is 

y  Ll(\+all2)/y}  —  (.xc/wr,)2]—  1  mm, 

where  the  second  term  is  due  to  transverse  effects.  This 
is  comparable  to  that  observed  in  Fig.  1.  figure  1(a) 


z(mm) 

FIG.  1.  Vector  potential  |o(z,r“0)  1  and  linear  electron 
density  Mr)  at  wiggler  exit,  (a)  Slow  tapering  rate,  resonance 
phase  4'=*  1-8°  (case  (a)];  (b)  rapid  tapering  rate,  resonance 
phase  4,=  18°  (case  (b)I.  Note  that  intensity  «  |  a  | 2. 


also  illustrates  the  growth  of  sideband  modulations  from 
the  leading  to  the  trailing  edge  of  the  optical  pulse.  Note 
the  sharp  reduction  in  the  modulation  of  the  pulse  in  the 
more  rapidly  tapered  case  (b).  Fig.  1  (b),  as  in  a  recent 
experiment. 11 

Figure  2  shows  the  radiation  spot  size  r,(z)  (solid 
line)  and  wave-front  curvature  a(z)  (dashed  line),  with 
a(z)  normalized  to  mr}/2c.  Note  that  in  the  region 
where  the  field  amplitude  is  significant  the  spot  size  is 
much  smaller  than  in  the  surrounding  regions  where 
a=*0,  and  r,  and  a  evolve  as  in  vacuum.  Note  further 
that  for  case  (a),  shown  in  Fig.  2(a),  a=*0  within  pulse, 
indicating  roughly  planar  wave  fronts.  On  the  other 
hand,  for  case  (b),  shown  in  Fig.  2(b),  a  >  0,  indicating 
that  the  wave  fronts  are  convex  everywhere. 

Figures  3  and  4  show  the  real  and  imaginary  parts  of 
p(z)  at  the  end  of  the  wiggler.  Comparing  Figs.  3(a) 
and  3(b)  it  is  apparent  that  Rep  is  significantly  larger  in 
the  former,  case  (a).  On  the  other  hand,  noting  that 
Imp  <  0  corresponds  to  gain.  Fig.  4(a)  indicates  that  the 
net  gain  is  approximately  zero  after  averaging  over  the 
synchrotron  modulations,  whereas  the  more  rapidly  ta¬ 
pered  case  (b)  of  Fig.  4(b)  is  seen  to  have  a  net  gain  in 
the  region  where  the  optical  field  is  significant. 

The  implication  of  these  results  with  regard  to  the  spot 
size  may  be  ascertained  by  a  consideration  of  the  terms 
in  K2  in  the  envelope  equation.  Taking  account  of  the 
fraction  of  trapped  electrons,  one  finds  that  in  going 
from  case  (a)  to  case  (b)  the  gain-focusing  term 


FIG.  2.  Spot  size  r,(z)  and  normalized  curvature  a(z)  at 
wiggler  exit,  (a)  Slow  taper  (case  (a));  (b)  rapid  taper  (case 
<b)l. 
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FIG.  3.  Real  ^  (*./•—())  part  of  refractive  index  at  wiggler 
exit,  (a)  Slow  taper  (case  (a)];  (b)  rapid  taper  (case  (b)l. 

C2sin2§,  increases  from  2.4xi0-3  to  7xlO-2.  The 
other  term,  (a>/2c)r/C'sin§,,  changes  from  —  4.4x  10-3 
to  —  2.4x  10  ~2,  the  negative  sign  indicating  a  defocusing 
contribution.  On  the  other  hand,  the  refractive-guiding 


FIG.  4.  Imaginary  0)  part  of  refractive  index  at 

wiggler  exit,  (a)  Slow  taper  (case  (a)];  (b)  rapid  taper  [case 
(b)l. 


term  2Ccos{,  decreases  from  3.1  to  1.6.  The  increase  in 
the  magnitude  of  the  gain-focusing  terms  in  going  from 
case  (a)  to  case  (b)  is  principally  due  to  the  increase  in 
Concurrently,  the  30%  reduction  in  the  refractive- 
guiding  term  is  due  to  the  increase  in  |  <so  I  and  the  de¬ 
crease  in  aw.  Since  the  refractive-guiding  term  is  the 
dominant  term,  the  reduction  in  its  value  leads  to  a  de¬ 
crease  in  A2,  and  hence  to  reduced  optical  guiding.  The 
net  effect  is  the  increase  in  the  spot  size  and  the  curva¬ 
ture  observed  in  Fig.  2(b)  as  compared  to  Fig.  2(a).  In 
other  words,  the  wave  fronts  become  increasingly  convex 
with  faster  tapering  rate. 

Figure  3  summarizes  the  results  for  the  nine  tapering 

rates  -dyjdz  *0.1, 0.3 . 1.7  m-\  corresponding  to 

{,=*1.8°, 3.5° . 35°.  Beyond  -dyjdz- 0.3  m_l, 

the  amplitude  |a{  is  fairly  constant  up  to  —dyjdz 
■1.3  m'1,  after  which  it  decreases.  However,  there  is  a 
near-monotonic  increase  in  the  spot  size.  Therefore,  it  is 
the  increased  transverse  extent  of  the  optical  field — and 
not  an  increase  in  intensity — that  is  responsible  for  the 
enhancement  in  the  power  (  oe  |  r,a  |2)  observed  in  Fig.  3. 
Based  on  the  desired  output  power  and  the  constraint  on 
the  maximum  spot  size  one  can  determine  the  optimal 


FIG.  3.  Summary  of  results  for  various  tapering  rates 
—dy,ldz.  Efficiencies  are  obtained  from  total  energy  in  optical 
field.  For  other  quantities,  ordinate  values  correspond  to 
peak-power  point  along  the  pulse,  which  varies  somewhat  be¬ 
tween  the  different  tapering  rates. 
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tapering  from  Fig.  S. 

Returning  to  Fig.  1,  the  period  of  the  sideband  modu¬ 
lation  in  Fig.  1  is  within  10%  of  that  given  by  theory. 14,15 
Tapering  reduces  sideband  modulation  by  decreasing  the 
trapping  fraction  and  by  distorting  the  synchrotron 
motion. 11,14  The  trapping  fraction  drops  from  —40%  in 
case  (a)  to  —  35%  in  case  (b).  A  measure  of  the  distor¬ 
tion  of  electron  orbits  is  given  by12  Rm  \c(dy,/dz) 
/<n(y— y,)>  |  which  is  the  ratio  of  the  change  in  energy 
cdyrldz  due  to  tapering  and  the  change  in  energy 
<ft(y— 7,))  due  to  synchrotron  motion,  where  fl ^ckw 
x[2a„  |a  |/(l  +ai)l 1/2  is  the  synchrotron  frequency. 
For  case  (a),  /?=*!%,  indicating  a  slight  distortion, 
whereas  for  case  (b),  R=*25%,  indicating  significant 
modification  of  the  synchrotron  motion  and  thus,  re¬ 
duced  sideband  modulation,  as  is  indeed  observed  in  Fig. 
1(b). 

In  summary,  we  find  that  tapering  does  not  sig¬ 
nificantly  affect  the  peak  intensity  in  an  FEL.  Power 
enhancement  is  accomplished  by  spreading  the  radiation 
into  a  larger  cross  section  due  to  reduced  refractive  guid¬ 
ing.  It  should  be  remarked  that  tapering  can  lead  to  an 
increase  in  the  intensity  if  the  spot  size  is  held  constant. 
From  the  envelope  equation  it  can  be  shown  that  this 
may  be  achieved  by  suitable  “tapering”  of  the  electron- 
beam  radius.  For  a  tapered  FEL  with  the  parameters 
herein,  distortion  of  electron  orbits  due  to  tapering  is  ob¬ 
served  to  be  a  significant  cause  for  the  reduction  in  side¬ 
band  amplitude. 
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The  radiation  outputs  from  a  finite-pulse  high-power  laser  for  several  tapering  rates  are  compared.  Simulations  reveal  that  fast 
tapering  leads  to  increased  efficiency  as  compared  to  slow  tapering,  but  with  little  change  in  the  peak  radiation  intensity.  Increasing 
the  tapering  rate  reduces  refractive  guiding  and  increases  the  spot  size  of  the  optical  field.  The  enhanced  power  for  fast  tapering  rates 
is  due  to  the  increase  in  the  optical  pulse  cross  section,  rather  than  an  increase  in  the  amplitude.  This  is  analyzed  by  an  envelope 
equation  for  the  radiation  beam.  Reduced  sideband  modulation  due  to  distortion  of  the  synchrotron  motion  by  the  tapering  is  also 
observed. 


1.  Introduction 

One-dimensional  free-electron  laser  (FEL)  theory 
predicts  that  the  radiation  intensity  increases  when  the 
wtggler  is  tapered,  leading  to  higher  efficiency  [1-3]. 
Thus,  one  would  expect  that  a  faster  taper  should  lead' 
to  a  higher  output  intensity  and  efficiency.  Multidimen¬ 
sional  results  [4]  are  generally  reported  as  an  increase  in 
output  power,  without  specifying  the  intensity,  which  is 
a  key  parameter  in  many  applications.  We  have  studied 
a  high-power,  finite-pulse  FEL  with  a  3D,  axisymmet- 
ric.  time-dependent  code.  Comparison  of  the  radiation 
at  the  wiggler  exit  for  several  tapering  rates  confirms 
the  increase  in  power  enhancement  with  faster  tapering 
rates.  Surprisingly,  this  improvement  is  not  primarily 
due  to  an  increase  in  the  peak  intensity  within  the 
pulse;  rather,  it  is  due  to  an  increase  in  the  radiation 
spot  size.  It  turns  out  that  the  extra  energy  extracted 
from  the  electron  beam  is  spread  over  a  larger  cross 
section  due  to  a  reduction  in  optical  guiding  [3], 

Two  causes  of  guiding  [1-3,6-12],  gain  focusing  and 
refractive  guiding,  have  been  distinguished  based  on  the 
notion  of  a  complex  refractive  index  [9].  In  general 
these  two  participate  simultaneously  and  their  com¬ 
bined  effect  on  the  spot  size  can  only  be  ascertained  via 
the  envelope  equation  for  the  radiation  beam  in  an  FEL 
[11].  We  find  that  refractive  guiding,  which  dominates 
gain  focusing,  diminishes  as  the  tapering  rate  is  in¬ 
creased.  As  a  result  the  wave  fronts  become  more  con¬ 
vex  and  the  spot  size  increases. 


*  Permanent  address:  Science  Applications  InL  Corp.,  Mc¬ 
Lean.  VA,  USA. 


2.  Radiation  envelope  equation 

To  examine  guiding,  consider  the  FEL  refractive 
index  [1-3,6-12] 

H-1  +  (ub/u)2(aw/2lal)(exp(—i()/y),  (1) 

where  ub  is  the  plasma  frequency,  and  aw  - 
|  e  |Bw/kwmc2  and  a  —  \  e\  A/mc2  are  the  normalized 
vector  potentials  of  the  wiggler  and  radiation  fields, 
with  -  |  e  |  the  charge  and  m  the  mass  of  an  electron 
with  energy  ymc1,  the  amplitude  and  2 v/kw  the 
period  of  the  wiggler.  The  electron  phase  relative  to  the 
ponderomoiive  potential  is  £,  and  (...)  denotes  a 
beam-average.  The  optical  vector  potential  is  repre¬ 
sented  by  A  exp(t u(z/c  -  r)]ex/2  +  c.c.,  where  A(r,  t) 
is  a  slowly  varying  amplitude,  to  the  frequency  and  ex 
the  unit  vector  along  the  x-axis.  The  real  part  of  p 
governs  the  refractive  effect  and  the  imaginary  part 
describes  the  gain.  Their  combined  role  in  the  evolution 
of  the  radiation  spot  size  r,(z,  r)  is  expressed  by  the 
envelope  equation  [11] 

r"  +  K2(z,  t,  rs,\ao\)rt-0,  (2) 

^ )2[  - 1  +  2C  cos  +  C2  sin2«r 

+  Tcr'C'  s“  r*’4' 

where  a0  is  the  amplitude  of  the  fundamental  Gaussian 
mode,  C-(2/b/17yr)Waw/|aol.  '  *  3/3z  +  c_13/3t, 
/b  is  the  beam  current  in  kA.  H ,  which  is  a  form-factor 
related  to  the  transverse  profile  of  the  electron  beam,  is 
roughly  a  constant  and  close  to  unity  herein,  yr  is  the 
relativistic  factor  for  a  resonant  electron,  and  £r  is  the 
resonance  phase  approximation  for  <£>.  The  - 1  in  the 
expression  for  K2  is  due  to  vacuum  diffraction. 
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2 C  cos  ir  contributes  to  refractive  guiding  arising  from 
the  real  part  of  p,  the  third  and  the  fourth  terms,  due  to 
the  imaginary  part  of  p,  contribute  to  gain  focusing. 
The  relative  importance  of  these  will  be  along 

with  the  simulation  results  in  the  following  section. 


The  code  employs  the  method  of  source-dependent 
expansion  {11],  using  Gaussian- Laguerre  functions  to 
evolve  the  optical  field  [13].  Betatron  motion  in  a  wig- 
gler  with  parabolic  pole  faces  is  included.  The  initial 
electron  distribution  is  parabolic  along  the  axial  direc¬ 
tion  and  in  the  transverse  plane.  The  parameters  for  the 
computations,  appropriate  for  an  FEL  amplifier  based 
on  an  rf  linac  [14],  are  listed  in  table  1.  The  input  power 
is  sufficient  to  initially  trap  all  the  electrons.  The  taper¬ 
ing  of  the  wiggler  field,  commencing  at  the  entrance,  is 
obtained  by  prescribing  a  constant  rate  of  decrease  of 
electron  energy,  dyr/dz  <  0. 

For  brevity,  the  results  for  only  two  tapering  rates 
will  be  discussed.  Case  (a),  -dyr/dz-0.1  m_1  (£,* 
1.8°),  has  a  slow  taper,  and  case  (b),  -dy,/d z  “  1.3 
m-1  (ft  =  18°),  has  a  fast  taper.  Fig.  1  shows  the 
profiles  of  the  optical  pulse  |  a(z,  r  =  0)  |  and  the  elec¬ 
tron  pulse  at  the  end  of  the  wiggler  for  cases  (a)  and  (b). 
Note  that  the  peak  intensity  ( -  |  a  \ 2)  is  about  the  the 
same  in  both  cases.  The  asymmetry  of  the  optical  pulse 
is  due  to  the  slippage  of  the  electrons,  which  causes  a 
greater  amplification  of  the  trailing  side  of  the  optical 
pulse  as  compared  to  the  leading  edge.  Fig.  2  shows  the 
longitudinal  profiles  of  the  power  in  the  radiation  pulse 
for  cases  (a)  and  (b).  Note  the  dearly  enhanced  power 
in  the  rapidly  tapered  case  (b).  Taking  account  of 
the  finite  transverse  extent  of  the  pulse,  the  slippage 
over  a  wiggler  of  length  L  is  L[(l  +  a*/2)/yr2  - 
(itc/wr,)2]/ 2  =  1  mm,  where  the  second  term  is  due  to 
transverse  effects.  This  is  comparable  to  that  observed 
in  fig.  1.  Fig.  la  also  illustrates  the  growth  of  sideband 
modulations  from  the  leading  to  the  trailing  edge  of  the 


Table  1 

Parameters  for  a  high-power,  rf-linac  FEL 


Energy  ymc2 

175  MeV 

Current  /b 

450  A 

Normalized  edge  emittance 

153  mmmrad 

E-beam  radius 

1  mm 

E-beam  pulse  length 

6.7  ps 

Wiggler  field  Bw 

6.4  kG 

Wiggler  period  2v/*w 

4.7  cm 

Wiggler  length  L 

42  m 

Radiation  wavelength  2ttc/<j 

1  pm 

Initial  spot  size  r. 

1.25  mm 

Peak  radiation  input  power 

450  MW 

Fig.  1.  Vector  potential  |o(z,  r)->0|  and  linear  electron  den¬ 
sity  N(z)  at  wiggler  exit,  (a)  Slow  tapenng  rate,  resonance 
phase  {r«1.8°,  case  (a);  (b)  rapid  tapenng  rate,  resonance 
phase  fr*18°,  case  (b).  Note  that  intensity  a|a|2. 


Fig.  2.  Radiation  power  in  GW  at  wiggler  exit,  (a)  Slow  taper, 
case  (a);  (b)  rapid  taper,  case  (b). 
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Fig.  3.  Spot  size  r,(z)  and  normalized  curvature  ot(z)  at 
wiggler  exit,  (a)  Slow  taper,  case  (a);  (b)  rapid  taper,  case  (b>. 

optical  pulse.  Note  the  sharp  reduction  in  the  modula¬ 
tion  of  the  pulse  in  the  more  rapidly  tapered  case  (b),  as 
in  a  recent  experiment  [15]. 

Fig.  3  shows  the  radiation  spot  size  r,(z)  (solid  line) 
and  wave-front  curvature  a(z)  (dashed  line),  with  a(z) 
normalized  to  mr} /1c.  Note  that  in  the  region  where 
the  Held  amplitude  is  significant  the  spot  size  is  much 
smaller  than  in  the  surrounding  regions  where  a  =  0, 
and  rs  and  a  evolve  as  in  vacuum.  Note  further  that  for 
case  (a),  shown  in  fig  3a,  a  =  0  within  the  pulse, 
indicating  roughly  planar  wave  fronts.  On  the  other 
hand,  for  case  (b),  shown  in  fig  3b,  a  >  0,  indicating 
that  the  wave  fronts  are  convex  everywhere. 

Figs.  4  and  5  show  the  real  and  the  imaginary  parts 
of  fi(z)  at  the  end  of  the  wiggler.  Comparing  figs.  4a 
and  4b  it  is  apparent  that  Re  p  is  significantly  larger  in 
the  former,  case  (a).  On  the  other  hand,  noting  that 
Im  p  <  0  corresponds  to  gain,  fig  5a  indicates  that  the 
net  gain  is  approximately  zero  after  averaging  over  the 
synchrotron  modulations,  whereas  the  more  rapidly 
tapered  case  (b)  of  fig  5b  is  seen  to  have  a  net  gain  in 
the  region  where  the  optical  field  is  significant. 

The  implication  of  these  results  with  regard  to  the 
spot  size  may  be  ascertained  by  a  consideration  of  the 
terms  in  K2  in  the  envelope  equation,  eq.  (2).  Taking 
account  of  the  fraction  of  trapped  electrons,  one  finds 
that  in  going  from  case  (a)  to  case  (b)  the  gain-focusing 
term  C2  sin2!,  increases  from  2.4  x  10-3  to  7  x  10-2. 


Fig  4.  Real  pan  of  refractive  index  p(z.  r  «  0)  at  wiggler  exit, 
(a)  Slow  taper,  case  (a);  (b)  Rapid  taper,  case  (b). 


Fig  5.  p(z,  r  -  0)  part  of  refractive  index  imaginary  at  wiggler 
exit  (a)  Slow  taper,  case  (a);  (b)  rapid  taper,  case  (b). 
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The  other  term,  (u/2c)r?C'  sin  changes  from  -4.4 
x  10" 3  to  -2.4  x  10-2,  the  negative  sign  indicating  a 
defocusing  contribution.  On  the  other  hand,  the  refrac¬ 
tive  guiding  term  2 C  cos  £r  decreases  from  3.1  to  1.6. 
The  increase  in  the  magnitude  of  the  gain  focusing 
terms  in  going  from  case  (a)  to  case  (b)  is  principally 
due  to  the  increase  in  Concurrently,  the  50%  reduc¬ 
tion  in  the  refractive  guiding  term  is  due  to  the  increase 
in  |  a0 1  and  the  decrease  in  <jw.  Since  the  refractive 
guiding  term  is  the  dominant  term  the  reduction  in  its 
value  leads  to  a  decrease  in  K2,  and  hence  to  reduced 


optical  guiding.  The  net  effect  is  the  increase  in  the  spot 
size  and  the  curvature  observed  in  fig.  3b  as  compared 
to  fig.  3a.  In  other  words,  the  wave  fronts  become 
increasingly  convex  with  faster  tapering  rate. 

Fig.  6  summarizes  the  results  for  the  nine  tapering 
rates  —  dyr/dr  —  0.1,  0.3,  ....  1.7  m_1,  corresponding 

to  *r=1.8°,  3.5° . 35°.  Beyond  -dyr/dr-0.3 

m-  \  the  amplitude  |  a  |  is  fairly  constant  up  to  —  dyt/ 
dr  —  1.3  m~\  after  which  it  decreases.  However,  there 
is  a  near-monotonic  increase  in  the  spot  size.  Therefore, 
it  is  the  increased  transverse  extent  of  the  optical  field  - 


Fig.  6.  Summary  of  results  for  various  tapering  rates  -dy,/dr.  Efficiencies  are  obtained  from  total  energy  in  optical  field.  For  other 
quantities,  ordinate  values  correspond  to  peak-power  point  along  the  pulse,  which  varies  somewhat  between  the  different  tapering 

rates. 
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Fig.  7.  Found  spectrum  of  radiation  amplitude  )a(X)[  at 
wiggier  exit,  (a)  Slow  taper,  case  (a);  (b)  rapid  taper,  case  (b). 


and  not  an  increase  in  intensity  -  that  is  responsible  for 
the  enhancement  in  the  power  (*  |r,a|2)  observed  in 
fig.  6.  Based  on  the  desired  output  power  and  the 
constraint  on  the  maximum  spot  size  one  can  determine 
the  optimal  tapering  from  fig.  6. 

Returning  to  figs.  1  and  2,  sideband  modulation  is 
seen  to  be  sharply  reduced.  This  is  also  shown  in  fig.  7 
where  the  Fourier  spectra  of  the  radiation  amplitude 
|  a(X)  |  are  plotted  for  cases  (a)  and  (b).  The  wave¬ 
length  of  the  sideband  radiation  is  within  10%  of  that 
given  by  theory  [16,17],  Tapering  reduces  sideband 
modulation  by  decreasing  the  trapping  fraction  and  by 
distorting  the  synchrotron  motion  [13,18],  The  trapping 
fraction  drops  from  —  40%  in  case  (a)  to  —  35%  in  case 
(b).  A  measure  of  the  distortion  of  electron  orbits  is 
given  by  [13]  R  *  |c(dyr/dz)/<Q(y-yr)>  |  which  is 
the  ratio  of  the  change  in  energy  cdyr/dz  due  to 
tapering  and  the  change  in  energy  <G(  y  -  yr»  due  to 
synchrotron  motion,  where  G  =  efcw[2aw  j  a  |  /  (1  + 
a\,)]x/2  is  the  synchrotron  frequency.  For  case  (a),  R  = 
1%,  indicating  a  slight  distortion,  whereas  for  case  (b), 
R  —  25%,  indicating  significant  modification  of  the  syn¬ 
chrotron  motion  and  thus  reduced  sideband  modulation 
as  is  indeed  observed  in  figs,  lb  and  2b. 


4.  Conclusions 

We  find  that  tapering  does  not  significantly  affect 
the  peak  intensity  in  an  FEL.  Power  enhancement  is 
accomplished  by  spreading  the  radiation  into  a  larger 
cross  section  due  to  reduced  refractive  guiding.  It  should 
be  remarked  that  tapering  can  lead  to  an  increase  in  the 
intensity  if  the  spot  size  is  held  constant  From  the 
envelope  equation  it  can  be  shown  that  this  may  be 
achieved  by  suitable  “tapering”  of  the  electron  beam 
radius.  For  a  tapered  FEL  with  the  parameters  herein, 
distortion  of  electron  orbits  due  to  tapering  is  observed 
to  be  a  significant  cause  for  the  reduction  in  sideband 
amplitude. 
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FINAL  REPORT-THE  NRL  MODIFIED  BETATRON 
ACCELERATOR  PROGRAM 

I.  Introduction 

This  final  report  summarizes  important  experimental  results  from  the  NRL  modified 
betatron  program  and  documents  its  status  at  its  termination  on  July  17,  1992.  The 
objective  of  this  program  was  to  study  the  critical  physics  issues  of  the  concept  and  to 
accelerate  a  1  kA  electron  ring  to  20  MeV  with  subsequent  extraction  of  the  ring.  Critical 
physics  issues  associated  with  the  concept  are  self  field  effects,  image  forces  at  the  walls  of 
the  vacuum  chamber,  ring  equilibrium,  ring  stability  during  acceleration,  beam  injection 
and  finally  extraction. 

At  the  tune  of  its  termination  the  trapped  current  in  the  NRL  device  was  in  excess 
of  1  kA  and  the  electron  energy,  as  inferred  from  the  main  x-ray  peak,  above  20  MeV. 
Even  more  importantly,  the  NRL  research  effort  furnished  valuable  information  on  the 
various  critical  physics  issues  of  the  concept.  Twelve  years  ago  i.e.,  at  the  commencement 
of  the  modified  betatron  program  very  little  was  known  about  the  physics  of  high  current, 
recirculating  accelerators.  Today,  there  is  a  solid,  well  documented,  although  incomplete 
data  base. 

During  its  life  span,  the  NRL  program  addressed  both  theoretically  and  experimentally 
several  important  physical  processes  associated  with  the  high  current  circular  accelerators. 
Currently,  the  majority  of  these  processes  is  reasonably  well  understood.  However,  there 
are  some  experimental  observations,  such  as  the  toroidal  distribution  of  the  beam  losses 
when  the  twelve  resonant  coils  are  activated,  which,  as  of  today,  remain  without  a  complete 
explanation.  In  addition,  a  critical  physics  issue,  the  extraction  of  the  beam,  has  been 
addressed  experimentally  only  temporarily  and  its  data  base  is  very  limited. 
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Our  experimental  effort  to  develop  a  beam  extraction  scheme  from  the  modified  be¬ 
tatron  accelerator  proceeded  at  slower  than  expected  pace,  mainly  because  the  technical 
approach  had  to  be  modified  a  few  months  before  the  termination  of  the  program.  In  1988, 
an  extraction  technique  was  reported  by  the  NRL  research  staff  that  is  easily  realisable 
and  has  the  potential  to  lead  to  high  extraction  efficiency.  The  hardware  for  this  mainline 
extraction  approach  was  designed  and  fabricated.  However,  it  was  never  installed  in  the 
experiment  because  it  requires  a  beam  with  low  transverse  velocity,  since  the  aperture  of 
the  agitator  is  small.  There  is  evidence  that  the  beam  in  the  NRL  device  has  substantial 
transverse  velocity  caused  by  magnetic  field  disturbances.  As  a  result  of  this  difficulty,  we 
had  to  pursue  some  alternate  extraction  approaches  that  do  not  require  beams  with  low 
transverse  velocity. 

The  alternate  beam  extraction  approaches  had  to  be  terminated  prematurely  with  the 
shutdown  of  the  program.  Still,  these  incomplete  beam  extraction  studies  have  furnished 
some  very  interesting  data  on  the  toroidal  beam  loss  distribution  and  the  dependence  of 
the  beam  loss  rate  on  the  amplitude  and  risetime  of  the  current  pulse  that  powers  the 
twelve  kicker  coils.  These  results  are  discussed  in  Section  IVe. 

Although  the  conception  and  subsequent  development  of  the  modified  betatron  accel¬ 
erator  was  motivated  by  defense  oriented  applications,  it  is  likely  that  this  device  will  be 
useful  in  some  areas  of  civilian  economy.  As  a  result  of  its  compactness,  light  weight  and 
high-current  carrying  capability,  the  modified  betatron  can  generate  very  intense  electron 
beam  that  can  provide  high  dose  rates  at  reduced  unit  irradiation  cost. 

In  this  report,  we  have  compiled  several  publications  written  by  the  NRL-MBA  re- 
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search  staff,  which  cover  the  highlights  of  the  experimental  effort.  In  addition,  we  have 
included  recent  unpublished  experimental  results.  The  bulk  of  the  theoretical  work  is  not 
included.  This  work  is  adequately  documented  in  the  published  literature1.  The  Appendix 
provides  a  list  of  all  the  publications,  both  theoretical  and  experimental,  written  by  the 
NRL  research  staff  on  the  MBA  and  other  similar  accelerators. 
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n.  Historical  Background 


The  modified  betatron  accelerator  was  the  major  component  of  the  Advanced  Accel¬ 
erator  Program  (AAP)  that  formally  started  in  FY  81-  However,  preliminary  work  on  the 
modified  betatron  concept2  was  done  before  FY  81.  At  its  commencement,  the  AAP  was 
a  Special  Focus  Program  (later  it  was  renamed  Accelerated  Research  Initiative)  and  it  was 
jointly  supported  by  ONR  and  by  in-house  funds. 

During  FY  81  the  modified  betatron  concept  went  through  intensive  theoretical  eval¬ 
uation.  The  objective  of  this  evaluation  was  to  assess  the  viability  of  the  modified  betatron 
as  a  high  current  accelerator  and  to  derive  a  set  of  scaling  laws  that  can  be  used  in  the 
design  of  the  device. 

The  extensive  theoretical  and  numerical  studies  were  reviewed  by  the  Modified  Be¬ 
tatron  Review  Panel  that  was  convened  at  NRL  by  Dr.  T.  Coffey  on  November  19  and 
20,  1981.  The  panel  made  several  recommendations.  Probably  the  most  important  was 
the  conceptual  design  of  a  proof-of-principle  experiment.  A  key  excerpt  from  the  Panel’s 
report. 

As  a  general  remark,  the  panel  was  impressed  by  the  very  high 
quality  of  the  NRL  presentations  and  technical  programs.  The  techni¬ 
cal  progress  during  the  past  11  months  has  been  substantial  in  all  areas, 
and  provides  a  strong  basis  for  expecting  continued  steady  progress  in 
the  equilibrium,  stability,  injection  and  extraction  properties  of  the 
modified  betatron.  While  virtually  all  aspects  of  the  high  current 
modified  betatron  provide  a  very  difficult  technical  challenge,  it  is  the 


strong  recommendation  of  the  panel  that  NHL  proceed  immediately 
with  the  conceptual  design  of  a  proof-of-principle  experiment.  The 
conceptual  design  should  be  completed  no  later  than  November  1082, 
with  construction  project  approval  to  follow  a  design  review  at  that 
time. 

During  the  concept  evaluation  phase,  it  was  brought  to  our  attention  that  Donald 
Kerst3  in  the  U.S.A.  and  John  Lawson3  in  England  have  added  weak  toroidal  fields  to 
conventional  betatrons4  to  increase  their  current  carrying  capabilities.  However,  these 
quick  experiments  produced  inconclusive  results.  In  addition,  in  1968  a  USA  patent  was 
obtained  by  P.J.  Gratreau6  for  a  betatron  with  a  toroidal  magnetic  field  and  a  radiai 
electric  field  for  deflecting  the  injected  beam.  The  importance  of  the  space  charge  effects 
is  not  addressed  in  Gratreau ’s  patent.  These  effects  have  been  included  in  an  unpublished 
work  by  A.G.  Bonch-Osmolovsky.6 

A  device  similar  to  the  modified  betatron  is  the  plasma  betatron.  In  the  modified 
betatron  the  high  current  circulating  beam  is  generated  by  an  external  source  and  space 
charge  effects  and  images  on  the  wall  play  a  dominant  role  in  the  confinement  of  the 
electron  ring.  In  contrast,  in  plasma  betatrons  the  circulating  electrons  are  plasma  runaway 
electrons  and  are  produced  from  the  plasma  that  fills  the  vacuum  chamber.  The  space 
charge  of  the  electron  beam  is  neutralized  by  the  background  ions  and  thus  does  not  play 
any  role  in  the  confinement  of  the  beam.  Suggested  initially  by  Budker7,  the  plasma 
betatron  was  investigated  by  several  groups  including  J.C.  L inhart8  and  C.  Maisonnier, 
Reynold  and  Skarsgard9  and  more  recently  by  Rostoker’s  group10.  The  MBA  Preliminary 


Design  Review  Panel  met  at  NRL  on  December  7  and  8, 1982  and  made  several  general  and 
detailed  recommendations  and  approved  the  construction  of  the  apparatus  as  presented 
by  the  NRL  research  staff,  but  under  two  constraints. 

At  the  time  of  the  review  the  objective  of  the  modified  betatron  program  was  the 
formation  of  multikiloampere  (5-10  kA)  electron  rings  with  subsequent  acceleration  from 
3  to  50  MeV  and  the  study  of  critical  physics  issues  of  such  rings. 

The  most  pressing  Physics  issues  of  the  modified  betatron  concept,  at  the  time,  were: 

1.  Is  it  possible  to  efficiently  inject  a  high  current  beam  in  a  toroidal  device? 

2.  Do  equilibrium  states  exist  for  a  high  current  ring? 

3.  Are  these  equilibrium  states  stable  on  the  time  scale  of  interest? 

4.  Is  the  orbit  displacement  resulting  from  the  energy  mismatch  manageable? 

Since  a  high  quality  3  MeV,  10  -  20  kA  injector  accelerator  required  substantial  devel¬ 
opment  and  could  not  be  obtained  at  an  affordable  cost  and  in  order  to  reduce  the  risk  and 
the  cost  of  the  program,  the  initial  objective  was  modified  on  March  29,  1983.  According 
to  the  reformulated  program  the  development  of  the  modified  betatron  should  proceed  in 
two  phases,  with  the  following  objectives: 

Phase  A:  Formation  of  1  kA,  1  MeV  electron  ring  in  a  modified  betatron  configuration 
using  an  inexpensive  vacuum  chamber.  Without  accelerating  the  ring  (DC  ring 
experiment)  study  the  critical  physics  issues  associated  with  the  concept,  such 
as  injection,  equilibrium  and  short  time  stability. 


Phase  B:  After  the  installation  of  a  new  vacuum  chamber  accelerate  the  ring  to  20  MeV 
and  study  the  critical  physics  issues  associated  with  the  acceleration,  such  as 
long  time  ring  stability  and  radiation  losses. 

The  construction  and  assembly  of  the  accelerator  was  completed  on  February  11, 1985,  and 
the  testing  of  the  various  power  systems  on  April  20,  1985.  The  first  injection  experiments 
started  on  April  22, 1985. 

Phase  A,  i.e.,  the  DC  ring  experiment  was  completed  on  July  29, 1986.  Specif¬ 
ically,  electron  rings  were  formed  with  circulating  current  between  1-3  kA.  The  DC 
ring  experiment  has  provided  some  valuable  information  on  the  physics  of  high  current 
rings.11*  12 

In  relation  to  Phase  B,  a  substantial  effort  was  made  in  the  development  of  an  inexpensive 
vacuum  chamber.  The  novel  chamber  made  of  epoxy  reinforced  graphite  fibers  was  installed 
in  the  experiment  in  the  Summer  of  1987.  Attempts  to  accelerate  the  beam  over  a  one 
year  period,  i.e.,  between  the  summer  of  1987  and  the  summer  of  1988,  were  unsuccessful. 
The  ring  confinement  time  was  limited  to  a  few  microseconds,  too  short  for  imparting  any 
measurable  energy  to  the  beam. 

In  August,  1988,  the  decision  was  made  to  proceed  immediately  with  the  de¬ 
sign,  fabrication  and  installation  of  strong  focusing  windings13’  14  in  the  device.  At  the 
time,  O micron  Technology,  Inc.  had  completed  the  design  of  a  strong  focusing  system 
for  the  MBA.  However,  the  cost  (~  $  700k)  and  the  time  requested  by  the  contractor  to 
complete  the  fabrication  and  installation  of  the  strong  focusing  system  (~  40  weeks)  were 


not  compatible  with  the  budget  and  time  schedule  of  the  MBA.  Thus,  we  decided  to  de¬ 
velop  the  strong  focusing  system  in-house.  The  installation  of  the  stellarator  windings  was 
completed  in  December  1988.  The  next  few  months  were  invested  to  assemble  the  power 
supply  for  the  SF  windings  and  to  carry  out  experiments  with  runaway  electrons.  The 
experiments  with  an  injected  beam  were  initiated  in  April  1989.  Within  approximately 
two  months,  i.e.,  when  the  Technical  Review  Panel  convened  at  NRL  by  Dr.  S.  Ossakow 
on  June  27-28,  1989,  to  review  the  program,  the  trapped  current  was  —  0.5  kA  and  the 
beam  energy16  ~  10  MeV. 

The  Technical  Review  Panel  made  the  recommendation  that  NRL  management 
continues  the  MBA  program  for  two  more  years,  as  it  becomes  apparent  from  the  following 
excerpt  taken  from  the  Panel’s  report. 

The  Committee  was  impressed  by  the  significant 
technical  progress  made  during  the  past  several  months  with 
the  addition  of  a  helical  strong  focusing  field  in  the  NRL 
modified  betatron  experiment.  Dr.  Kapetanakos  and  the 
entire  experimental  team  are  to  be  commended  for  achiev¬ 
ing  the  difficult  milestone  of  10  MeV  at  0.5  kA.  It  is  antic¬ 
ipated  that  the  improved  physics  understanding  associated 
with  these  experiments  will  be  substantial. 

Needless  to  say,  the  recent  experimental  results  had 
a  favorable  impact  on  the  Committee’s  assessment.  It  is  rec¬ 
ommended  that  Laboratory  management  give  high  priority 
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> 

to  continuation  of  the  modified  betatron  program,  at  least 
1  through  the  concept  demonstration  phase  (20  MeV  at  1  kA, 

including  extraction)  over  the  next  twenty-four  months. 

I  The  spiky  x-ray  signals  ed  by  the  lost  electrons  in  the  NRL  device  could 

be  explained  either  by  the  cyclotron  resonances  or  the  cyclotron  instability.15  However, 
measurements  of  the  magnetic  field  components  of  the  electromagnetic  modes  the 
toroidal  chamber  have  shown16  that  the  amplitude  of  these  modes  was  too  small  to  excite 
the  cyclotron  instability.  Thus,  the  definite  conclusion  was  reached  that  the  cyclotron 
resonance  was  the  dominant  beam  loss  mechanism. 

W 

During  the  next  several  months  that  followed  the  June  1989  review  a  concerted 
effort  was  made  to  locate  and  eliminate  the  field  disturbances  that  may  excite  the  cyclotron 

> 

resonances.17  As  a  result  of  this  effort  and  also  by  increasing  the  strong  focusing  and 
toroidal  magnetic  fields,  the  beam  energy  was  raised  above  20  MeV  while  the  trapped 
)  current  was  in  excess  of  1  kA. 

In  late  spring-early  summer,  1991,  while  the  beam  dynamic  stabilization  exper- 
^  iments  with  twelve  resonant  coils  were  underway,  we  observed  that  th?  beam  could  be 

kicked  out  of  the  magnetic  field  of  the  device  within  a  time  interval  that  was  comparable 
to  the  risetime  of  the  current  pulse  that  powered  the  resonant  coils.18’  19  Three  current 
^  pulses  with  risetimes  12,  5  and  0.4  fisee  were  used.  With  the  12  nsec  risetime  current 

pulse  the  FWHM  of  the  x-ray  signal  was  reduced  from  approximately  900  nsec  to  only  8 
nsec,  i.e.,  by  more  than  two  orders  of  magnitude  while  its  amplitude  increased  by  a  factor 
of  thirty. 

> 
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Extensive  studies  of  the  spatial  distribution  of  beam  losses  when  the  resonant 
coils  are  energized  with  the  0.4  usee  current  pulse  have  shown  that  the  beam  strikes  the 
wall  at  six  very  well  defined  toroidal  positions  that  are  60°  apart.  Rotation  of  the  vacuum 
chamber  and  thus  of  the  strong  focusing  windings  that  are  attached  to  the  chamber  by  30° 
as  well  as  an  /  =  1  small  radial  displacement  of  the  chamber  had  no  effect  on  the  beam 
distribution.10  However,  in  the  absence  of  the  strong  focusing  field  when  the  resonant  coils 
are  energized,  the  experimental  results  show  that  the  beam  strikes  the  wall  at  a  single 
toroidal  position  near  0  —  70°. 

Although  the  fabrication  of  the  hardware  for  the  resonant  extraction20  approach 
that  was  the  mainline  extraction  scheme  for  the  NRL  device  was  completed  by  the  end  of 
FY  91,  the  resonant  extraction  was  never  tested  experimentally.  The  reason  is  that  this 
extraction  technique  is  based  on  a  single  agitator  with  a  very  small  aperture.  Therefore, 
it  requires  a  beam  with  low  transverse  velocity.  However,  this  was  not  the  case  in  the 
NRL  experiment.  The  amplitude  of  the  various  field  imperfections  never  was  reduced  to 
a  low  enough  level  to  make  the  transverse  velocity  of  the  beam  compatible  with  the  small 
aperture  of  the  agitator.  To  avoid  this  difficulty  we  had  to  invent  a  new  agitator  with  large 
aperture.  Among  the  various  kickers  considered,  magnetic  cusps  were  found  to  be  the  most 
promising.  Extensive  numerical  studies  of  several  cusp  configurations  have  shown  that  a 
single  layer,  24.2  cm  long  cusp  surrounded  by  a  resistive  shroud  could  provide  sufficient 
displacement  to  the  beam  over  a  20  nsec  time  period.  Unfortunately  such  a  cusp  could  not 
be  fabricated  on  time  and  thus  we  had  to  proceed  with  an  inferior  agitator  that  is  based 
on  three  double  cusps  that  are  located  120°  apart  in  the  toroidal  direction.  This  agitating 
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I 

system  was  fabricated  in-house  and  tested  in  the  experiment  for  a  short  period  of  tune 
P  just  before  the  termination  of  the  MBA  program.  These  incomplete  results  are  discussed 

in  Section  IVe. 

|  Table  I  lists  most  of  the  important  dates  in  the  history  of  the  MBA  program 

and  Table  II  lists  the  names  of  the  technical  staff  on  November  15, 1991,  i.e.,  the  day  NRL 

decided  to  terminate  the  MBA  program. 
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m.  Experimental  Results  Before  the  Installation  of  Strong  Focusing  (1985  - 
1988). 

This  Section  briefly  describes  the  highlights  of  the  experimental  effort  before  the 
installation  of  the  strong  focusing  windings.  To  make  these  results  meaningful  to  the 
reader  who  is  not  familiar  with  the  modified  betatron,  a  short  theoretical  introduction  has 
been  included  that  addresses  the  transverse  dynamics  of  the  electron  ring.  Although  the 
initial  studies31"38  of  the  transverse  electron  ring  dynamics  were  based  on  the  linearized 
equations  of  motion,  here  we  have  adopted  a  different  approach  that  was  developed  later 
on  and  is  based  on  the  two  constants  of  the  motion.34  The  latter  approach  has  several 
advantages;  such  as  (i)  It  is  easier  and  thus  more  transparent,  (ii)  allows  the  ring  orbits  to 
be  determined  over  the  entire  minor  cross  section  of  the  torus  and  not  only  near  its  minor 
axis,  and  (iii)  the  toroidal  effects  associated  with  the  various  fields  can  be  included  in  a 
natural  and  straightforward  way. 

a.  Beam  Dynamics 

Consider  an  electron  ring  inside  a  perfectly  conducting  torus  of  circular  cross  section 
as  shown  in  Fig.  1.  The  center  of  the  ring  is  located  at  a  distance  Ar,  Az  from  the  minor 
axis  of  the  torus.  The  kinetic  energy  7mc2  of  a  reference  electron  that  is  located  at  the 
position  r,  z  varies  according  to  the  equation 

mea^(r,z)  *  W 

where  E  (r,z)  is  the  total  electric  field  at  the  position  of  the  reference  electron.  The  electric 
field  is  related  to  the  space  charge  $  and  magnetic  vector  potential  A  by 
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where  the  total  time  derivative  of  #  is  given  by 


d*  d* 

—  =  — -  +  v  •  V$. 
dt  dt 


(3) 


For.  the  problem  of  interest,  the  accelerating  and  self  fields  vary  slowly  in  time  and  thus  it 
is  a  reasonable  approximation  to  assume 


dA 

at 


(4) 


Combining  Eqs.  (1)  to  (4),  we  obtain 


or,  after  integration 


_  H  d»(r,z)  = 
dt  me2  dt 


Tf(r,  z)  -  z)  =  constant.  (5) 

me* 

According  to  Eq.  (5)  the  sum  of  the  kinetic  and  potential  energy  of  the  reference 
electron  is  conserved.  In  a  subsequent  more  accurate  calculation14  the  approximation 
of  Eq.  (4)  has  been  relaxed.  It  has  been  found  that  the  partial  time  derivative  of  the 
potentials  contributes  a  small  term  that  is  proportional  to  v/'i* . 

Since  the  fields  of  the  modified  betatron  configuration  are  independent  of  the  toroidal 
angle  the  canonical  angular  momentum  P $  is  also  a  constant  of  the  motion,  i.e., 


lei 

P$  =  ' jmrvt  -  —rA$  =  constant, 
c 


(«) 


where  As  is  the  toroidal  component  of  the  total  magnetic  vector  potential  and  v#  is  the 
toroidal  velocity  of  the  reference  electron.  Assuming  that  v*  »  v  and  eliminating  *y  from 
Eqs.  (5)  and  (6),  it  is  obtained 


{[“ "  +  *)!*  +  1 }  -  =  con8toIlt>  (7tt) 

[  mcr  me  *  )  me  * 

or,  at  the  centroid  of  the  ring 

{i=Jj + + ‘I''1  -  m 

For  very  high  energy  beams,  i.e.,  when  *>2  >  1,  Eq.  (7b)  is  reduced  to 


+  Ji(As(i2,  Z)  -  *(R, Z)\  =  constant.  (7c). 

mcR  me * 

This  non-linear  conservation  law  can  furnish  very  useful  information  on  the  slow  (drift) 
motion  of  the  ring  in  the  r,z  plane,  provided  that  the  potentials  A$  and  $  at  the  center 
of  the  ring  are  known.  It  should  be  noticed  that  Eqs.  (7)  are  independent  of  the  toroidal 
magnetic  field.  This  is  a  consequence  of  the  assumption  that  v  ss  ve,  i.e.,  to  the  omission 
of  the  fast  motion  of  the  electrons. 

In  Eq.  (7),  the  total  magnetic  vector  potential  As  (r,*)  is 


Ae(r,z)  =  A*est{r,z)  +  Aje//(r,z), 
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where  AJ,t(r,  z)  is  the  external  and  Aj"lf(r,s)  is  the  self  magnetic  vector  potential. 


It  is  assumed  that  the  betatron  magnetic  field  is  described  by 


Agxt(r,  z)  =  B, 


[(?)' 


( 


1%  +  r°  ~  n)  +  2iai 

2  -  n  r  (2  —  »)  2r 


(8) 


where  Bao  is  the  magnetic  field  at  r=r„,  r=o  and  n  is  the  external  field  index,  i.e., 


O 


For  a  cylindrical  electron  beam  inside  a  straight,  perfectly  conducting  cylindrical  pipe, 
the  self  potentials  can  be  computed  exactly,  even  for  large  beam  displacements  from  the 
minor  axis.  In  the  local  coordinate  system  p,  $  the  self  potentials  inside  the  beam,  i.e.,  for 
| p  —  A|  <  rb  are  given  by 


Af'fa*)  =  -2\'\N<0,  1 1/2  + 


lp 2  -f  A2  -  2pAcos(4>  -  q)} 
2rf 


”2^)*  (7)  (9fl) 

and 

♦(,,*)  =  -w{i/2  +  ^  - 

-E(;)  (f)  <•*«.(* -a) }  .  (96) 

At  the  beam  center,  i.e.,  for  p  =  A  and  4>  =  a,  Eqs.  (9a)  and  (9b)  become 

A?lf{R,Z)  =  -2|e| N&t  jl/2  +  tn ^  +  tn[\  -  ^  ~  ^  — -)]  ,  (1®«) 


*(R,Z)  =  — 2|«|W«  {l/2  +  fei  +fa[l  -  --l}  .  (106) 

where  N<  is  the  linear  electron  density,  r&  is  the  minor  radius  of  the  beam,  a  is  the  minor 
radius  of  the  conducting  pipe  and  f}$  =  v$/e. 

To  obtain  a  better  understanding  of  the  potentials  inside  a  perfectly  conducting  torus, 
we  solved  the  differential  equations  for  ♦  and  A  to  first  order  in  the  ratio  a/R,  but  to  any 
order36  in  the  normalized  displacement  A/a.  For  a  constant  particle  density  no  ring  and 
to  second  order  in  A/a,  the  electrostatic  potential  at  the  center  of  the  ring  is  given  by 

*(«,  Z)  =  -2AT4|e|  [1/2  +  <n(«/ri)  -  ~  ^  +  ~ 


rb  (R~ro)] 

8 a3  R  J  ’ 

and  for  constant,  the  stream  function  tjf  is 


(11a) 


V(«,Z)  =  -2NiM0,  1/2  +  M«A»)  -  —  ■ +  z*  -  . 

(116) 

• 

Similarly,  the  image  fields  at  the  centroid  of  the  ring  are  given  by 

*.-S45[feal.  (£). -J.A). 

(12®) 

• 

*—*(!)■ 

(126) 

• 
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I 


and 


B..u  =  »l«IWf  ^  § 


(12e) 


I 


I 


I 


I 


I 


» 


» 


I 


.  W»  [(*-*) 

*  a  a 


fri-  +  l 
Tb 


for  J*  =  constant. 


(12d) 


The  toroidal  term  in  Eq.  (11)  is  very  small  for  the  parameters  of  interest  and  therefore 
the  potentials  at  the  center  of  the  ring  are  approximately  cylindrical.24  For  low  energy  rings 
the  small  toroidal  term  could  be  important  and  may  have  a  profound  effect  on  the  shape 
of  the  orbits.  However,  when  7  »■  1,  the  potentials  for  n0  =  constant  and  =  constant 
become  approximately  equal  and  hence  they  do  not  contribute  substantially  in  Eq.  (7c). 


Equation  (7b)  has  been  solved  numerically,  using  the  potentials  of  Eqs.  (8)  and 
(11).  Typical  macroscopic  beam  orbits  in  the  r,z  plane  are  shown  in  Fig.  2.  The  various 
parameters  for  those  runs  are  listed  in  Table  ITT.  Only  orbits  that  are  at  least  one  beam 
minor  radius  away  from  the  wall  are  shown.  Each  orbit  corresponds  to  a  different  value  of 
the  constant  in  Eq.  (7b).  A  striking  feature  of  the  results  is  the  sensitivity  of  the  orbits 
to  the  value  of  the  constant. 


The  number  marked  in  every  fourth  orbit  is  equal  to  104-  (constant  -  <  constant  >], 
where  the  average  value  of  the  constant,  i.e.  <  constant>  for  each  run  is  shown  at  the 
top  of  the  figure.  For  all  the  cases  tested,  less  than  3%  change  in  the  constant  of  the 
motion  was  sufficient  to  generate  orbits  that  extend  over  the  entire  minor  cross-section 
of  the  torus.  Orbits  shown  with  solid  lines  correspond  to  a  constant  that  is  greater  than 
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<constant>  and  those  shown  with  a  dashed  line  correspond  to  a  constant  that  is  less  than 
Cconstant  >.  All  the  orbits  close  inside  the  vacuum  chamber.  However,  a  fraction  of  them 
lie  inside  the  annular  region  that  extends  from  the  dotted-dashed  line  to  the  wall.  This 
region  has  a  width  that  is  less  than  the  beam  radius  and  hence  part  of  the  beam  will  strike 
and  wall. 

In  the  general  case,  it  is  difficult  to  derive  an  explicit  expression  for  the  ring  orbits  in 
the  transverse  plane  from  Eqs.  (7b)  and  (ll).  However,  in  the  limit  72  >  1, /?$//?  cs  1  and 
1//7  <  1,  such  an  expression  can  be  obtained  near  the  minor  axis  of  the  torus. 

Assuming  that  0e  —  0  and  since  70  os  7  -  1/2  7,  Eqs.  (5)  and  (6)  give 


rrs  +  ^iA'“  +  -*)  +  £-  ««■»•■>»  =  c. 


me4 


mcR  me 2 

Expanding  7  near  rQ  and  using  Eq.  (5),  it  is  obtained 


(13) 


=  _  =  N  d* 


h  =  7  -  % 


me 


2  dr 


A  r  + 


dG 

dr 


Ar, 


where  Ar  =  R  —  r„.  It  is  shown  later  on  that  ^\r<>  =  0  and  thus  the  above  equation 
becomes 


£7  =  7  ~  7o  = 


lei  d$ 


Ar. 


me2  dr 

From  Eqs.  (11a)  and  (lib),  the  difference  in  the  self  potentials  can  be  written  as 


(14) 


AT"  -  *  =  2KM  {l/*  +  ^  - -  «■  >15> 
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Since 


1  —  0s  —  1  —  0  —  1/2'tt2  and  substituting  6~f  from  Eq.  (14)  in  the  expansion  for  1  /7J,  it  is 
obtained 


*„-*  JfL^ 

2-7S  io  me 2  dr 


Arj. 


(16) 


Similarly,  expanding  1/2  7  as 


1  1 


|e|  d$ 


27  270  27|mc2  dr 


Ar, 


and  1/R  as 


(17) 


1  Ar  /aa2 

5-y>-S-  +  U)  I' 

and  using  a  linear  expression  for  the  external  vector  potential 


(18) 


*e*t  B  fl  ,  Ar3(l  -  n)  As2n. 

A>  “■B“r-i1+  53 —  +  ^fl- 


(19) 


Eqs.  (13)  to  (19)  give 


[-*. 

mer0 


+ 


ng*r. 

2c 


(1  -  n)  - 


Tflo2 


■(£)' 


+ 


2c 


•n 


,  Pe  u  .  r?  .  a /Ar\  - 


(20) 


where  Ar  =  /2  —  r0,  Az  =  Z,  G  is  a  constant  that  is  determined  from  the  initial  conditions 
and  v  is  the  Budker’s  parameter. 
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Equation  (20)  describes  the  ring  orbits  near  the  minor  axis,  when  *7*  »  1.  These 
orbits  are  centered  around  the  minor  axis  of  the  torus  when  the  coefficient  of  the  (^) 
term  is  zero,  i.e.,  when 


I±+“\r£V+tnz] 

mcr0  L \2o/  rt 


6pe 

ss - ss  0. 


(21) 


mcr„  [  vza/  rj,j  mer0 

For  (rj/a)2  C  1  and  70  »  1,  Eq.  (21)  predicts  that  »  0.  Therefore,  the  orbits  are 
circular  when  the  external  field  index  is  approximately  equal  to  0.5,  in  agreement  with  the 
computer  results  shown  in  Fig.  2. 


Equation  (20)  can  be  writtem  as: 


2  Gc 

nsV 


(22) 


where 


91  =  1  -  n  -  n*  +  2P*/mr2ft"t 


q2  —  n  —  n* , 


and 


n*  =  2t'r{,c/'y*a2n"t. 

According  to  Eq.  (22),  the  macroscopic  beam  orbits  are  stable,  provided  q\  qi  >  0. 
Figure  3  shows  the  product  qxq2  as  a  function  of  n*.  Since  n*  ~  h/ll,  the  parameter  n* 
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decreases  rapidly  during  acceleration.  Therefore,  in  order  to  avoid  crossing  the  unstable 
region  (qiqi  <  o)  when  7*  increases,  it  is  necessary  to  select  the  beam  parameters  during 
injection  so  that  n*  is  located  to  the  left  of  the  unstable  region. 

The  extreme  of  Eq.  (5)  furnishes  useful  information  on  the  dynamics  of  the  ring  in  the 
r-z  plane.  First,  we  will  show  that  this  extreme  is  the  radial  balance  equation  of  motion 
for  the  reference  electron. 

Setting  the  partial  derivative  of  Eq.  (5)  with  respect  to  r  equal  to  zero 


5*2  _  _  n 

dr  me 2  dr  ’ 

and  using  the  relation  7  =  (1  +  fi2^2)1^2  and  Eq.  (6),  we  obtain 


(23) 


£l  -  +  l«l  aA>d'  1 

dr  mer 2  me 2  dr  me 2  dr 

where  we  have  assumed  that  0  —  v/e  is  approximately  equal  to  fig  =  vg/c. 
Substituting  Eq.  (6)  into  Eq.  (24)  and  using  the  equations 


(24) 


BA egxt 

dr  ’ 


(25a) 


it  is  obtained 


-T,mi£  = -|e||£,  +  +  (26) 

T  C 

i.eM  the  radial  balance  equation.  This  equation  gives  the  equilibrium  position  of  the  ring, 
which  is  located  along  the  er  axis.  At  this  position  the  reference  electron  at  the  centroid 
of  the  ring  moves  only  along  the  toroidal  direction,  i.e.,  vr  =  vM  —  0. 

When  the  equilibrium  position  is  at  r  =  r9,  the  toroidal  velocity  of  the  reference 
electron  can  be  determined  from  Eqs.  (6)  and  (21)  and  is 


Vfio  = 


(l  +  £(l/2  +  *£)] 


(27) 


With  the  exception  of  the  very  small  term  on  the  numerator,  Eq.  (27)  is  the  same  with 
the  expression  reported  previously21*  22  for  beams  with  square  current  density  profile. 


The  external  magnetic  field  2?***  required  to  confine  the  ring  at  r  =  r0  and  be  readily 
found  from  Eq.  (27).  Omitting  the  small  term  in  the  numerator  of  Eq.  (27),  we  obtain 


i^  =  i?2[l  +  ^(l/2  +  £nf)], 

7o  rb 


(26) 


where  the  single  particle  magnetic  field  is  =  lr,fcf9 


The  magnetic  field  required  to  maintain  the  beam  at  an  equilibrium  position  that  is 


different  than  r0  can  also  be  determined  from  the  radial  balance  equation.  Substituting 
Er  and  B"el^  from  Eqs.  (12a)  and  (12d)  into  Eq.  (26),  it  is  obtained 


^*  =  i»r{l  +  ^|l/2  +  /ni  +  ^|>+iJ3^?|}.  (»> 

Equation  (29)  has  been  derived  under  the  assumption  that  v  is  not  a  function  of  R. 


As  a  consequence  of  the  assumption  that  fit  =  fi  and  'it  —  'l,  the  fast  motion  of  the 
electrons  has  been  neglected.  This  effect  can  be  taken  into  account  either  by  using  the 
exact  equations  of  motion  or  the  relativistic  guiding  center  equations  of  motion.  It  can  be 
shown  from  the  guiding  center  equations  with  linear  external  fields  but  non-linear  image 
fields  that  for  symmetric  orbits  with  their  center  on  the  minor  axis,  the  square  of  the 
bounce  frequency  is  given  by 


2l/  1  +  q27*  1 


fi 273 


r» 

n$*c 


‘  7>’) 


^1  —  n  — 


2*/  1  +  H 


(30) 


with 


'ifiec 


1  +  a2 

~lr~ 


(31) 


In  Eqs.  (30)  and  (31) 


fia  = 


fi 1 


1  +  0^7 


2 -,2 


1  +  <*2’  fiht  Pi* 


v  = 


h{kA) 
11  MS  fie  ’ 


fi2  =  l  — \  and  a  =  v±/vt,  where  v±  is  the  transverse  velocity  component  that  is 


due  to  the  fast  motion. 


b.  Description  of  the  Experiment  and  Results 


In  its  initial  form,  i.e.,  before  the  installation  of  the  strong  focusing  windings,  the  NRL 
modified  betatron  comprised  two  different  external  magnetic  fields;  the  betatron  field  that 
is  a  function  of  time  and  is  responsible  for  the  acceleration  of  the  electrons  and  the  toroidal 
magnetic  field  that  varies  only  slightly  during  acceleration37.  Figure  4  shows  a  photograph 
of  the  experiment. 

The  NRL  modified  betatron  is  an  air-core  device.  Both  the  local  field  and  the  magnetic 
flux  are  produced  by  eighteen  circular  coils  that  are  connected  in  series.  Their  total 
inductance  is  approximately  530 fiH.  The  coils  are  powered  by  an  8.64  mF  capacitor  bank 
(48  capacitors  each  having  172  fiF  nominal  capacitance)  that  can  be  charged  up  to  17  kV. 
At  full  charge,  the  bank  delivers  to  the  coils  a  peak  current  of  about  65  kA.  The  current 
flowing  through  the  coils  produces  a  field  that  varies  sinusoidally  with  a  quarter  period 
risetime  of  2.6  msec  and  an  amplitude  on  the  minor  axis  at  peak  charging  voltage  equal 
to  2.1  kG.  Immediately  after  the  peak  the  field  is  crow  barred  with  a  4.5  msec  decay  time. 

Th  ■  flux  condition  and  field  index  are  adjusted  by  two  sets  of  trimmer  coils  that  are 
connected  in  parallel  to  the  TT|*'T1  coils.  The  current  through  the  trimmers  is  adjusted  with 
series  inductors.  Typically  ~  10%  -  15%  of  the  total  current  flows  throught  the  trimmers. 

The  toroidal  magnetic  field  controls  mainly  the  minor  cross  section  of  the  electron  ring 
and  the  growth  rate  of  several  unstable  collective  modes.  This  field  is  generated  by  twelve 
air-core,  rectangular  coils  that  are  connected  in  series.  The  coils  are  made  of  aluminum 
square  tubing  and  have  a  150  cm  height  and  135  cm  width.  The  total  inductance  of  the 
twelve  coils  is  ~  85  pH  and  are  powered  by  a  34-mF  capacitor  bank  (85  capacitors  each 
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having  400  pF  nominal  capicit&nce)  that  can  be  charged  to  a  peak  voltage  of  10.6  kV.  At 
peak  voltage,  the  bank  delivers  to  the  coils  ~  214  kA.  This  current  produces  a  field  that 
varies  sinusoidally  with  a  quarter  period  risetime  of  2.3  msec  and  an  amplitude  on  the 
minor  axis  in  excess  of  5.0  kG. 

Demountable,  high  current  joints  allow  removal  of  the  outer  legs  of  the  coils.  The  high 
current  density,  low  bolting  force  joints  are  attainable  with  multilam.  The  number  and 
size  of  the  coils  has  been  selected  in  order  to  attain  tolerable  field  errors.  The  discreteness 
of  the  coils  produces  a  periodic  field  error  that  has  all  three  components,  i.e.,  A B$>  A B„ 
and  A  Br.  Recent  measurement  of  the  A  Br  component  with  an  accurate  probe20  have 
shown  th^t  its  average  value  over  a  30°  span  at  r=105  cm  is  ~  0.2  %  of  the  toroidal  field. 
Thus,  when  Be  =  5  kG,  <  A Br  >ss  25 G. 

The  coils  are  supported  by  a  stiff  structure  that  consists  of  two  triangular  decks,  three 
aluminum  legs,  a  central  tension  rod  and  a  central  spline.  The  decks  are  made  of  polytruded 
epoxy-glass  beams  and  stainless  steel  plates  that  are  not  electrically  continuous.  The  gape 
in  the  stainless  steel  plates  are  necessary  to  avoid  circulating  currents  from  the  changing 
magnetic  flux. 

Nested  among  the  vertical  field  coils  is  the  vacuum  chamber.  The  100  cm  major 
radius,  15.2  cm-inside  minor  radius  chamber  has  been  constructed  using  epoxy-reinforced 
carbon  fibers  and  has  been  briefly  described  previously.  The  diode  that  emits  the  injected 
beam  is  located  inside  the  vacuum  chamber  and  ~3  .7  cm  from  the  minor  axis.  Both  the 
diode  and  the  generator  that  powers  the  diode  have  been  briefly  discussed  in  previous 
publications.15’  38 
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During  the  first  few  microseconds  following  injection,  the  macroscopic  beam  motion 
in  the  transverse  plane  is  studied  by  monitoring  the  light  emitted  from  a  thin  (2-10jim) 
polycarbonate  foil  that  is  stretched  across  the  minor  cross  section  of  the  vacuum  chamber. 
The  foil  is  carbon  coated  on  the  upstream  side  to  avoid  electrostatic  charging.  Figure  5 
shows  open-shutter  photographs  of  the  light  emitted  as  the  electron  beam  passes  through 
the  foil  for  various  values  of  the  vertical  magnetic  field.  As  the  vertical  magnetic  field 
decreases,  the  equilibrium  position  of  the  beam,  located  approximately  at  the  geometric 
center  of  the  transverse  orbit,  also  decreases.  At  BM0  «  42  G  the  center  of  the  orbit  is 
located  very  near  the  minor  axis. 

Figure  6  shows  the  vertical  magnetic  field  Bgo  required  to  keep  the  beam  at  its  equi¬ 
librium  position  R,,  for  five  beam  currents  3,  2.5,  2.0,  1.0  and  0  kA.  These  results  have 
been  obtained  from  Eq.  (26)  using  the  fields  shown  in  Eqs.  (12).  Although  the  beam 
current  varies  from  shot  to  shot  and  there  is  uncertainty  in  both  the  energy  and  radius 
of  the  beam,  the  qualitative  agreement  between  experiment  and  theory  is  satisfactory.  It 
is  apparent  that  the  image  forces  from  the  induced  charge  and  current  cm  the  wall  of  the 
vacuum  chamber  play  a  very  important  role  and  dramatically  change  the  shape  of  the  Bmo 
vb.  Re,  curve. 
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The  bounce  frequency22  ub,  i.e.,  the  angular  frequency  with  which  the  beam  moves 
on  the  macroscopic  orbits  of  Fig.  2  has  been  measured  in  the  NRL  modified  betatron 
accelerator  under  a  wide  range  of  experimental  conditions.  Figure  7  shows  the  bounce 
frequency  squared  vs.  the  circulating  electron  ring  current.  The  solid  lines  have  been 
computed  from  Eqs.  (30)  and  (31)  for  n  =  0.5  and  for  three  values  of  the  normalised 
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transverse  velocity  0x-  The  solid  circles  are  from  the  experiment.  It  is  apparent  that 
the  measured  is  substantially  greater  than  that  predicted  by  the  theory  for  Px/P  — 
0.  A  reasonable  agreement  between  theory  and  experiment  is  obtained  only  under  the 
assumption  that  0x/0  ss  0.5.  As  a  rule,  the  measured  ub  is  several  times  greater  than 
that  predicted  by  the  cold  beam  theory.  A  satisfactory  explanation  of  this  discrepancy  has 
been,  so  far,  elusive. 

Before  the  installation  of  the  strong  focusing  windings,  the  operating  point13  in  the 
NRL-MBA  was  to  the  right  of  the  instability  gap  (see  Fig.  3),  i.e.,  in  the  high  current 
regime.  The  low  current  regime  was  inaccessible  because  the  beam  could  not  drift  enough 
over  the  first  revolution  to  avoid  the  injector.  It  has  been  shown  that  an  electron  beam 
inside  a  resistive  wave  guide  is  drag  instability  unstable  39  when  its  current  I*  exceed  the 
critical  current  Icrit>  i.e.,  when  the  beam  is  in  the  high  current  regime.  The  drag  instability 
is  due  to  the  poloidal  displacement  of  the  electric  and  magnetic  images  that  is  caused  by 
the  finite  resistivity  of  the  chamber  wall. 

The  growth  rate  T  predicted  by  the  linear  theory39,  for  (b-a)<  6  <  y/b (6  —  a),  is 


(r«T/c) 


cb?  ~  1)  P  x 

2k  V  b  )  (6  —  a)  (*  —  1)  ’ 


(32) 


where  6  is  the  skin  depth,  p  is  the  wall  resistivity,  b-a  is  the  wall  thickness,  x  =  h/hrit 
and  Icrtt  =  4.26(73  —  1  )3/3(o/%)3(kA).  The  rest  of  the  parameters  have  been  defined 
previously.  The  beam  lifetime  is  computed  from 


t0  =  fn(o/Ac)/r, 


(33) 


where  A0  is  the  injection  position. 


Figure  8  shows  the  normalised  ring  lifetime  c  t0/2jrro  as  a  function  of  the  electron 
ring  current  for  several  value  of  %.  In  effect,  et0/2rr0  is  the  number  of  revolutions  around 
the  major  axis  performed  by  the  beam  before  it  strikes  the  wall.  The  dashed  line  shows 
the  number  of  revolution  over  a  bounce  period.  When  no  attempt  is  made  to  trap  the 
beam,  only  the  portion  of  the  solid  curves  to  the  left  of  the  dashed  curve  are  meaningful. 
According  to  Fig.  8,  the  m»Timnm  number  of  revolutions  the  beam  could  perform  before 
striking  the  wall  is  limited  to  about  40.  However,  we  have  routinely  observed  in  the 
experiment  beam  lifetimes  that  were  five  times  longer. 

The  solid  curves  in  Fig.  8  have  been  plotted  under  the  assumption  that  on  each  curve 
the  beam  electrons  have  the  same  kinetic  energy,  independently  of  the  beam  current.  This 
implies  that  the  voltage  on  the  diode  of  the  injector  Vj  increases  as  the  beam  current 
increases.  Figure  0  shows  the  normalised  beam  lifetime  as  a  function  of  beam  current  for 
fixed  voltage  on  the  diode.  This  represents  a  realistic  simulation  of  the  experiment.  The 
dramatic  increase  in  the  beam  lifetime  with  beam  current  is  due  to  the  lower  growth  rate 
at  lower  70  and  also  to  the  reduction  of  Ierft. 

Several  trapping  techniques  have  been  used  to  trap  the  beam  in  the  modified  betatron 
before  the  installation  of  the  strong  focusing  windings.  All  these  techniques  required  that 
the  beam  drifts  a  sufficient  distance  during  the  first  revolution  around  the  major  axis  that 
the  beam  misses  the  diode.  In  the  three  initial  techniques,  sufficient  drift  could  be  attained 
only  when  the  beam  current  was  high,  i.e.,  when  the  beam  was  in  the  high  current  regime. 
However,  in  the  high  current  regime  the  beam  lifetime  was  limited  by  the  drag  instability. 
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To  avoid  this  difficulty  a  technique  was  invented  to  enhance  the  drift  motion  of  the  beam 
during  its  first  revolution  around  the  nuyor  axis12.  This  technique  was  based  on  the 
generation  of  a  pulsed  radial  magnetic  field  that  would  drift  the  beam  radially  inward.  In 
general,  all  four  techniques  were  not  very  reliable  and  introduced  additional  complications. 

In  summary,  the  studies  in  the  MBA  before  the  installation  of  the  strong  focusing 
windings  led  to  the  formation  of  electron  rings  with  circulating  current 12  as  high  as  3  kA. 
In  addition,  these  studies  furnished  important  information  on  the  critical  physics  issues  of 
the  concept,  such  as 

•  demonstrated  the  beneficial  effect  of  Bg  on  the  expansion  of  the  ring’s  minor  radius, 

•  unambiguously  confirmed  the  bounce  motion  of  the  ring, 

•  verified  the  pronounced  effect  of  image  forces  on  the  ring  equilibrium, 

•  confirmed  the  existence  of  the  macroscopic  instability  gap  and  the  transformation  of 
ring  orbits  from  diamagnetic  to  paramagnetic, 

•  revealed,  for  symmetric  orbits,  that  the  bounce  frequency  is  several  times  higher  than 
the  theoretical  prediction,  and 

•  shown  that,  at  least  for  the  drift  trapping  techniques,  the  low  current  regime  is  unac- 
cessible. 

Finally,  these  studies  revealed  that  over  a  wide  range  of  parameters  the  ring  lifetime 
was  Hrpitod  to  a  few  fisec  which  is  comparable  to  the  magnetic  field  diffusion  tune  through 
the  vacuum  chamber.  Thus,  it  became  apparent  from  these  results  that  the  modified 
betatron  had  to  be  modified  in  order  to  increase  the  beam  lifetime  and  thus  to  achieve 


acceleration.  In  August  1988  the  decision  was  made  to  proceed  rapidly  with  the  design, 
fabrication  and  installation  of  strong  focusing  windings. 
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IV.  Result*  After  the  Installation  of  Strong  Focusing  Windings  (SFW) 
a.  Background  on  the  SFW 

The  beneficial  effect  of  the  SFW  on  the  confinement  of  charged  particles  has  been 
known  for  some  time.  There  are  two  basic  configurations:  The  stellarator13  shown  in  Fig. 
10  and  the  toraatron14  shown  in  Fig.  11.  The  stability  properties  of  the  stellarator  windings 
for  high  current  beams  have  been  studied  initially  by  Gluckstern80  in  linear  geometry  and 
by  Roberson18  et  al.  in  toroidal  geometry.  The  beneficial  effect  of  torsatron  windings  on 
high  current  electron  beams  has  been  addressed  by  Kapetanakoe14’  81  et  al. 

To  improve  the  confining  properties  of  the  MBA  we  considered  both  configurations. 
The  stellarator  configuration  was  selected  not  only  because  of  the  small  net  vertical  field 
and  the  lower  current  per  winding,  but  also  because  it  is  compatible  with  our  contemplated 
extraction  scheme.32 

Figure  12  shows  the  orbital  stability  diagram18  in  the  rotating  frame  for  an  external 
field  index  n=0.5.  The  two  axes  are: 
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where 

6  =  B$ o/BgQi  tn  —  2ar 0,  nt  —  w2/2”72 


36 


/*  =  Bfeitocro/Bio, 


nj*e,t  =  4an0Po-K'£(2ap0),a  =  2x/L,B0  =  is  the  beam  plasma  frequency 

Po  is  the  winding  radius,  L  b  the  axial  pitch,  1st  b  the  winding  current,  r0  b  the  major 
radius  and  rt,  b  the  beam  minor  radius. 

We  have  decided  to  select  the  parameters  of  the  windings  in  such  a  way  that  the 
experiment  will  operate  in  region  2,  because  it  has  been  shown  that  the  electron  ring  will 
be  stable  during  acceleration  if  it  b  located  in  thb  region  at  injection.31 

When  B$  >  0  and  ve  >  0,  operation  in  region  2  requires  that 


0  <  V  <  1  -  4V, 
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or 
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It  can  be  shown  from  (37)  that  m  >  0  or  m  <  —26.  For  m  >  0  and  since  m  = 
a  <  0  or  the  windings  should  be  left-handed. 


(38) 
—  2o 'To, 


When  n  ^  1/2,  the  entire  region  2  b  not  stable.  The  parameters  of  the  injected  beam 
should  be  selected  to  the  right  of  the  dashed  line  of  region  2  (shown  in  Fig.  13).  Along 
thb  line  the  bounce  frequency  in  the  laboratory  frame  wb  —  u/_  =  0  (instability  gap). 
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During  the  acceleration  phase  this  dashed  line  moves  to  the  left  and  eventually  coincides 
with  the  vertical  axis.  The  parameter  V  of  injection  goes  to  2/m3  and  thus  never  crosses 
the  (jJ—  =  0  line. 


The  exact  stallarator  field  index13  is  defined 


by 
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When  mb  >  m2  —  |  +  n,r2/a2,  ntt  becomes 
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Figure  (14)  shows  n,t,  nt,  n,(rs/a)2  and  n,(rj,/o)2  for  typical  parameters  of  the  NRL 
modified  betatron  accelerator.  The  index  n*(r&/a)2  scales  as  Tf"1  and  is  applicable  after 
the  wall  current  induced  by  the  injected  beam  has  decayed.  Figure  (15)  shows  the  same 
indices  for  =  2  cm.  It  is  apparent  from  these  figures  that  n,  >  n,t  at  injection. 

It  can  be  shown  that  in  the  presence  of  strong  focusing  the  linearized  electron  ring 
centroid  orbit  equation  in  the  transverse  plane  is14 
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7«  is  the  normalized  beam  energy  at  injection,  fi$i  is  the  normalised  beam  velocity  at 
injection  and  Xi  is  the  injection  position.  In  contrast  with  Eq.  (20),  Eq.  (41)  is  not  based 
on  the  assumption  that  72  »  1  and  ^  —  0.  The  factor  of  two  difference  in  the 

tnf^  in  the  SPa/mero  term  of  Eqs.  (20)  and  (41)  could  be  traced  to  this  approximation. 


According  the  Eq.  (41),  a  beam  injected  on  the  minor  axis,  i.e.,  X,  =  Z%  =  0  will 
remain  on  the  minor  axis  provided  its  energy  is  selected  to  satisfy  the  condition 
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In  the  NRL  device  the  strong  focusing  field15  is  generated  by  four  twisted  windings 
carrying  current  in  alternate  directions.  The  left-handed  windings  are  located  23.4  cm 
from  the  minor  axis  and  have  a  209.4-cm  period,  i.e.,  there  are  three  periods  over  the 

circumference  of  the  torus.  They  are  supported  by  epoxy-reinforced  graphite  jackets  and 

*■ 

have  been  designed  to  carry  up  to  30  kA.  The  windings  are  connected  in  series  and  the 
current  temporal  profile  is  controlled  by  a  ballast  inductor.  Since  /«*,  fiso  end  VImo/i 
remain  approximately  constant  during  acceleration,  nti  scales  inversely  proportional  to 


the  relativistic  factor  7. 


b.  Injection  and  Trapping 


A  challenging  physics  issue  of  the  modified  betatron  concept  was  the  capture  of  the 
injected  beam  into  the  closed  magnetic  field  configuration  of  the  device.  For  successful 
trapping  the  beam  has  to  drift  fast  enough  during  the  first  revolution  to  avoid  the  injec¬ 
tor  and  also  its  poloidal  orbit  has  to  be  modified  in  such  a  way  that  the  beam  will  not 
return  to  the  injector  after  a  bounce  period.  Modification  of  the  beam’s  poloidal  orbit  can 
be  achieved  by  either  changing  the  equilibrium  position  of  the  gyrating  electrons  or  by 
reducing  the  radius  of  the  poloidal  orbit. 

At  the  time  the  decision  was  made  to  install  strong  focusing  windings  to  the  device,  the 
NRL  research  staff  was  considering  three  different  trapping  schemes.  The  first  was  based 
on  the  resistivity  of  the  vacuum  chamber’s  wall33,  the  second  on  a  localized  toroidal  electric 
field34  that  is  produced  by  a  coaxial  pulseline  and  the  third  on  a  pulsed  vertical  magnetic 
field  that  is  generated  by  conductors14  located  inside  the  vacuum  chamber.  According 
to  the  linear  theory,  the  resistivity  of  the  wall  in  the  NRL  device  was  not  high  enough 
to  provide  the  required  inward  shift  to  the  beam  over  a  bounce  period.  Thus,  the  first 
trapping  scheme  was  ignored.  The  second,  i.e.,  the  toroidal  pulseline34  was  adopted  as  the 
mainline  trapping  scheme  with  the  third  as  a  backup. 

The  toroidal  pulseline  was  constructed  and  tested.  However,  it  was  never  installed  in 
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the  experiment,  because  when  the  current  of  the  strong  focusing  windings  was  raised  to 
a  high  enough  level  and  the  direction  of  the  poloidal  orbit  was  changed  from  diamagnetic 
to  paramagnetic  the  beam  spiraled  near  the  minor  axis  and  was  trapped.  This  interesting 
phenomenon  has  been  observed  over  several  thousands  of  shots  and  for  a  wide  range  of 


parameters.  However,  its  explanation  remained  elusive  until  February  1991. 

At  the  beginning  of  1991,  a  series  of  detailed  experiments86  were  carried  out  to  measure 
with  accuracy  the  various  parameters  associated  with  the  trapping  of  the  beam.  As  a 
result  of  these  experiments  a  revised  model  of  resistive  trapping  was  developed  that  is  in 
agreement  with  the  experimental  results. 

The  predicted  decay  rate  T-1  from  the  initial  linear  theory  for  the  parameters  of 
the  experiment  was  between  15  and  20  psec,  i.e.,  too  long  to  explain  the  experimental 
results.  Two  modifications  were  introduced  to  the  original  model.  First,  the  analysis  is 
not  restricted  to  beam  motion  near  the  minor  axis86  and  therefore  nonlinear  effects  and 
the  fast  diffusion  times  that  scale  as  fio(b  —  a)2/w2p,  where  (6  —  a)  is  the  thickness  of  the 
chamber  and  p  is  the  wall  resistivity,  become  important.  Second,  in  order  to  take  into 
account  the  intermediate  motion  of  the  beam  that  has  been  omitted  in  the  calculation  of 
the  image  fields  of  the  beam,  the  wall  surface  resistivity  was  computed  using  the  skin  depth 
that  corresponds  to  the  frequency  of  the  intermediate  mode  and  not  the  actual  thickness 
of  the  chamber. 

Results  from  the  revised  resistive  model  are  shown35  in  Fig.  16.  The  various  parame¬ 
ters  for  the  run  are  listed  in  Table  IV.  Figure  16  (a)  shows  the  projection  of  the  centroid’s 
orbit  on  the  5  =  0  plane.  Both  the  intermediate  and  slow  (bounce)  modes  are  apparent. 
Since  there  are  six  field  periods  for  0  <  0  <  2jt,  the  electrons  perform  six  oscillations  during 
one  revolution  around  the  major  axis.  To  take  into  account  the  intermediate  motion  that 
has  been  neglected  in  the  calculation  of  the  image  fields,  the  surface  resistivity  in  the  code 
was  computed  using  the  skin  depth  that  corresponds  to  the  intermediate  frequency  and 
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not  the  actual  thickness  of  the  wall. 

The  solid  circles  in  Fig.  16  (b)  show  the  positions  the  beam  crosses  the  $  —  240° 
plane.  This  is  a  realistic  simulation  of  the  experimental  situation.  The  time  difference 
between  two  circles  is  equal  to  the  period  around  the  major  axis,  i.e.,  ~  23  nsec.  The 
parameters  of  this  run  are  similar  to  those  in  Fig.  16  (c)  and  the  similarity  of  the  two 
orbits  is  quite  apparent.  When  the  crossing  plane  is  moved  from  9  =  240°  to  a  different 
azimuthal  position  0,  the  beam  orbit  rotates  around  the  minor  axis.  The  rotation  predicted 
by  the  theory  is  very  similar  to  that  observed  in  the  experiment. 

In  most  of  the  experiments  the  center  of  the  circular  opening  of  the  conical  anode 
was  located  at  the  midplane  and  8.7  cm  from  the  minor  axis  of  the  toroidal  chamber.  In 
a  series  of  experiments  the  diode  moved  to  progressively  larger  radial  positions  from  the 
minor  axis.  Successful  trapping  of  the  beam  was  observed  as  long  as  the  radial  distance 
was  less  than  10  cm. 
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Table  IV 

Parameters  of  the  run  shown  in  Fig.  16 


Toms  major  radius  rc 

100  cm 

Torus  minor  radius  a 

15.2  cm 

Relativistic  factor  7 

1.5 

Winding  radius  po 

23.4  cm 

Winding  current  /,t 

24  kA 

Vertical  field  at  injection  Bx0 

26  G 

Toroidal  field  Be 0 

4kG 

Beam  minor  radius  rj. 

3  mm 

Beam  current  h 

1.2  kA 

Wall  resistivity 

8  mfi-cm 

Intermediate  frequency,  uw 

1.8xl09  sec- 
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c.  Beam  Dynamics  During  Acceleration 


Following  trapping  the  beam  settles  at  the  radial  distance  of  98.5  -  99.0  cm  and  not  on 
the  minor  axis,  which  is  located  at  ro  —  100  cm.  Since  the  stellerator  windings  hare  been 
wound  using  a  simple  winding  law  <p  =  34,  where  <p  is  the  poloidal  and  9  is  the  toroidal 
coordinate,  the  magnetic  axis  of  the  windings  is  located  at  r=98.87  cm  as  shown  in  Fig. 
17.  Therefore,  this  result  is  not  surprising. 

The  x-ray  traces  indicate  that  the  beam  losses  are  negligibly  small  between  injection 
and  approximately  200  /isec.  Three  different  diagnostics,  magnetic  probes,  x-rays  from 
localized  targets  and  fibers,  have  shown  that  the  beam  electrons  strike  the  inner  surface 
of  the  vacuum  chamber  slightly  above  the  midplane. 

Due  to  the  finite  resistivity  of  the  vacuum  chamber  wall  the  return  current  induced 
by  the  beam  at  injection  decays  within  two  to  three  magnetic  field  loop  times  Too  85 
*“*»[<»**  —  2],  where  a  is  the  minor  radius  of  the  torus  and  As  its  thickness,  ro  is  the 
major  radius  and  p  is  the  combined  resistivity  of  the  wall.  As  a  consequence  of  the  current 
decay,  the  magnetic  field  of  the  beam  diffuses  into  the  hole  of  the  torus. 

For  a  beam  of  minor  radius  rj  that  is  located  on  the  minor  axis  of  a  torus  of  major 
radius  ro  and  minor  radius  a,  the  magnetic  flux  ^  that  links  the  beam  axis  is  related  to 
the  vector  potential  at  the  centroid  of  the  beam  by  the  relation 

<t>  -  2*t0 AJ5(r  =  r0,  z  =  0),  (42) 

where36 

4#(r  =  r„,i  =  0)  =  A[2  -!)-*(**?-  2)  '’‘''“I  •  <«> 
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The  loop  voltage  can  be  computed  from  Eqs.  (42)  and  (43)  and  is 


For  h  =  1  kA,  r0  =  1  m,  too  =  40  ft sec  and  a=15.2  cm,  Eq.  (44)  gives  Vtoop  — 
61.6e~*/TiBO  (volts),  and  the  total  energy  loss  within  5  too,  i-e->  when  the  first  beam  losses 
axe  observed  is  120  keV. 

The  energy  gained  by  the  beam  during  5  too,  when  the  acceleration  rate  is  0.8  kV/tura, 
is  8.0  MeV.  Since  at  injection  the  beam  energy  is  approximately  0.S  MeV,  its  total  energy 
is  8.5  MeV  and  thus  the  energy  mismatch  is  A7/7  =  1.4%.  At  7  =  18,  Fig.14  gives 
n,t  cs  1.55  and  n,{rb/a)2  =r  0,  thus  the  expected  shift  A r  in  the  beam  centroid  is 


A  r  — 


ss  0.9  cm 


0.5  -  n,(r*/a)3  + 

In  addition  to  the  reduction  of  the  beam  energy  to  build  up  the  fields  inside  the  loop,  some 
beam  energy  is  also  lost  to  the  heating  of  the  wall.  However,  this  loss  is  typically  an  order 
of  magnitude  smaller  than  the  energy  loss  associated  with  the  build  up  of  the  fields. 


The  Larmor  radius  of  the  fast  motion  in  the  toroidal  magnetic  field  B$ 0  of  5  kG  at 
t  =  200  ftaec  is  only  3  cm,  even  when  0±  =  0.5,  which  is  an  upper  limit.  For  0x  >  0.5  the 
beam  equilibrium  will  be  lost  and  the  entire  beam  will  strike  the  wall  in  a  short  period  of 
time.  Therefore,  the  diffusion  of  the  self  field  and  the  finite  Larmor  radius  cannot  provide 
sufficient  radial  displacement  to  the  electrons  to  reach  the  wall  at  t=200  ftaec. 


Figure  18  shown  a  typical  x-ray  signal.  This  signal  lasts  for  several  hundred  microsec¬ 
onds.  The  slow  loss  rate  is  a  manifestation  that  individual  particles  strike  the  wall  rather 
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than  the  entire  beam.  Figure  14  shows  that  the  individual  particle  self  index  of  1  kA, 
1  cm  radius  beam  becomes  equal  to  ntt  (J*  =  30  kA),  when  no  =  6*5.  At  this  energy 
the  individual  particle  orbital  stability  is  lost,  at  ieast  temporarily  and  theory22*  37  and 
computer  simulations38  predict  a  substantial  increase  in  the  beam  radius,  when  the  beam 
electrons  have  even  a  small  axial  energy  spread.  This  crossing  of  the  individual  particle 
instability  gap  is  consistent  with  several  features  of  the  experimental  results.  However,  the 
time  r*  the  x-ray  signal  initially  appears  is  independent  of  the  trapped  current,  which  is 
inconsistent  with  the  fact  that  n,  is  proportional  to  the  beam  current. 

The  dependence  of  r,  on  the  toroidal  magnetic  field  is  shown  in  Fig.  19.  In  all  the 
shots  shown  in  Fig.  19  the  peak  BM  field  was  kept  constant.  However,  the  current  in 
the  strong  focusing  windings  had  to  be  raised  with  rising  Be  in  order  to  provide  sufficient 
drift  to  the  beam  and  thus  to  reduce  beam  losses  at  the  diode  during  the  first  revolution. 
For  fixed  Be ,  f*  varies  inversely  proportional  to  the  acceleration  rate  dBg/dt.  Figure  20 
shows  r(  as  a  function  of  the  peak  Ba  field  that  occurs  at  about  2.6  msec.  This  quantity 
is  proportional  to  dB„/dt.  It  appears  that  r*  varies  with  Be  end  dBg/dt  the  same  way  as 
the  peaks  of  the  x-ray  signal. 

It  has  been  shown  theoretically  and  confirmed  with  extensive  numerical  work  that  the 
equilibrium  position  of  the  beam  is  not  sensitive  to  the  transverse  velocity,  provided  that 
f}±/P  <  0.5.  In  the  absence  of  strong  focusing  and  space  charge,  the  radial  change  of  the 
equilibrium  position  A  r  with  is  given  by 


—  =  2  [l  -  (1  -  a2)-*  +  a*/2(l  -  a2)]  , 
r0  L  J 


(45) 


46 


where  a  =  0±/0- 


Equation  (46)  is  plotted  in  Fig.  21.  It  is  apparent  from  these  results  that  the  equilibrium 
position  of  the  beam  will  not  change  noticeably,  even  though  the  beam  will  acquire  some 
transverse  velocity  as  it  crosses  a  large  number  of  higher  l  resonances. 

It  has  been  determined  experimentally  that  a  betatron  flux  condition  of  2.3  pro¬ 
vides  the  best  confinement  to  the  beam*.  For  the  same  parameters  T  RID  IF  predicts  a 
(  BM  )/  Bao  that  is  in  good  agreement  with  the  experiment  as  shown  in  Fig.  22a.  The 
vacuum  chamber  has  small  effect  on  the  betatron  flux  condition  and  only  for  the  first  200 
/isec.  EFFI,  a  static  code  predicts  a  slightly  lower  flux  condition.  The  radial  profile  of 
the  normalised  flux  is  shown  in  Fig.  22b.  The  solid  solid  line  gives  the  normalised  flux  at 
t=50  n sec  for  a  sinusoidally  varrying  current  with  a  peak  value  of  40  kA.  The  rest  of  the 
parameters  are  listed  in  the  figure.  The  dashed  line  shows  the  total  rA#  immediately  after 
the  injection  of  a  1  kA  hollow  electron  beam.  The  beam  is  injected  at  100  cm  and  has  a 
radius  of  1  cm.  When  the  missing  flux  inside  the  hollow  beam  is  taken  into  account,  Eq. 
(43)  is  in  very  good  agreement  with  the  results  of  Fig.  22b. 


*It  has  been  reported28  previously  that  the  best  results  have  been  obtained  for 
{  Ba  }  /Bao  —  2.0..  Since  then  an  error  was  found  in  the  calibration  of  BM  probe  that 


raised  this  value  to  2.3. 


d.  Studies  of  the  Cyclotron  Resonances 

In  a  modified  betatron  with  strong  focusing  there  are  four  characteristic  transverse 
modes.  In  the  laboratory  frame  these  four  modes  w±±  are  given  by39 


kt±/(fW-r)|  =  [0  +  l±2(£/+  4V>)]  1/!  +  ^,  (46) 

where  U  and  V  have  been  defined  in  Eqs.  (34)  and  (35),  m  is  the  number  of  field  periods, 
b=2?#o/J9*o  and  0*o  is  the  cyclotron  frequency  of  the  vertical  field. 

When  n,  C  (6/2) 2 ,  62  >  1  and  for  modest  winding  current,  as  that  in  the  NRL 
device,  the  four  modes  become 

u/++  «  +  Ueh  (High  Freq.  Cyclotron),  (a) 

u> _ « uB  (Bounce),  (6) 

(47) 


w_+  w  —n$h  (Cyclotron),  (c) 


and 


u/_| _ w  —  uB  (S.F.mode) .  (d) 


Integer  resonances  occur  when 


w±±/(n»o/7)  =  k,  k-  ±1,  ±2,  ±3, . . . 


(48) 


Equations  (46)  and  (48)  are  plotted  in  Figs.  23  to  26.  Figure  23  shows  the  centroid  integer 
resonances  associated  with  u _ (bounce)  and  w+—  (SF  field  mode)  for  typical  parameters 


of  the  NRL  device  and  before  the  self  magnetic  field  of  the  beam  diffuses  out  of  the  vacuum 
chamber.  Figure  24  shows  the  same  resonances  as  Fig.  23  but  after  the  self  magnetic  field 
of  the  beam  has  diffused  out  of  the  chamber.  The  individual  particle  integer  resonances 
of  the  bounce  and  SF  mode  are  shown  in  Fig.  25.  Finally,  Fig.  26  shows  the  centroid 
integer  resonances  associated  with  the  cyclotron  mode  w_+.  When  Eq.  (47)  is  valid,  the 
cyclotron  resonance  condition  takes  the  very  simple  form40  -B#o/-6«o  «  t,  where  l  is  an 
integer  >  1.  Therefore,  the  cyclotron  resonance  is  due  to  the  coupling,  caused  by  a  field 
error(s)  of  the  cyclotron  motion  associated  with  the  toroidal  and  vertical  fields. 

It  is  apparent  from  Fig.  26  that  for  Itt  <30  kA  and  l  >  7,  the  strong  focusing  field 
does  not  have  a  noticeable  effect  on  the  cyclotron  resonance  condition.  Thus,  the  resonance 
condition  is  simplified  to 


r0n,0  (2 12  -  1) 

nP»  2 1 


f  —  1, 2, 3 . . . , 


and  it  is  valid  even  when  the  beam  is  off  the  minor  axis. 


(49) 


The  x-rays  are  monitored  by  three  collimated  x-ray  detectors  (scintillator-photomultiplier 
tube)  that  are  housed  inside  lead  boxes.  In  the  results  shown  in  Fig.  27,  the  x-rays  enter 
the  scintillator  through  a  1.94  cm-dia.  tube  and  the  detector  is  located  10.8  m  from  the 
vacuum  chamber.  As  a  rule,  the  shape  of  the  x-ray  signal  recorded  by  all  three  detectors 
is  spiky  and  the  peaks  always  occur  at  the  same  value  of  B^fBgo,  independent  of  the 
current  flowing  in  the  stellarator  windings.  In  addition  to  the  x-ray  pulse,  Fig.  27  shows 
the  values  of  i  on  the  minor  axis.  These  values  have  been  computed  from  Eq.  (49)  by 
substituting  <rj^$  for  fl*or0.  The  ratio  Beo/Bgo  is  computed  from  the  measured  values  of 


fields.  A  perfect  match  between  theory  and  experiment  requires  that  the  peaks  occur  at 
integer  values  of  l. 


It  is  apparent  from  the  resonant  condition  that  when  Bgo/Bto  —  constant  #  integer, 
the  cyclotron  resonance  is  not  excited.  To  test  this  supposition,  we  installed  24  single¬ 
turn  coils  on  the  outside  of  the  vacuum  chamber,  as  shown  in  Fig.  28.  These  coils  are 
powered  by  a  capacitor  bank  and  have  a  risetime  of  approximately  100  Msec.  During  this 
time  period  the  coils  generate  a  toroidal  field  ramp  that  increases  linearly  with  time  and 
the  total  toroidal  field  increases  in  synchronism  with  the  betatron  field.  Results  from  the 
experiment  are  shown  in  Fig.  29,  when  the  coils  are  energized  at  800  psec.  Beam  losses 
are  suppressed  for  100  m sec,  i.e.,  as  long  as  the  condition  £#o/£*o  #  integer  is  satisfied. 

The  damage  done  to  the  beam  at  each  resonance  depends  on  the  speed  with  which 
the  resonance  is  crossed.  By  increasing  the  acceleration  rate  the  resonance  is  crossed  faster 
and  thus  the  damage  inflicted  to  the  beam  is  reduced.  To  achieve  higher  acceleration  rate, 
the  vertical  field  coils  were  divided  into  two  halves  with  midplane  symmetry  and  powered 
in  parallel.  Figure  30  shows  the  x-ray  signal  for  three  acceleration  rates,  (dBxo/dt)  peak 
=  0.09,  1.69  and  1.93  G/nae c,  for  a  constant  Bto  =  AkG.  At  the  lowest  acceleration  rate 
the  x-ray  peak  that  corresponds  to  l  —  12  has  the  largest  amplitude.  At  the  intermediate 
acceleration  rate  the  amplitude  of  i  =  12  has  been  reduced  by  a  factor  of  two  and  the 
l  =  8  becomes  the  dominant  peak.  At  the  highest  acceleration  rate  the  amplitude  of  the 
l  s=  12  peak  was  further  reduced  while  the  amplitude  of  the  lower  l  value  peaks  has  been 
substantially  increased. 

The  crossing  of  the  resonance  can  be  speeded  up  by  modulating  the  toroidal  magnetic 


field  with  &  rapidly  varying  ripple.  This  is  the  dynamic  stabilization  or  tune  jumping 
technique  and  requires  a  carefully  tailored  pulse  to  be  effective  over  many  resonances. 
This  stabilization  technique  has  been  tested  experimentally  using  the  24  coils  that  are 
shown  in  Fig.  28.  These  results  have  been  reported  previously19  and  in  general  they  are 
in  agreement  with  the  theoretical  predictions  and  the  computer  calculations. 

The  dynamic  behavior  of  the  electron  beam  as  it  crosses  the  various  l  number  res¬ 
onances  depends  on  the  nature  and  the  amplitude  of  the  field  error.41  The  field  error (s) 
that  excites  the  resonance  can  be  either  vertical  A Bg  or  axial  (toroidal)  A B$.  In  the  case 
of  a  vertical  field  error  and  in  the  absence  of  acceleration  and  strong  focusing  field,  the 
normalized  transverse  velocity  fix  and  thus  the  Larmor  radius  of  the  transverse  motion  of 
the  gyrating  particles  grows  linearly  with  time,40  provided  that  nonlinear  effects  associated 
with  the  particle  velocity  are  neglected.  When  nonlinear  effects  are  taken  into  account, 
fi±  is  a  periodic  function  of  time. 

In  the  presence  of  an  accelerating  field  and  a  large  vertical  field  error,  41  fix  increases 
proportionally  to  the  square  root  of  time,  while  ~ifit  saturates,  i.e.,  the  electrons  lock-in  to 
a  specific  resonance  (lock-in  regime).  When  the  amplitude  of  A Ba  is  below  a  threshold, 
fix.  exhibits  Fresnel  behavior,  i.e.,  fix  grows  quickly  for  approximately  1  jxsec  and  then 
saturates  until  the  beam  reaches  the  next  resonance.  The  threshold  value  of  A  B,  can  be 
made  larger  either  by  increasing  the  acceleration  rate  or  by  adding  a  low  amplitude  ripple 
to  the  main  toroidal  field. 

In  the  case  of  an  axial  field  error  and  in  the  absence  of  acceleration,  fix  grows  expo¬ 
nentially  with  the  time  only  for  a  very  short  period.  Since  fix  increases  at  the  expense  of 


00  the  particles  are  kicked  off  resonance.  Thus,  0±  varies  periodically  with  time.  Similarly, 
in  the  presence  of  an  accelerating  field  0±  behaves  as  in  the  case  of  the  vertical  field  error. 

The  previous  discussion  is  based  on  the  assumption  that  the  space  charge  is  low  and 
the  strong  focusing  field  is  zero.  In  addition  to  introducing  new  characteristic  modes,  the 
strong  focusing  field  makes  the  expression  for  the  regular  cyclotron  mode  more  complicated. 
However,  it  can  be  shown  that  for  the  parameters  of  the  NRL  device  and  provided  l »  1, 
the  strong  focusing  has  only  minor  effect  on  the  cyclotron  resonance.  This  is  also  supported 
by  extensive  computer  calculations. 

A  typical  example  of  this  behavior  is  shown  in  Fig.  31.  These  results  have  been 
obtained  from  the  numerical  integration  of  exact  equations  of  motion  for  the  parameters 
listed  in  Table  V.  The  threshold  value  of  A Bx  in  the  minor  axis  is  approximately  0.2  G  for 
the  1  =  9  mode.  Figures  31a  and  31c  show  0j_  vs.  time  below  and  above  threshold,  while 
Figs.  31b  and  31d  shows  the  corresponding  70$  vs.  time.  Since  in  Fig.  31d  ~f0e  remains 
constant  the  resonance  is  never  corssed  [see  Eq.  (49)],  i.e.,  the  entire  beam  is  lost  at  the 
same  l  mode. 

The  temporal  behavior  of  the  x-ray  signal  (see  Fig.  27)  clearly  indicates  that  only 
a  fraction  of  the  beam  electrons  may  be  in  the  lock-in  regime,  since  we  observe  several  l 
modes.  However,  we  carried  out  extensive  experimental  studies19  with  several,  externally 
applied  field  errors  of  variable  amplitude.  These  results  indicate  that  the  entire  beam  was 
lost  in  a  single  t  mode  whenever  the  amplitude  of  the  magnetic  perturbation  was  above  a 
threshold  value.  Details  about  these  results  are  given  in  the  next  section. 


In  addition  to  the  nature  and  amplitude  of  the  field  error,  the  dynamic  behavior  of 


the  beam  depends  on  the  initial  conditions.41  Results  from  the  theoretical  predictions  are 
shown  in  Fig.  32,  for  the  parameters  listed  in  Table  VI.  Figure  32  shows  contour  plots  of 
the  final  0±  in  the  0±\  <p0  plane,  where  0^  and  <pc  are  the  amplitude  and  phase  of  the 
asymptotic  initial  value  of  transverse  velocity  and  its  phase.  In  Fig.  32a  the  amplitude  of 
the  field  error  has  been  chosen  equal  to  ~  0.2  G.  By  increasing  the  field  error  amplitude 
from  0.2  G  to  0.3  G,  the  lock-in  regime  has  expanded  for  low  0^  over  the  entire  range  of 
initial  phase  angles  as  shown  in  Fig.  32b.  When  the  electrons  in  the  beam  are  uniformly 
distributed  over  the  initial  phase  angle,  the  resonance  diagram  of  Fig.  32  gives,  for  each 
initial  0±\  the  percentage  of  the  beam  that  crosses  the  resonance  and  the  percentage  that 
locks  into  it.  Therefore,  it  is  not  surprising  that  only  a  fraction  of  the  electrons  in  the 
experiment  are  in  the  lock-in  regime. 

Following  the  successful  demonstration  of  acceleration  a  concerted  effort  was  made17 
to  locate  and  eliminate  or  reduce  the  field  disturbances  that  may  excite  the  cyclotron 
resonances.  The  sources  of  field  errors  investigated  included:  I.  coil  misalignment,  2. 
coil  discreteness,  3.  eddy  currents  induced  in  the  modified  betatron  support  structure  and 
nearby  components,  4.  errors  produced  from  the  various  portholes  in  the  vacuum  chamber, 
and  5.  two  contributions  from  the  feeds  of  the  vertical  field  coils.  Reduction  in  many  of 
these  errors  together  with  the  operation  at  higher  Be  and  strong  focusing  fields  led  to 
beam  energies  in  excess  of  20  MeV,  while  the  trapped  current  was  above  1  kA. 

Although  the  cyclotron  resonance  is  a  potent  mechanism  that  has  the  potential  to 
disturb  the  beam  at  low  acceleration  rate  and  when  the  various  fields  are  not  carefully 
designed,  it  also  may  provide  a  powerful  technique30  for  extracting  the  beam  from  the 


53 


magnetic  field  configuration  of  the  modified  betatron.  Results  from  such  initial  and  in¬ 
complete  studies  are  presented  in  the  next  section. 
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Table  V 


Parameters  of  the  runs  shown  in  Figs.  31 


Tonis  major  radius  r0 

100  cm 

Toroidal  magnetic  field  B§0 

2771  Gauss 

Vertica'  magnetic  field  BM0 

305  Gauss 

Field  index  n 

0.5 

Rate  of  change  of  vertical  field  BMO 

2  Gauss /psec 

Resonance  mode  t 

9 

Amplitude  of  VF-error  A  Bao 

0.190,  0.195  Gauss 

Initial  normalized  toroidal  momentum 

17.922 

Initial  normalized  vertical  velocity 

0.0 

Initial  radial  displacement  r  —  r0 

0.0  cm 

Initial  vertical  displacement  z 

0.0  cm 

Table  VI 


Parameters  for  the  results  shown  in  Fig.  32 


Torus  major  radius  rc 

100  cm 

Toroidal  magnetic  field  B$0 

2771  Gauss 

Field  index  n 

0.5 

Rate  of  change  of  vertical  field  Bao 

2  Gauss /^sec 

Resonance  mode  l 

9 

Amplitude  of  VF-error  A  Bao 

0.2, 0.3  Gauss 

Initial  normalized  toroidal  momentum 

17.922 
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e.  Preliminary  Beam  Extraction  Studies 


The  results  of  the  NRL  modified  betatron  accelerator  have  unambiguously  demon¬ 
strated  that  the  toroidal  and  strong  focusing  fields  improve  the  current  carrying  capability 
of  the  device.  However,  these  field  also  make  the  extraction  of  the  beam  from  the  magnetic 
field  configuration  substantially  more  involved. 

In  1988,  an  extraction  scheme  was  reported30  by  the  NRL  research  staff  that  is  easily 
realizable  and  has  the  potential  to  lead  to  high  extraction  efficiency.  Briefly,  this  extraction 
scheme  is  based  on  the  transformation  of  the  circulating  electron  ring  into  a  stationary 
helix,  in  the  toroidal  direction,  by  excitation  of  the  resonance  that  naturally  exists  for  some 
specific  values  of  the  ratio  of  the  vertical  to  toroidal  magnetic  field.  Transformation  of  the 
ring  into  a  helix  is  achieved  with  a  localized  vertical  magnetic  field  disturbance  that  is 
generated  by  an  agitator  coil.  As  the  minor  radius  of  the  helix  increases  with  each  passage 
through  the  gap  of  the  agitator  coil,  the  electrons  eventually  reach  the  extractor,  which 
has  the  property  that  all  the  magnetic  field  components  transverse  to  its  axis  are  equal  to 
zero.  Thus,  the  electron  ring  unwinds  into  a  straight  beam. 

The  hardware  for  this  mainline  extraction  approach  was  designed  and  fabricated. 
However,  it  never  was  installed  in  the  experiment.  The  reason  is  that  it  requires  a  beam 
with  low  transverse  velocity  because  the  aperture  of  the  agitator  is  small.  There  is  evidence 
that  the  beam  in  the  NRL  device  has  substantial  transverse  velocity.  As  a  consequence  of 
this  difficulty  we  pursued  some  alternate  extraction  approaches  that  do  not  require  beams 
with  low  transverse  velocity. 

At  the  beginning  of  summer  in  1991,  while  the  beam  dynamic  stabilization  experiments19 
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with  twelve  external  coils  were  underway,  we  observed  that  the  beam  could  be  kicked 
out1*’ 10  of  the  magnetic  field  within  a  time  that  is  comparable  to  the  risetime  of  the  cur¬ 
rent  pulse,  whenever  the  twelve  coils  were  initiated  while  the  beam  was  crossing  the  t—\2 
resonance.  Figure  33a  shows  the  x-ray  pulse  when  the  resonant  coils  are  off  and  Fig.  33b 
when  the  coils  are  on.  The  amplitude  of  the  current  pulse  is  9  kA  and  its  full  risetime  12 
/isec.  The  measured  amplitude  of  the  axial  field  disturbance  A  2?#  at  the  center  of  the  coil 
is  ~  240  G  and  its  risetime  32  /isec.  It  j  apparent  from  these  results  that  the  full  width 
at  half  maximum  (FWHM)  of  the  x-ray  signal  has  been  reduced  from  approximately  900 
Msec  to  8  M«ec  (Fig  33c),  i.e.,  by  more  than  two  orders  of  magnitude  while  its  amplitude 
has  increased  by  a  factor  of  thirty.  In  the  results  shown  in  both  Figs.  33a  and  33b  the 
toroidal  magnetic  field  on  the  minor  axis  B$ o,  at  injection,  is  4.2  kG,  the  current  flowing 
through  the  strong  focusing  windings  is  approximately  26.5  kA  and  the  trapped  beam 
current  about  1  kA. 

In  a  series  of  experiments  with  the  twelve  external  coils  the  current  flawing  through 
them  was  changed  by  more  than  a  factor  of  two.  The  results  show  that  the  FWHM  of  the 
x-ray  signal  varies  inversely  with  the  current  in  the  coils  as  shown  in  Fig.  34. 

In  the  results  described  so  far,  the  twelve  coils  were  divided  into  two  groups  that 
were  connected  in  parallel  while  the  six  coils  of  each  group  were  connected  in  series.  By 
connecting  all  the  twelve  coils  in  parallel  the  current  pulse  risetime  was  reduced  to  5  fxaec, 
while  the  field  risetime  was  reduced  to  approximately  6  use c.  Even  shorter  risetime  pulses 
have  been  obtained  with  a  set  of  internal  coils.  These  coils  are  wound  on  blue  nylon  forms 
and  encapsulated  with  epoxy.  The  21  cm  radius,  single  turn  coils  were  mounted  at  the 


joints  of  the  vacuum  chamber  sectors.  Six  new  drivers  that  produced  a  current  pulse  with 
risetime  of  0.4  ftaec  powered  the  twelve  coils.  Each  driver  powered  a  pair  of  coils  connected 
in  parallel,  with  a  combined  inductance  of  270  nH.  All  the  drivers  were  triggered  by  the 
same  trigger  generator.  The  circuit  of  a  driver  and  the  multiple  trigger  generator  are 
shown  in  Fig.  35. 

Figure  36  shows  the  axial  component  of  the  field  in  free  space  and  also  in  the  presence 
of  lateral  walls.  The  geometry  and  the  parameters  used  in  the  TRIDEF  Code  are  given  as 
inserts  in  the  figure.  As  expected,  the  walls  substantially  reduce  the  amplitude  of  the  field 
even  at  the  radial  distance  of  12  cm.  On  the  minor  »***  the  reduction  is  even  greater. 

The  width  of  the  x-ray  pulse  depends  on  the  risetime  of  the  current  pulse.  The  results 
are  shown  in  Fig.  37.  In  addition,  the  results  indicate  that  for  the  twelve  coil  configuration, 
the  amplitude  of  A  B$  field  pulse  required  to  extract  the  entire  beam  during  the  risetime 
of  the  field  pulse  is  approximately  80  G. 

To  determine  the  toroidal  distribution  of  the  beam  losses  when  the  internal  coils  are 
energized  a  400-jcm  diameter  optical  fiber  was  mounted  on  the  outside  of  the  vacuum 
chamber.  By  the  time  the  £=12  resonance  is  crossed,  the  electrons  have  acquired  sufficient 
energy  to  penetrate  the  chamber.  The  light  generated  when  the  electrons  strike  the  fiber 
is  monitored  with  a  PM  tube.  Initially,  a  small  section  of  the  fiber  was  placed  in  different 
poloidal  positions  at  a  fixed  toroidal  angle.  These  measurements  confirmed  our  previous 
conclusion  that  the  electrons  strike  the  wall  of  the  vacuum  chamber  at  its  inner  radius.  In 
all  the  subsequent  measurements  the  active  length  of  the  fiber  was  selected  equal  to  half 
the  poloidal  (minor)  circumference  of  the  chamber  and  was  placed  symmetrically  around 
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the  midplancs  at  the  inner  radius  of  the  torus. 


The  results  from  scanning  around  the  torus  at  10°  intervals  are  shown  in  Fig.  38. 
There  are  six  distinct  peaks,  separated  by  60°.  The  three  dominant  peaks  have  approxi¬ 
mately  the  same  amplitude. 

Figure  30  shows  results  from  the  numerical  integration  of  orbit  equations  for  the  beam 
centroid  near  the  £=12  cyclotron  resonance.  The  values  of  the  various  parameters  for  the 
run  are  listed  in  Table  VIL  Figure  39a  shows  the  projection  of  the  beam  centroid  orbit  in 
the  transverse  plane  and  Fig.  39b  shows  the  same  orbit  on  an  expanded  scale.  The  arrows 
indicate  the  direction  of  motion.  Since  the  ratio  of  the  toroidal  cyclotron  frequency  0#/7 
to  the  intermediate  frequency  uw  is  equal  to  Lfm  —  2,  the  beam  centroid  performs  two 
revolutions  (fast  motion)  around  its  quiding  center  during  a  single  revolution  in  the  strong 
focusing  fields  of  the  windings.  The  projection  of  the  orbit  in  the  (r,  8)  plane  is  shown 
in  Fig.  39c.  There  are  six  radial  minima  that  occur  at  approximately  the  same  toroidal 
angle  as  those  of  Fig.  38.  However,  in  contrast  with  Fig.  38,  all  the  peaks  have  the  same 
amplitude.  Figure  40  shows  similar  results  from  the  crossing  of  t  =  9  resonance.  In  this 
case  St Zl—  5  This  ratio  is  also  manifested  in  the  results  of  Fig  40c.  For  every  three 

Ww  2 

peaks,  two  are  the  same. 

Under  normal  operating  conditions  the  current  that  produces  the  strong  focusing  field 
is  passively  cTowbarred  and  the  fields  decay  with  a  long  time  constant  Lf  R,  where  L  is 
mainly  the  inductance  of  a  ballast  inductor  that  is  in  series  with  the  windings.  To  test 
the  effect  of  the  strong  focusing  field  on  the  distribution  of  beam  loss,  the  ballast  inductor 
was  removed  and  the  circuit  was  actively  crowbarred.  The  shape  of  the  current  pulse 
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is  a  half  sine  with  a  half  period  of  ~  650  /isec.  The  beam  is  injected  near  the  peak  of 
the  pulse.  Thus,  the  strong  focusing  field  is  practically  zero  when  the  resonant  coils  are 
energized.  Under  these  conditions  most  of  the  beam  is  lost  at  a  single  toroidal  position  near 
$=70°.  Both  the  amplitude  and  the  toroidal  position  of  the  peak  remained  intact  when 
the  vacuum  chamber  and  thus  the  strong  focusing  windings  that  are  permantly  attached 
to  it  were  rotated  clockwise  30°.  This  result  implies  that  neither  field  errors  associated 
with  the  stellarator  winding  nor  the  return  current  are  responsible  for  the  formation  of 
the  peak.  In  addition,  we  have  not  observed  any  noticeable  modification  in  the  peak  by 
shifting  the  vacuum  chamber  radially  inward  by  ~  0.3  cm  along  the  radial  line  that  passes 
through  the  $=90°  and  270°  toroidal  positions. 

However,  we  have  observed  a  substantial  modification  in  the  loss  spectrum  when  the 
feeds  of  the  vertical  coils  that  are  located  just  above  and  below  the  midplane  were  rotated 
from  0=60°  to  0=270°.  It  has  been  determined  using  a  very  accurate,  figure  eight  magnetic 
probe  that  the  feeds  of  this  coil  pair  produce  a  substantial  radial  field  error. 

To  test  the  feasibility  of  driving  the  beam  to  the  wall  on  the  time  scale  of  one  revolution 
around  the  major  axis,  the  risetime  of  the  current  pulse  had  to  be  shortened  and  a  new 
low  inductance  agitator  with  large  aperture  to  be  invented.  The  low  inductance,  small 
aperture  agitator  of  the  mainline  extraction  approach  was  not  suitable,  because  it  requires 
beams  with  low  transverse  velocity.  Unfortunately,  the  amplitude  of  the  various  field 
imperfections  in  the  NRL  device  was  never  reduced  to  low  enough  level  and  thus  the  beam 
acquired  substantial  transverse  velocity  during  its  long  confinement  time. 


Among  the  various  concepts  considered,  magnetic  cusps  were  found  to  be  the  most 


promising.  Extensive  numerical  studies  of  several  cusp  configurations  have  shown  that  a 
single  layer,  24.2  cm  long  cusp  surrounded  by  a  resistive  (<7=60  mho/cm)  shroud  could 
provide  sufficient  displacement  to  the  beam  over  a  20  nsec  time  period.  This  wide,  12  coil 
cusp  system  is  shown  in  Fig.  41.  Unfortunately  such  a  cusp  could  not  be  fabricated  on 
time  and  thus  we  had  to  proceed  with  an  inferior  agitator  that  is  based  on  three  double 
cusps  that  are  located  120°  apart  in  the  toroidal  direction.  This  agitating  system  was 
fabricated  in-house  and  tested  in  the  experiment  for  a  short  period  of  time  just  before  the 
termination  of  the  MBA  program. 

Each  of  the  three  double  cusps  consists  of  four  coils.  The  first  pair  of  coils  is  located 
±3.73  cm  from  the  symmetry  plane  of  the  cusp  and  the  second  ±5.92  cm.  The  coils  are 
wound  on  thin  toroidal  forms  made  of  epoxy  reinforced  graphite  fibers  and  are  encapsulated 
with  epoxy.  An  axial  slot  in  the  coil  form  allows  fast  penetration  of  the  fields.  The  double 
cusps  are  mounted  inside  the  vacuum  chamber  and  are  fed  with  demountable  copper 
electrodes  that  enter  the  vacuum  chamber  at  the  ports.  A  photograph  of  one  of  the  double 
cusps  is  shown  in  Fig.  42. 

Figure  43  shows  the  axial  profiles  of  radial  and  axial  fields.  The  solid  line  is  from  the 
TRIDEF  code.  The  code  assumes  that  the  temporal  profile  of  the  current  Ic  in  the  four 
coils  is  given  by 


Ic 


=  1000  sin 


x  t(nscc) 
2  400 


and  the  wall  of  the  vacuum  chamber  consists  of  two  materials  with  conductivity 
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(50) 


■{ 


160  mho/cm,  for  15.2  <  p  <  15.45  cm, 


800  mho/cm,  for  15.45  <  p  <  15.55  cm, 
where  p  is  the  radial  distance  from  the  minor  axis.  The  conductivity  and  thickness  have 

been  selected  to  give  the  same  surface  conductivity  as  in  the  experiment.  The  peak  mag¬ 
netic  energy  is  0.77  joules  that  corresponds  to  a  coil  inductance  of  1.54  /*H.  The  solid 
circles  in  Fig.  43  are  the  measured  values  of  the  fields  at  p=10.8  cm.  It  is  apparent  that 
there  is  good  agreement  between  the  experiment  and  the  code.  All  three  double  cusps 
were  not  identical.  In  two  of  them  the  coil  minor  cross  section  was  a  semi-circle  with  the 
flat  surface  of  the  copper  away  from  the  minor  axis  and  at  the  radial  distance  of  14.7  cm. 

Figure  44  gives  the  axial  profiles  of  the  fields  for  a  double  cusp  when  the  coil  radius 
is  14.7  cm,  the  compound  wall  has  a  conductivity  as  that  given  in  Eq.  (50),  the  peak 
current  in  the  coils  is  3  kA  and  its  risetime  (quarter  period)  20  nsec.  These  fields  have 
been  used  in  the  beam  centroid  code  to  determine  the  displacement  of  the  centroid  in  three 
revolutions  (60  nsec).  Results  are  shown  in  Fig.  45  for  the  parameters  listed  in  Table  VK. 
Figure  45a  shows  the  projection  of  the  beam  centroid  orbit  in  the  transverse  plane.  At 
t=0  the  centroid  is  located  10.0  cm  away  from  the  minor  axis.  During  the  last  20  nsec  of 
the  run,  i.e.,  during  one  revolution  around  the  major  axis  the  centroid  is  displaced  by  0.9 
cm.  This  radial  displacement  is  almost  sufficient  for  a  small  radius  beam  to  avoid  hitting 
the  septum  of  the  extractor.  Obviously,  larger  radial  displacements  can  be  obtained  either 
by  increasing  the  current  of  the  cusps  or  by  tapering  the  radii  of  the  cusp  coils  to  reduce 
the  positive  component  of  Bp.  A  top  view  of  the  orbit  is  shown  in  Fig.  45b. 

Figure  46a  shows  the  projection  of  the  beam  centroid  orbit  in  the  transverse  plane  for 
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the  same  parameters  as  the  run  of  Fig.  45  but  artificially  setting  the  positive  component 
°f  Bp  =  0.  Comparison  of  the  two  figures  clearly  demonstrates  the  advantage  of  using  a 
single  polarity  cusp.  The  radial  displacement  of  the  beam  centroid  in  one  revolution  has 
increased  by  —  30%.  Figure  46b  shows  a  top  view  of  the  orbit. 

In  the  runs  of  Figs.  45  and  46  the  various  parameters  of  the  beam  centroid  have  been 
carefully  selected  to  satisfy  the  l  —  12  resonance  condition.  During  the  initial  phase,  i.e., 
for  about  10-20  nsec  the  centroid  transverse  velocity  is  low  and  the  orbit  projection  in  the 
transverse  plane  is  a  triangle  as  shown  in  Fig.  47a.  This  figure  shows  the  projection  of 
the  orbit  for  20  nsec.  The  values  of  the  various  parameters  are  the  same  as  in  the  run 
shown  in  Fig.  45,  except  for  the  initial  radial  position  that  is  10.5  cm  instead  of  10.0  cm 
and  the  cusp  current,  which  is  zero.  With  the  cusps  off,  the  beam  remains  in  resonance 
for  a  long  time  and  the  orbit  precession  is  small.  With  the  cusps  on,  the  centroid  acquires 
transverse  velocity,  fails  off  resonance  and  start  to  precess  rapidly.  Figure  47b  shows  the 
three  component  of  the  magnetic  field  seeing  by  the  centroid.  As  a  result  of  the  proximity 
of  the  orbit  to  the  windings,  the  magnetic  field  components  at  the  orbit  are  substantially 
different  than  those  listed  in  Table  VUI. 

It  became  apparent  in  the  Spring  of  1992  that  because  of  severe  time  and  several 
other  contraints  the  experiment  was  operating  under,  the  only  realistic  approach  to  obtain 
short  risetime  current  pulses  to  drive  the  double  cusps  was  the  sharpening  of  the  pulse  of 
the  existing  drivers  using  ferrites.  The  sharpening  results  from  the  change  of  permeability 
that  occurs  when  a  ferrite  matierial  is  driven  into  saturation.  Ferrite  pulse  sharpeners 
have  been  built  and  tested  by  earlier  workers  and  their  results  have  been  documented  in 
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The  ferrite  loaded  transmission  line  consists  of  a  5/32"-  diameter  inner  conductor  and 
a  braided  outer  conductor  slipped  over  an  acrylic  insulating  tube.  A  cross  sectional  view  of 
the  line  is  shown  in  Fig.  48a.  The  inner  diameter  of  the  acrylic  tube  is  1/2"  and  its  outer 
diameter  is  5/8".  The  ferrites  used  were  Krystinel  KOI  toroids  with  dimensions  3/16" 
ID,  3/8"  OD  and  1/8"  thick.  All  intervening  spaces  were  filled  with  epoxy  or  oil.  The 
potted  ferrite  line  was  found  to  give  results  almost  identical  to  those  obtained  from  an  oil 
immersed  line. 

Figure  48b  shows  a  schematic  diagram  of  the  experiments  setup  used  to  develop  the 
ferrite  pulse  sharpeners.  An  80-nF  capacitor  charged  to  voltages  ranging  from  35  kV  to  60 
kV  DC,  delivers  a  voltage  pulse  into  a  45-foot-long,  50  0  cable.  A  Rogowski  coil  monitors 
the  current  delivered  to  the  cable.  A  3-foot  long  ferrite  loaded  line  sharpens  the  pulse 
from  the  50  fl  cable,  and  transmits  the  sharpened  pulse  to  another  25-foot-long  50-Q  cable 
short-circuited  at  one  end.  A  Rogowski  coil  placed  between  the  ferrite  line  and  the  25-foot 
line,  measured  the  waveshape  of  the  sharpened  current  pulse. 

At  50-kV  charge  voltage  the  amplitude  of  the  first  current  step  in  the  45-foot,  50fi 
cable  is  1  kA.  The  ferrites  saturate  even  before  the  current  reaches  0.1  kA.  The  risetime 
of  the  current  pulse,  as  measured  by  ROGl  is  ~  25  ns.  The  risetime  of  the  sharpened 
pulse  measured  by  ROG2  is  —  3  ns.  The  presence  of  the  Rogowski  coil  introduces  added 
inductance  in  the  cable  connections.  Since,  the  Rogowski  coil  has  a  response  time  of  —  1 
ns,  the  intrinsic  risetime  of  the  pulse  is  therefore  ~  2  ns.  For  optimum  performance,  the 
saturated  characteristic  impedance  of  the  ferrite  line  needs  to  be  the  same  as  the  impedance 


of  the  cables  on  either  end  of  the  line.  The  impedance  of  the  ferrite  line  shown  in  Fig.  48a 
appears  to  be  50  fi.  However,  this  requires  a  relative  permeability  of  ~3  after  saturation, 
as  opposed  to  the  ideal  value  of  unity. 

The  cables  on  either  side  of  the  ferrite  line  isolate  it  from  reflections  from  the  load 
(short-circuit,  here)  and  the  spark  gap  switch,  for  the  duration  of  the  round  trip  transit 
time  in  each  cable.  If  the  ferrite  line  is  made  longer  than  the  length  needed  to  erode  the 
injected  current  risetime,  then  the  flattop  is  also  eroded  and  the  45-foot  cable  needs  to  be 
made  longer  to  compensate  for  this  effect. 

Figure  48c  shows  the  layout  of  the  drivers  that  powered  the  double  cusps.  Two  50 
ft  ferrite  sharpeners  drive  each  coil.  At  40  kV  charge  voltage  the  average  amplitude  of 
the  first  current  step  is  2.6  kA  and  the  risetime  is  approximately  50  nsec  and  is  solely 
determined  by  the  effective  inductance  of  the  coil. 

Typical  results  from  the  experiment  are  shown  in  Fig.  49.  The  important  parameters 
are  listed  in  Table  IV.  Figure  49a  shows  the  x-ray  signal  with  the  cusps  off  and  Fig.  49b 
shows  the  x-ray  signal  when  the  three  cusps  are  energized  at  480  nsec,  i.e.,  when  the  £=12 
resonance  is  crossed.  As  in  Fig.  33,  most  of  the  beam  exits  the  magnetic  field  configuration 
in  a  single  t  mode,  although  the  current  through  the  coils  is  substantially  lower.  The  high 
frequency  noise  that  is  observed  in  Fig.  49b  is  a  consequence  of  the  fact  that  the  1.5  /isec 
integrator  that  has  been  used  in  the  input  of  the  digitizer  in  Fig.  49a  was  removed  to  avoid 
possible  reduction  of  the  sharp  x-ray  pulse  when  the  cusps  are  activated. 

A  difficulty  experienced  during  these  studies  was  the  substantial  jitter  of  the  drivers. 
Apparently,  the  cause  of  this  difficulty  was  the  roughness  of  the  electrodes  in  the  switches 


of  the  drivers.  Unfortunately,  the  overhauling  of  the  spark  gaps  could  not  be  fitted  into 
the  time  schedule  of  the  experiment. 


67 


Table  VHI 


Major  radius  r0 
Torus  minor  radius  a 
Winding  radius  fio 
a 

Field  periods  m 
Toroidal  field  Be  o 
Vertical  field  Bxq 
External  field  index 
dBx/dt 
Cusp  radius 
Cusp  current 
Initial  position 
Initial  7 
Run  duration 
Initial  (3± 

Mode  number  £ 


=  105  cm 

=  15.2  cm 

=  23.4  cm 

=  0.029  cm”1 

=  6 

=  3910  G 

=  391 G 

=  0.5 

=  0.656  G/fise c 

=  14.7  cm 

=  3kA 

=  -10  cm 

=  20.25 

=  60  nsec 

=  0 

=  12 


Table  EX 


Toroidal  magnetic  field  at  injection 
SF  windings  current  at  injection 
Driver  voltage 

Average  amplitude  of  the  first  current  step 
Pressure 

Trapped  beam  current 


4  kG 
28  kA 
35  kV 

2.2  kA 
4xl0~6  torr 

1.2  kA 
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V.  Assessment  of  results 


The  purpose  of  this  section  is  to  assess  the  results  of  the  experimental  effort.  In 
addition  to  briefly  addressing  the  major  successes  and  failures  of  the  project,  we  discuss  the 
level  of  understanding  of  the  various  physical  processes  that  dominate  the  beam  dynamics 
in  the  device  and  we  make  a  few  recommendations  about  the  direction  of  future  research 
in  this  area. 

In  the  absence  of  strong  focusing,  we  were  able  to  trap  a  large  number  of  electron  in 
the  device.  Although  the  trapped  electron  current  was  as  high  as  3  kA,  the  lifetime  of  the 
electron  ring  was  limited  to  a  few  microseconds.  With  the  exception  of  the  high  current 
rings  (~  3  kA),  the  beam  was  centroid  unstable,  i.e.,  the  entire  beam  drifted  quickly  to 
the  wall  of  the  vacuum  chamber.  The  high  current  rings  were  suffering  initially  individual 
particle  losses,  i.e.,  slow  decay  of  their  current.  Eventually,  after  their  current  was  reduced 
to  a  low  level  the  loss  became  catastrophic. 

Probably  without  exception  all  the  electron  rings  formed  were  in  the  high  current 
regime.  Attempts  to  form  rings  in  the  low  current  regime  have  been  unsuccessful.  The 
reason  is  that  the  reduced  beam  current  could  not  provide  enough  drift  to  the  beam  during 
the  first  revolution  for  the  electrons  to  clear  the  diode  of  the  injector. 

There  is  convincing  evidence,  but  no  actual  proof,  that  the  catastrophic  beam  loss  was 
due  to  the  drag  instability.  There  is  a  large  amount  of  experimental  results  which  supports 
this  conclusion.  If  we  had  succeeded  to  form  stable  rings  in  the  low  current  regime,  such 
a  conclusion  would  be  more  definite. 

A  quantity  that  can  be  measured  accurately  in  the  device  is  the  bounce  frequency.  As 
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a  rule,  the  bounce  frequency  measured  in  the  experiment  was  higher  than  that  predicted 
by  the  theory  and  the  codes.  It  is  likely  that  the  beam  energy  used  to  compute  the  bounce 
frequency  is  not  known  with  sufficient  accuracy. 

The  addition  of  the  strong  focusing  windings  made  a  dramatic  improvement  in  the 
confining  properties  of  the  device  and  established  the  modified  betatron  as  the  first  and, 
as  of  today,  the  only  successful  recirculating  high  current  accelerator.  And  this,  in  spite 
of  the  fact  that  the  windings  have  not  been  carefully  fabricated  or  accurately  positioned 
in  the  device. 

Needless  to  say  that  this  was  the  outcome  of  a  necessity  rather  of  a  choice  and  it  is 
contrary  to  the  accepted  practice  in  the  technology  of  particle  accelerators.  To  improve 
the  accuracy  of  the  strong  focusing  windings  a  new  vacuum  chamber  was  designed  with 
embedded  modular  windings.  It  incorporates  a  new  winding  law  that  has  a  highly  desirable 
feature.  The  magnetic  and  geometric  axes  coincide.  Before  potting,  the  windings  were 
positioned  on  the  surface  to  the  vacuum  chamber  with  an  estimated  accuracy  of  —  ± 
0.5  mm,  using  a  winding  machine.  Unfortunately,  the  fabrication  of  the  new  vacuum 
chamber  was  not  completed  on  time  and  thus  the  chamber  never  installed  and  tested  in 
the  experiment. 

This  is  regretable,  because  there  are  strong  indications  that  the  random  spatial  fiuc- 
tuations  of  the  stellarator  windings  are  responsible  for  the  excitation  of  the  cyclotron 
resonance.  Figure  50  shows  and  ifig  of  the  beam  centroid  in  the  fields  of  the  modified 
betatron.  The  model  assumes  that  the  stellarator  windings  are  made  of  10  cm  long  seg¬ 
ments  that  are  randomly  positioned  at  each  end,  within  a  cube  of  ±  2mm.  The  reference 


particle  is  injected  with  7  =  8.064,  just  before  it  reaches  the  £=24  resonance.  At  t=50 
/tsec,  the  centroid  locks  in  the  £=  19  mode  and  its  7/?#  remains  constant.  At  t=60  psec 
0±  is  approximately  30%  and  the  diameter  of  its  fast  orbit  ~  7  cm.  The  efficiency  of 
transfer  ing  energy  from  the  axial  to  the  transverse  direction  by  the  random  fluctuation  of 
the  strong  focusing  winding  is  remarkable. 

The  trapping  of  the  injected  beam  into  the  closed  magnetic  field  configuration  of  the 
device  was  one  of  the  most  challenging  physics  issues  of  the  modified  betatron  program. 
For  this  reason  a  large  fraction  of  the  program’s  resources  was  invested  to  develop  several 
injection  schemes.  Ironically,  none  of  these  trapping  schemes  was  used  in  the  device  after 
the  installation  of  strong  focusing  windings.  The  reason  is  that  when  the  current  of  the 
strong  focusing  windings  was  raised  to  high  enough  level  and  the  direction  of  the  poloidal 
orbit  was  changed  from  diamagnetic  to  paramagnetic  the  beam  spiraled  from  the  injection 
position  to  the  vicinity  of  the  minor  axis  and  was  trapped. 

This  interesting  phenomenon  has  been  observed  over  several  thousands  of  shots  and 
for  a  wide  range  of  parameters.  However,  its  explanation  remained  elusive  until  the  be¬ 
ginning  of  1991.  During  January  and  February,  1991,  a  series  of  detailed  experiments 
were  performed  that  provided  accurate  data  on  the  various  processes  associated  with  the 
trapping  of  the  beam.  As  a  result  of  these  measurements,  a  revised  model  of  resistive 
trapping  was  developed  that  is  in  agreement  with  the  experimental  results.  The  fact  that 
the  revised  model  explains  not  only  the  main  features  but  also  esoteric  details  of  the  ex¬ 
perimental  results,  such  as  the  rotation  of  the  peaks  of  the  poloidal  orbit  with  the  poloidal 
angle,  makes  us  believe  that  the  model  is  correct. 
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In  most  of  the  experiments  the  center  of  the  circular  opening  of  the  conical  node  was 
located  at  the  midp  lane  and  8.7  cm  from  the  minor  axis  of  the  toroidal  chamber.  In  a 
aeries  of  experiments  the  diode  moved  to  progressively  larger  radial  positions  from  the 
minor  axis.  Successful  trapping  of  the  beam  was  observed  as  long  as  the  radial  distance 
was  less  than  10  cm.  At  this  radial  distance  the  stellarator  fields  are  nonlinear  and  increase 
rapidly  as  the  distance  from  the  minor  axis  increases.  Since  the  radius  of  the  intermediate 
orbit  is  proportional  to  the  strong  focusing  field,  it  is  possible  that  the  beam  strikes  the 
wall.  Therefore,  in  order  to  successfully  trap  the  beam  the  injection  position  should  be 
carefully  selected. 

The  slow  electron  loss  rate  during  acceleration  is  a  manifestation  that  individual  par¬ 
ticles,  rather  than  the  entire  beam,  strike  the  wall.  The  x-ray  signal  initially  appears  at 
approximately  t=rx  =200  psec  and  lasts  for  as  long  as  1  msec.  Following  trapping  the 
beam  settles  on  the  magnetic  axis  of  the  strong  focusing  system,  which  is  located  about 
I  cm  off  the  minor  axis.  If  the  guiding  center  of  the  beam  centroid  had  remained  on  the 
magnetic  axis  during  acceleration,  the  Larmor  radius  of  the  fast  motion  could  not  bring 
the  electrons  to  the  wall  of  the  vacuum  chamber.  Only  sufficient  axial  energy  spread  in 
the  beam  can  provide  appreciable  displacement  to  the  electrons  in  order  to  reach  the  wall. 
This  axial  energy  spread  cannot  be  due  to  scattering  of  beam  electrons  with  the  back¬ 
ground  gas,  because  rs  would  be  a  function  of  the  pressure,  which  is  not  the  case.  Random 
field  fluctuations  produced  by  random  displacement  of  say  the  strong  focusing  windings 
have  the  potential  to  introduce  large  axial  energy  spread  to  the  beam.  This  conclusion  is 
supported  by  computer  calculations  but  it  has  not  been  confirmed  experimentally. 
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A  beam  radial  drift  in  combination  with  the  fast  motion  provide  a  second  marhanism 
for  the  electrons  to  reach  the  wall.  The  diffusion  of  the  self  magnetic  field  of  the  beam 
cannot  provide  sufficient  radial  displacement  to  the  electrons  to  reach  the  wall  of  the 


chamber.  Random  spatial  fluctuations  in  the  strong  focusing  windings  can  provide  a 
potent  mechanism  for  transferring  energy  to  the  transverse  direction  and  also  a  radial 


inward  drift  to  the  beam. 

Figure  51  shows  very  recent  results  from  a  261  n sec  long  run  for  randomly  positioned 
stellarator  windings.  The  cube  dimensions  have  increased  from  ±  2  mm  to  ±  4  mm  The 
rest  of  the  parameters  are  listed  in  Table  X.  The  column  in  the  left  shows  the  positions  the 
beam  centroid  crosses  the  0  —  0  plane  in  the  time  internal  indicated  in  each  frame.  The 
column  in  the  right  shows  the  temporal  profile  of  fix  and  nfie-  At  t  «  8/isec,  the  beam 
locks  in  the  t  —  24  mode  and  shortly  thereafter  ifi$  remains  constant  up  to  150  fiae c.  At 
this  tune  and  while  fix  has  reached  78%,  the  beam  unlocks  from  the  t  —  24  resonance 
and  its  fix  starts  to  decrease.  Simultaneously,  the  centroid  starts  to  drift  radially  inward 
with  a  speed  which  is  approximately  1  mm  //isec.  At  261  /nsec  the  beam  centroid  hits  the 
wall  just  above  the  midplane.  The  similarity  between  these  results  and  the  experiment  is 
striking.  Several  additional  runs  have  shown  that  a  substantial  fraction  of  electrons  inside 
the  beam  are  not  unstable  to  this  kind  of  perturbations. 

Although  the  mechanism  that  drives  the  electrons  to  the  wall  during  acceleration  has 
probably  been  identified,  a  definite  proof  is  still  missing.  A  diagnostic  that  can  provide 
information  on  the  beam  position  during  acceleration  would  be  very  useful.  The  experi¬ 
mental  results  from  the  NRL  device  have  unambiguously  demonstrated  that  the  electron 
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loss  is  reduced  and  the  beam  lifetime  is  prologued  with  increasing  toroidal  field.  The  ben¬ 
eficial  effect  of  B$  is  not  limited  to  the  confinement  of  the  beam  during  acceleration.  As  a 
rule,  the  trapped  electron  current  is  enhanced  with  increasing  B$  field. 

Since  the  initial  successful  acceleration  of  electrons  in  the  modified  betatron,  the  x-ray 
signal  is  spiky  and  the  peaks  always  occur  at  the  same  value  of  £*o/J3«o,  independently  of 
the  current  flowing  in  the  stellarator  windings.  There  is  extensive  experimental  evidence 
that  support  the  hypothesis  that  the  spiky  x-ray  signal  is  caused  by  the  excitation  of  the 
cyclotron  resonances.  During  the  last  few  years  a  large  amount  of  work,  both  experimental 
and  theoretical,  has  been  done,  mainly  by  the  NRL  research  staff,  on  the  crossing  of 
cyclotron  resonances  and  the  subject  appears  to  be  well  understood. 

The  cyclotron  resonance  is  due  to  coupling,  caused  by  field  disturbances,  between  the 
cyclotron  motions  in  the  vertical  and  toroidal  fields.  Since  the  actual  accelerating  gradient 
in  the  present  device  is  low,  the  electrons  have  to  perform  a  large  number  of  revolutions 
around  the  major  axis  in  order  to  obtain  large  energies.  Thus,  cyclotron  resonances  are  of 
special  importance  for  the  existing  device,  that  has  low  tolerance  to  field  errors. 

Following  the  successful  demonstration  of  acceleration  a  concerted  effort  was  made 
to  locate  and  eliminate,  or  at  least  reduce,  the  field  distrubances  that  may  excite  the 
cyclotron  resonances.  Most  of  the  errors  detected  were  reduced  to  a  level  that  was  limited 
by  the  sensitivity  of  the  magnetic  field  monitors  (~  2%).  To  reduce  the  errors  produced  by 
the  mispositioned  strong  focusing  windings  a  new  vacuum  chamber  with  very  accurately 
positioned  windings  was  constructed  and  partially  fabricated.  The  large  amplitude  errors 
at  the  feeds  of  the  vertical  field  coils  were  never  corrected,  mainly  because  the  cost  of 
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repair  was  beyond  the  limits  of  the  project's  budget. 


Three  different  cyclotron  resonance  stabilization  techniques  were  tested  in  the  ex¬ 
periment.  Among  these  techniques,  acceleration  of  the  beam  at  higher  acceleration  rate 
appears  to  have  the  highest  practical  potential.  By  increasing  the  acceleration  rate  the 
resonance  is  crossed  faster  and  thus  the  damage  inflicted  to  the  beam  is  reduced.  To 
achieve  higher  acceleration  rate,  the  vertical  field  coils  were  divided  into  two  halves  with 
midplane  symmetry  and  powered  in  parallel.  The  experimental  results  indicate  that  an 
increase  in  the  acceleration  rate  by  approximately  a  factor  of  2.5  has  a  profound  effect  on 
the  cyclotron  resonances. 

Although  the  cyclotron  resonance  is  a  potent  mechanism  that  has  the  potential  to 
disturb  the  beam  at  low  acceleration  rate  and  when  the  various  fields  are  not  carefully 
designed,  it  also  may  provide  a  powerful  technique  for  extracting  the  beam  from  the 
magnetic  field  configuration  of  the  modified  betatron.  As  a  matter  of  fact,  this  was  realized 
well  before  the  cyclotron  resonances  were  observed  in  the  NRL  device. 

Although  the  fabrication  of  the  hardware  for  the  resonant  extraction  approach  that 
was  the  mainline  extraction  scheme  for  the  NRL  device  was  completed  by  the  end  of  FY  91, 
the  resonant  extraction  was  never  tested  experimentally.  The  reason  that  this  extraction 
technique  is  based  on  a  low  inductance  (~  4  nH)  agitator  with  a  very  small  aperture  (~  2 
cm).  Therefore,  it  requires  a  beam  with  low  transverse  velocity.  However,  this  was  not  the 
case  in  the  NRL  experiment.  The  amplitude  of  the  various  field  imperfections  was  never 
reduced  to  a  low  enough  level  to  make  the  transverse  velocity  of  the  beam  compatible  with 
the  small  aperture  of  the  agitator.  Thus,  we  had  to  explore  alternate  extraction  approaches 


that  are  based  on  large  aperture  agitators. 


Initially,  twelve  single  turn  coils  were  used  either  on  the  outside  of  the  vacuum  chamber 
or  at  the  joints  of  twelve  sectors.  The  coils  were  activated  at  the  time  the  beam  was  crossing 
the  1=12  mode.  These  resonant  coils  were  powered  with  12, 5  and  0.4  jtse c  risetime  current 
pulses.  The  beam  could  be  kicked  out  of  the  magnetic  field  of  the  device  within  a  time 
that  was  comparable  to  the  risetime  of  the  current  pulse.  The  required  amplitude  of  axial 
field  disturbances  A  B$  to  extract  the  entire  beam  during  the  risetime  of  the  field  pulse  is 
approximately  80  G. 

Extensive  studies  of  the  spatial  distribution  of  beam  losses  when  the  twelve  internal 
resonant  coils  are  energized  with  the  0.4  nsec  current  pulse  have  shown  that  the  beam 
strikes  the  wall  at  six  very  well  defined  toroidal  positions  that  are  60°  apart.  In  the  absence 
of  the  strong  focusing  field  (when  the  resonant  coils  are  energized)  the  beam  strikes  the 
wall  at  a  single  toroidal  position  near  9= 70°.  Although  the  results  with  the  twelve  resonant 
coils  are  very  interesting  and  provided  a  valuable  insight  in  the  physics  of  extraction,  this 
approach  cannot  lead  to  a  practical  extraction  scheme,  since  it  cannot  form  a  single  head 
in  the  beam.  In  addition  to  being  capable  of  forming  a  single,  well  defined  head  in  the 
beam,  a  practical  agitator  should  have  low  inductance,  large  aperture  and  the  capability 
to  produce  the  required  magnetic  field  disturbances  at  manageable  voltages.  Among  the 
various  agitator  concepts  considered,  magnetic  cusps  were  found  to  be  the  most  promising. 

Extensive  numerical  studies  of  several  cusp  configurations  have  shown  that  a  single 
layer,  24.2  cm  long  cusp  surrounded  by  a  resistive  shroud  with  a  21  cm  radius  could  provide 
~  1.4  cm  radial  displacement  to  the  beam  over  a  20  nsec  time  period,  when  the  current 
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through  the  coil  is  2.5  kA.  Unfortunately  such  a  cusp  could  not  be  fabricated  on  time  and 
thus  we  had  to  proceed  with  an  inferior  agitator  that  is  based  on  three  double  cusps  that 
are  located  120°  apart  in  the  toroidal  direction.  This  agitating  system  was  fabricated  in- 
house  and  tested  in  the  experiment  for  a  short  period  of  time  just  before  the  termination 
of  the  MBA  program. 

The  numerical  results  indicate  that  the  14.7  cm  radius  double  cusps  could  provide  0.9 
cm  radial  displacement  during  the  last  20  nsec  of  a  60  nsec  wide,  3  kA  height  rectangu¬ 
lar  current  pulse.  These  cusps  have  been  powered  with  2-3  nsec  risetime  current  pulses 
produced  from  the  existing  drivers  with  ferrite  sharpeners.  At  40  kV  charge  voltages  the 
amplitude  of  the  current  step  was  2.6  kA  and  its  risetime  ~  50  nsec  and  was  solely  de¬ 
termined  by  the  inductance  of  the  coil.  Activation  of  these  double  cusps  at  480  /xsec,  i.e., 
when  the  t=  12  resonance  is  crossed  forced  most  of  the  beam  to  exit  the  magnetic  field 
configuration  in  a  single  l  mode,  as  it  is  apparent  from  Fig.  49. 

In  contrast  with  the  conventional  accelerators  that  operate  in  the  single-particle 
regime,  the  high  current  modified  betatron  operates  in  an  uncharted  territory,  in  which 
space  charge  effects  from  the  self  and  image  fields  are  as  important  as  externally  applied 
fields.  Virtually,  every  aspect  of  the  modified  betatron  has  been  a  challenging  technical 
task.  As  a  result,  the  pace  of  progress  has  been  slower  than  initially  anticipated.  However, 
the  results  have  been  very  rewarding. 

The  extraction  of  the  beam  is  presently  the  most  important  unresolved  technical  issue. 
Although  some  interesting  results  were  obtained  during  the  last  few  month  with  the  NRL 
device,  there  are  several  fundamental  questions  that  remain.  Developing  a  large  aperture 


agitator  with  1-2  nsec  risetime  that  provides  enough  field  to  kick  the  beam  radially  by 
**•  2-3  cm  at  a  reasonable  voltage  is  not,  in  principle,  a  difficult  task.  However,  when  the 
integration  of  such  an  agitator  into  the  device  is  considered,  the  task  becomes  considerably 
more  complex.  Specifically,  the  penetration  of  the  fast  fields  requires  the  agitator  to  be 
located  inside  the  chamber.  To  avoid  any  interference  with  the  circulating  beam  the 
agitator  should  be  near  the  wall  of  the  chamber.  This  wall  has  to  be  continuous  to  avoid 
disruption  of  the  return  currents.  The  induced  current  on  the  wall  by  the  rapidly  changing 
field  of  the  cusp  substantially  reduces  its  various  field  components.  However,  the  proximity 
of  the  coils  to  the  wall  diminishes  the  inductance  of  the  kicker.  Although  the  voltage 
required  to  produce  a  specific  field  amplitude  within  a  specific  time  is  smaller  with  an 
internal  cusp,  introducing  the  high  voltage  into  the  chamber  without  adding  substantial 
inductance  to  the  system  is  a  challenging  engineering  task. 

Our  diagnostics  that  probe  the  beam  dynamics  during  the  first  few  microseconds  fol¬ 
lowing  injection,  have  been  found  both  reliable  and  sufficient.  However,  our  diagnostics 
that  provide  information  on  the  beam  current,  position,  size,  axial  energy  spread  and  emit- 
tance  during  the  acceleration  phase  have  been  found  very  inadequate.  The  development 
of  such  diagnostics  that  provide  reliable  information  on  the  millisecond  time  scale  will  be 
both  diffucult  and  expensive.  Such  a  task,  however,  will  be  necessary  in  any  serious  future 
effort  on  the  modified  betatron  or  any  other  high  current  recirculating  accelerator. 

Our  results  have  unambiguously  demonstrated  that  the  strong  focusing  windings  im¬ 
prove  the  confining  properties  of  the  device  at  least  in  the  intermediate  time  scale,  i.e, 
during  the  first  100-200  /*sec.  In  addition,  these  windings  have  increased  substantially  the 


complexity  of  the  accelerator.  The  loss  of  toroidal  symmetry  with  the  incorporation  of  the 
stellarator  windings  in  the  NRL  initial  system  made  our  two  dimensional  particle  simu¬ 
lation  computer  codes  obsolete.  The  absence  of  a  reliable  3-D  computer  simulation  code 
to  provide  information  on  the  dynamics  of  the  individual  particles  inside  the  beam  has 
inhibited  our  ability  to  completely  understand  the  x-ray  spectra.  Any  future  investment 
in  the  modified  betatron  technology  should  include  funds  for  either  the  development  or 
the  acquisition  of  a  3-D  particle  simulation  code. 

Undoubtedly,  the  modified  betatron  has  several  important  advantages,  in  relation  to 
other  approaches,  in  the  generation  of  high  current  beams.  Among  its  shortcomings,  its 
sensitivity  to  field  errors  is  of  concern.  The  port  in  the  wall  of  the  vacuum  chamber  that  is 
required  for  any  internal  injection  could  be  the  source  of  a  serious  field  error.  By  its  nature, 
the  injector  porthole  error  cannot  be  eliminated  as  long  as  the  diode  is  located  inside  the 
chamber.  Therefore,  it  is  advisable  that  an  external  injection  scheme  be  developed  that 
will  eliminate  or  at  least  substantially  reduce  the  size  of  the  diode  porthole.  An  additional 
advantage  of  the  external  injection  is  its  compatibility  with  higher  diode  voltages.  Such 
higher  voltages  will  be  necessary  whenever  the  current  of  the  device  will  be  required  to  be 
raised  well  above  the  1  kA  level. 

As  a  consequence  of  its  sensitivity  to  field  errors,  any  future  device  should  be  care¬ 
fully  designed  to  keep  the  field  errors  as  low  as  possible  but  not  much  higher  than  0.1%. 
Furtheremore,  it  will  be  very  advantageous  to  select  the  acceleration  rate  ten  times  higher 
than  in  the  present  device,  i.e.,  about  8-10  G/nsec. 
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Fig.  1.  System  of  coordinates. 
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Fig.  2.  Orbits  of  ring  centroid  in  the  transverse  plane  from  Eq.  (7b)  and  the  potentials  of 
Eq.  (11).  In  (a)  the  external  field  index  is  0.35,  in  (b)  0.5  and  in  (c)  0.65. 
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Fig.  4.  Photograph  of  the  NRL  modified  betatron  accelerator. 
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Fig.  5.  Ring  orbits  in  the  transverse  plane  for  several  values  of  vertical  magnetic  field. 
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Electron  Beam  Current  (kA) 

Fig.  7.  Bounce  frequency  squared  vs.  electron  beam  current  for  three  different  values  of 


transverse  velocity. 


Stellarator,  Individual  Particle  and  Centroid  Indices 


Fig.  8.  Normalized  ring  lifetime  vs.  electron  ring  current  for  six  different  values  of 
normalized  beam  energy  70-  The  parameter  70  is  the  normalized  beam  energy  after  the 
ring  has  been  formed  and  it  is  smaller  than  the  normalized  electron  energy  in  the  diode 
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NORM.  RING  LIFETIME  (ct0/2nrc) 


The  Effect  of  Drag  Instability  on 


Fig.  9.  Normalized  ring  lifetime  vs.  electron  ring  current  for  three  values  of  the  normalized 
electron  energy  at  the  diode  74.  The  beam  is  injected  at  the  radial  distance  of  Ao  =  9.8 


cm  from  the  minor  axis. 


Modified  Betatron  with  Stellarator  Windings 
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Fig.  10.  Left-handed  stellarator  windings. 


Modified  Betatron  with  Torsatron  Windings 
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Fig.  11.  Left-handed  torsatron  windings. 
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Ill 


Fig.  13.  Along  the  dashed  lines  the  bounce  frequency  In  the  laboratory  frame  is  equal  to 
aero.  At  Injection  the  values  of  U  and  V  have  to  be  selected  to  the  right  of  the  dashed  line 
of  region  2  for  left-handed  windings  with  B§  and  v$  >  0. 


SteUarator,  Individual  Paxtide  and  Centroid  Indices 


Fig.  14.  SteUarator  index  n*,  individual  particle  self  index  n,  and  centroid  self  indices 
for  typical  parameters  of  the  NRL  modified  betatron. 
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)  Fig.  15.  As  in  Fig.  (14)  but  with  a  beam  radius  of  2  cm  instead  of  1  cm. 
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Fig.  17.  Field  lines  in  the  vicinity  of  the  magnetic  axis  (SF  field). 
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Fig.  18.  X-ray  signal  as  a  function  of  time. 
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Fig.  20.  The  time  rx  as  a  function  of  the  peak  vertical  magnetic  field  BM  peak  divided 
by  the  risetime  (quarter  period)  of  the  Bx  waveform  for  £*o  «  4  kG  and  a  trapped  beam 


current. 
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Fig.  21.  Normalised  radial  displacement  of  the  beam’s  equilibrium  position  rs.  its  nor¬ 
malised  transverse  velocity. 
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Fig.  22.  (a)  Betatron  flux  condition  from  T  RID  IF  and  EFFI.  The  measured  value  of  the 
betatron  flux  condition  in  the  experiment  is  2.3.  (b)  normalized  magnetic  flux  vs.  radial 
distance  with  and  without  the  beam. 
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Fig.  24.  As  In  Fig.  (23)  but  after  the  image  magnetic  field  of  the  beam  diffused  out  of  the 
vacuum  chamber. 
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Fig.  25.  Individual  particle  integer  resonances  of  the  two  low  frequency  modes  u__  (bounce) 
and  w+_  (SF  mode). 
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function  of  time  ud  f  bom  Eq.  (40),  after  replacing  ejfit  with 


Twenty  Four  Single  Turn  Coils 
Mounted  On  The  Vacuum  Chamber 


126 


Fig.  28.  Schematic  of  the  initial  twenty-four  external  reeonant  coils. 
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Fig.  30.  X-ray  signals  as  a  function  of  time  for  three  different  acceleration  rates:  (a) 
(B()pnk  =  0.69  G/ nsec,  (6)1.69  G/itaec ,  and  (c)  1.93  G/n sec.  In  all  three  runs  B§ o  «4 
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Fig.  32.  Contour  plots  of  the  final  0±  in  the  0±\<po  plane  where  0^  and  <p0  are  the 
amplitude  and  phase  of  the  initial  value  of  transverse  velocity  and  its  phase.  In  (a)  AR*o 
=  0.2  G  and  in  (b)  AB^o  —  0.3  G. 
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Fig.  33.  X-ray  signal  vs.  time:  (a)  Without  the  resonant  coils,  (b)  when  the  resonant  coils 
are  activated  and  (c)  the  trace  shown  in  (b)  in  a  expanded  time  scale. 


131 


2 


4 


6 


8 


10 


Coil  Current  (kA) 

Fig.  34.  Full  width  at  half  (FWHM)  of  the  x-ray  pulse  vs.  resonant  coil  current 

when  the  coils  are  activated  near  the  £=12  resonance. 
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Fig.  35.  Driver  for  the  internal  coils,  (a)  Driver  circuit,  (b)  multitrigger  generator  circuit. 
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Fig.  38.  Toroidal  distribution  of  beam  losses  following  the  activation  of  the  internal 


resonant  coils. 


-12  -11  -10  -9  -8 

R-r0  (cm) 


0.2  0.6  1.0  1 A  U 


6/7T 

Fig.  39.  Results  from  the  numerical  integration  of  orbit  equations  for  the  beam  centroid 
near  £=12.  (a)  Projection  of  the  orbit  in  the  (R,Z)  plane  for  160  nsec,  (b)  as  in  (a)  but  in 
a  expanded  scale,  (c)  projection  of  the  orbit  in  the  (R  -  ro,0)  plane. 


Fig.  40.  Results  from  the  numerical  integration  of  orbit  equations  for  the  beam  centroid 
near  1=9.  (a)  projection  of  the  orbit  in  the  R,Z  plane  for  100  nsec,  (b)  as  in  (a)  but  in  a 
expanded  scale,  (c)  projection  of  the  orbit  in  the  (R  —  ro,0)  plane. 
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Fig.  43.  AxUl  profile  of  radial  (a)  and  axial  (b)  fields  at  p=10A  cm  from  the  minor  axis. 
Solid  lines  are  from  T&IDIF  and  solid  circles  from  the  experiment. 
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Fig.  46.  («)  Projection  of  the  beam  centroid  orbit  in  the.transveree  plane  when  BP=Q;  (b) 
top  view  of  the  orbit. 
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Fig.  47.  (a)  Projection  of  the  beam  centroid  orbit  in  the  transferee  plane  for  20  nsec  when 
the  cospe  are  off;  (b)  the  three  components  of  the  magnetic  field  at  the  beam  centroid. 
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Fig.  49.  X-ray  signal  vs.  time:  (a)  With  the  doable  cusps  off  and  (b)  with  the  doable 


cusps  on.  The  amplitude  of  the  signal  in  49a  is  higher  than  that  in  Figs.  18  and  27  because 


of  the  copper  wires  in  the  double  cusps. 
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Fig.  SI.  The  left  column  shows  the  positions  the  centroid  crosses  the  $  —  0  plane.  The 
right  column  shows  0±  and  in  the  time  intervals  of  interest.  The  beam  locks  in  the 
t  s=  24  mode  at  ~  8  /isec  and  unlocks  at  150  /tisec.  During  this  time  the  equilibrium 

position  remains  still. 
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THREE  STAGES  FOR  THE  RING  EXTRACTION 


Radial  outward  displacement  of  the  ring  equilibrium 
position  by  mismatching  the  vertical  magnetic  field 
to  the  electron  energy  with  a  local  time  dependent 
magnetic  field  (r  =  5  —  10 fisec) 

A  local  vertical  magnetic  field  disturbance  generated 
by  the  agitator  coil  transforms  the  ring  into  a  helix 
in  the  toroidal  direction.  The  minor  radius  of  the 
helix  increases  with  each  passage  through  the  agita¬ 
tor  coil(r  =  40  —  60nsec) 

Eventually,  the  electrons  reach  the  extractor,  which 
has  the  property  that  it  cancels  out  the  external 
magnetic  fields  transverse  to  its  axis.  Thus,  the 
electron  ring  unwinds  into  a  straight  beam  (r  =  2 nsec) 


RADIAL  OUTWARD  DISPLACEMENT 


OF  THE  RING 


Numerical  simulation  of  the  ring  dynamics  showed  that 
the  energy  mismatch  should  increase  slowly  in  relation  to 
the  bounce  period.  Then,  as  the  ring  follows  its  equili¬ 
brium  position,  its  radius  of  rotation  around  the  equili¬ 
brium  position  remains  small 

Also,  the  initial  energy  mismatch  of  the  ring  should  be 
very  small,  so  that  the  initial  amplitude  of  the  bounce 
motion  is  very  small. 


Local  vertical  extraction  field 


B\xtr  =  B\fr  (1  -  e-'/r) 


COMPUTER  SIMULATION  (MOBE  -  PIC) 


RUN  PARAMETERS 

Initial  beam  energy  r0  »  100  [99.98] 

Major  radius  r  (cm)  «  100 

o 

Initial  beam  minor  radius  r^  (cm)  *  4.2  mm 

Initial  beam  center  position  r^  (cm)  *  100 

Betatron  magn.  field  at  r  ,  z  ■  o,  B  (G)  ■  1704.5 

o  oz 

Toroidal  magn.  field  at  rQ,  z  »  o,  Bqq  (KG)  -  ~4kG 

Initial  emittance  c  (rad  -  cm)  «  280  mradcm  -  normalized  emittance 

External  field  index  n  =  0.5 

Vail  diffusion  time  (nsec)  *  ® 

Time  step  (nsec)  =  200  ps 

No.  of  particles  =  128 

Trapping  field  B^ra°  *  204.5  G 

z 

Time  constant  T  =  4  usee 


COMPUTER  SIMULATION 
Ring  Envelope  During  Extraction 
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Two  modes  of  operation: 

•  Pulsed 

•  Static 


RESONANCE  EXTRACTION 

Electrons  passing  through  the  agitator  are  made  to  gyrate 
about  the  toroidal  field,  Be . 

When  the  ratio  Bz/Be  at  the  agitator  satisfies  the  reso- 
nance  condition 

Bz/Be  =  2£/  [2i2  —  1),  £  =  l,  2, 3, ... 

all  the  electrons  execute  identical  helical  orbits  (Coherent  Mo¬ 
tion).  The  radius  of  the  helical  orbits  can  be  determined  bv 

p  =  2(iV/£)(AOf/Qz)roA0. 

where 

N  =  number  of  passes  through  the  agitator 

A B°  =  magnetic  field  of  the  agitator 

A0  =  toroidal  half  width  of  the 
agitator  magnetic  field 

ra  =  radial  distance  of  the  agitator  from 
the  major  axis 


Modified  Betatron 
Ring  Extraction 


Agitator  Coil 


COMPUTED  AGITATOR-FIELD  PROFILE  WITH  TRIMMER  COILS 

FOR  STATIC  MODE 
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•  TABLE 


List  of  various  parameters  for  tRe  runs  #  266  and  270 


RUN 


Agitator’s  mode 
Relativistic  factor  7 
Major  radius  ra  (cm) 

Vertical  field  at  rQ  (G) 

Toroidal  field  at  rc  (G) 

Field  index  n 
Resonance  integer  1 
Amplitude  of  mismatching  field  (G) 
Time  constant  of  mismatching  field  (psec) 
Agitator’s  toroidal  position 
Agitator’s  toroidal  width  2A 9  (rad) 
Agitator’s  inner  radius  (cm) 
Agitator’s  outer  radius  (cm) 
Agitator’s  opening  (cm) 
Agitator’s  linear  current  density  (kA/cm) 
Agitator’s  field  A £“  (G) 
Extractor’s  opening  toroidal  position 
Extractor’s  minimum  inner  radius  (cm) 
Extractor’s  minimum  outer  radius  (cm) 
Extractor’s  field  A B%  (G) 


266 

270 

Static 

Static 

40 

400 

100 

100 

649.9 

6501 

-1971 

-19310 

0.5 

0.5 

3 

3 

60 

600 

10 

10 

1.26“ 

1.26- 

0.066 

0.066 

120 

120 

124 

124 

2 

2.0 

0.375 

3.75 

-450 

-4500 

0 

0 

120.5 

120.5 

124.5 

124.5 

-590 

-5900 

-120 


y  (cm) 

Fig.  7.  Radial  excursion  of  a  typical  electron  (a)  and  top  riev  of  its  trajectory  in  the 
x,y  plane  for  the  ran  270. 


TABLE  I 

List  of  various  parameters  for  the  runs  #  379-381 


RUN  # 

379 

380 

381 

Agitator’s  mode 

Pulsed 

Pulsed 

Pulsed 

Relativistic  factor  7 

39.9 

39.9 

39.9 

Major  radius  r0  (cm) 

100 

100 

100 

Vertical  field  at  r0  (G) 

681 

681 

681 

Toroidal  field  at  r0  (G) 

-1,920 

-1970 

-1,925 

Field  index  n 

0.5 

0.5 

0.5 

Resonance  integer  t 

3 

off 

3 

Agitator’s  toroidal  position(rad) 

0.493  a- 

0.493  Jr 

0.493  x 

Agitator’s  toroidal  width  2A6  (rad) 

0.026 

0.026 

0.026 

Agitator’s  inner  radius  (cm) 

110.5 

110.5 

110.5 

Agitator’s  outer  radius  (cm) 

113.5 

113.5 

113.5 

Agitator’s  opening  (cm) 

2.0 

2.0 

2.0 

Agitator’s  linear  current  density  (kA/cm) 

0.1 

0.1 

0.4 

Agitator’s  field  A B*  (G) 

-78 

-78 

-350 

Extractor’s  opening  toroidal  position 

0 

0 

0 

Extractor’s  minimum  inner  radius  (cm) 

113.0 

113.0 

113.0 

Extractor’s  minimum  outer  radius  (cm) 

116.0 

116.0 

116.0 

Ring  Orbit  in  the  r,  6  Plane 

r~-  40 

Pulsed  Mode 


112.4 

e  i  n.s 

a 

it  ii i.2 
110.6 


1^  =  100  A/cm 
(off -resonance) 


extractor  position 


MAGNETIC  FIELD  COMPONENTS 
TO  BE  CANCELED  OUT  BY  EXTRACTOR 


B$x  =  —Be  o 


roy 


Bz  =  Bzq 


' exfcr  T  if 

y/xLtr  +  y2 


Be*  must  be  canceled  inside  the  extractor 
Otherwise  there  is  a  vertical  force  Fz  =  — evyB$x 


4 


Inner  Conductor 


BEAM  DYNAMICS 
INSIDE  THE  EXTRACTOR 


For  the  numerical  integration  of  the  beam  orbits,  the 
magnetic  fields  inside  the  extractor  were  computed 
using  the  3-D  MAGNUS  code 


The  inner  conductor  was  replaced  by  a  set  of  current 
filaments  such  that  their  current  density  was  that 
computed  by  the  POISSON  code  at  each  cross  section 
of  the  extractor 


The  computed  fields  by  the  3-D  MAGNUS  code  were  in 
very  good  agreement  with  those  computed  by  the  2-D 
POISSON  code 


EFFECT  OF  SMALL  VERTICAL  VELOCITY 
AT  THE  ENTRANCE  OF  THE  EXTRACTOR 


vs  =  — 0.0332uy 

This  small  vertical  velocity  causes  helical  motion  of  the 
beam  around  the  B$y  component  of  the  toroidal  field 


Side  view  of  extractor 

By  tilting  the  extractor  and  by  adjusting  sligtly  its 
current  to  cancel  the  small  Beysina.  component 
the  beam  orbit  is  almost  linear 


EFFECT  OF  ADJUSTING  THE  CURRENT 


PARTICLE  POSITION  INSIDE 


Time(nsec) 
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END  VIEW  ORBITS  OP  FOUR  PARTICLES 


CONCLUSION 


An  extraction  teclmique  has  been  conceptually  developed 
for  the  modified  betatron  that  is  easily  realizable  and 
has  the  potential  to  lead  to  a  very  high  efficiency, 
since  all  the  electrons  of  the  ring  perform  coherent 
motion 

The  design  of  most  of  the  components  of  the  extraction 
experiment  has  been  completed  and  the  fabrication  and 
testing  of  some  components  is  currently  in  progress 
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ABSTRACT 

The  lifetime  of  the  circulating  electron  beam  in  the  NRL  modified  betatron  has  been  sub¬ 
stantially  increased  from  a  few  psec  to  over  700  psec  by  the  addition  of  strong  focusing  windings 
to  the  device.  The  injected  beam  consistently  spirals  from  the  injector  to  the  minor  axis  and  is 
trapped.  The  ~0.5  kA  trapped  electron  ring  has  been  accelerated  to  ~12  MeV  from  the  injection 
energy  of  <-0.5  MeV.  The  beam  acceleration  has  been  confirmed  not  only  by  the  x-ray  attenuation 
technique  but  also  with  the  detection  of  photoneutrons  from  the  reaction  D(~]r,n)H. 

The  experimental  observations  show  that  during  acceleration  the  electrons  cross  initially 
higher  order  cyclotron  resonances.  Eventually,  when  the  ratio  of  the  vertical  B„  to  toroidal 
magnetic  field  Be  is  ~  1/9,  i.e.,  at  £  =  9,  a  substantial  fraction  of  the  ring  electrons  is  lost.  The 
remaining  electrons  are  lost  at  higher  Bx,  that  is,  at  lower  £  values.  Experiments  are  ui  progress 
to  locate  and  eliminate  the  field  error(s)  that  excite  the  resonances  and  thus  to  accelerate  the 
electron  ring  to  even  higher  energy. 


1.  INTRODUCTION 

Accelerators  that  combine  high  current  capability  and  high  effective  accelerating  gradient 
are  currently  under  development  in  several  laboratories. l_B  These  accelerators  have  two  common 
features,  namely  strong  focusing  that  improves  their  current  carrying  capability  and  recirculation 
that  enhances  their  effective  accelerating  gradient. 

Among  these  accelerators  is  the  modified  betatron.6-8  This  device  is  currently  under  investi¬ 
gation  at  the  University  of  California,  Irvine2  and  also  at  the  Naval  Research  Laboratory1  (NRL). 
In  its  original  form  the  modified  betatron  consists  of  a  strong  toroidal  magnetic  field  and  a  time 
varying  betatron  field  that  is  responsible  for  the  acceleration. 

Extensive  studies  of  beam  capture  and  confinement  in  the  NRL  modified  betatron  led  to 
formation  of  electron  rings  with  circulating  current  as  high  as  3  kA.  In  addition,  these  studies 
furnished  valuable  information  on  the  critical  physics  issues  of  the  concept.  For  instance,  they 
have 

•  demonstrated  the  beneficial  effect  of  Bg  on  the  expansion  of  the  ring’s  minor  radius, 

•  unambiguously  confirmed  the  bounce  motion  of  the  ring, 

•  verified  the  pronounced  effect  of  image  forces  on  the  ring  equilibrium, 

•  confirmed  the  existence  of  the  macroscopic  instability  gap  and  the  transformation  of 
ring  orbits  from  diamagnetic  to  paramagnetic, 

•  revealed,  for  symmetric  orbits,  that  the  bounce  frequency  is  several  times  higher  than 
the  theoretical  prediction,  and 
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•  shown  that,  at  least  for  the  drift  trapping  technique,  the  low  current  regime  is  inacces¬ 
sible. 

Finally,  these  studies  divulged  that  over  a  wide  range  of  parameters  the  ring  lifetime  was 
limited  to  a  few  psec  which  is  comparable  to  the  magnetic  field  diffusion  time  through  the  vacuum 
chamber.  Thus,  it  became  apparent  from  these  results  that  the  modified  betatron  had  to  be 
modified  in  order  to  increase  the  beam  lifetime  and  thus  to  achieve  acceleration.  In  August  1068 
the  decision  was  made  to  proceed  rapidly  with  the  design,  fabrication  and  installation  of  strong 
focusing  windings. 

Stellarator0  and  Torsatron10  winding  configurations  were  considered.  Both  configurations 
have  some  strong  points.  However,  the  stellarator  configuration  was  selected  not  only  because  of 
the  small  net  vertical  field  and  the  lower  current  per  winding  but  also  because  it  is  compatible 
with  our  contemplated  extraction  scheme. 111 13 

This  paper  describes  in  some  detail  the  NRL  modified  betatron  in  its  latest  form  and  very 
briefly  summarizes  the  results  after  the  installation  of  the  strong  focusing  windings. 

2.  DESCRIPTION  OF  THE  EXPERIMENT 
2.1.  External  magnetic  fields 

The  NRL  modified  betatron  comprises  three  different  external  magnetic  fields;  the  betar 
tron  field  that  is  a  function  of  time  and  Is  responsible  for  the  acceleration  of  the  electrons,  the 
toroidal  magnetic  field  that  varies  only  slightly  during  the  acceleration  of  the  electron  ring  and  the 
strong  focusing  field  that  also  has  a  very  weak  time  dependence.  As  shown  in  Fig.  1,  the  coils  that 


Figure  1:  Schematic  plan  view  of  the  NRL  Modified  Betatron. 
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generate  these  three  fields  are  supported  by  a  stiff  structure  in  the  form  of  an  equilaterial  triangle 
with  truncated  vertices. 

2.2.  The  betatron  field 

The  betatron13  magnetic  field  controls  mainly  the  major  radius  of  the  gyrating  electron 
ring  and  is  produced  by  18  air  core,  circular  coils  connected  in  series.  Their  total  inductance  is 
approximately  530  pH.  The  coils  are  powered  by  an  8.64  mF  capacitor  bank  that  can  be  charged 
up  to  17  kV.  At  full  charge,  the  bank  delivers  to  the  coils  about  45  kA  peak  current.  The  current 
flowing  through  the  coils  produces  a  sinusoidally  varying  field  that  has  a  quarter  period  of  2.5 
msec  and  its  amplitude  on  the  minor  axis,  at  peak  charging  voltage  is  2.1  kG.  Immediately  after 
the  peak  the  field  is  crowbarred  with  a  4.5  msec  decay  time. 

The  flux  and  index  are  adjusted  by  two  sets  of  trimmers  that  are  connected  in  parallel  to 
the  main  coils.  The  current  through  the  trimmers  is  limited  by  a  3.3  mH  series  inductor  to  ~  10 
-  15%  of  the  total  current. 

The  ratio  of  the  average  vertical  magnetic  field  (Ba)  to  the  local  vertical  magnetic  field  on 
the  minor  axis  Ba o  can  be  adjusted  over  a  reasonably  broad  range.  Figure  2a  shows  (Ba)  and 
Ba o  as  a  function  of  time  with  only  16  coils  and  one  set  of  trimmers  connected.  The  gains  of  the 
two  channels  in  the  oscilloscope  have  been  adjusted  to  include  the  different  sensitivity  of  the  two 
probes  and  the  factor  of  two  in  the  ratio  (Ba)  /Ba o-  The  complete  overlapping  of  the  two  traces 
clearly  demonstrates  that  the  ratio  {Ba)/Ba o  is  very  near  2  over  almost  the  entire  acceleration 
time  of  the  electron  ring.  In  (b)  the  two  traces  are  offset  slightly  for  clarity. 


Figure  2:  Time  resolved  measurement  of  the  average  {Ba)  and  local  Bmo  axial  magnetic 
field.  In  (a),  the  oscilloscope  is  adjusted  so  that  the  channel  recording  Ba o  has  exactly 
twice  the  gain  (including  the  probe  sensitivity)  as  the  channel  which  records  (Bx).  In 
(b),  the  traces  are  offset  slightly  for  clarity. 

Figure  3  shows  the  spatial  variations  of  the  field  index  at  the  toroidal  position  0  —  295° 
at  t  =  500  and  1500  /xsec,  i.e.,  after  the  field  diffusion  through  the  vacuum  chamber  has  been 
completed.  The  experimental  results  are  in  good  agreement  with  the  predictions  of  EFFI,  a  static 
3-D  magnetic  code. 
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Figure  3:  Radial  variation  of  the  field  index.  The  measured  values  are  compared  to  the 

profile  obtained  using  a  static,  3-D  magnetic  field  code. 

2.3.  The  toroidal  field 

The  toroidal  magnetic  field  controls  mainly  the  minor  cross  section  of  the  electron  ring  and 
the  growth  rate  of  several  unstable  collective  modes.  This  field  is  generated  by  twelve  air-core 
rectangular  coils  that  are  connected  in  series. 

The  coils  are  made  of  aluminum  square  tubing  and  have  a  150  cm  height  and  135  cm  width. 
1  The  total  inductance  of  the  12  coils  is  ~85  pH  and  are  powered  by  a  24  mF  capacitor  bank  that 
can  be  charged  to  a  peak  voltage  of  10.6  kV.  At  the  peak  voltage  the  bank  delivers  to  the  coils 
~  180  kA  peak  current.  This  current  produces  a  sinusoidally  varying  field  that  has  a  quarter 
period  of  T/4  =  1.9  msec  and  its  amplitude  on  the  minor  axis  is  3.9  kG. 

The  toroidal  field  is  not  uniform  but  varies  as  1/r,  where  r  is  the  radial  distance  from  the 
major  axis.  In  addition,  as  a  result  of  the  discreteness  of  the  coils,  the  toroidal  field  has  a  1-2% 
ripple  (bumpy  torus)  along  the  minor  axis. 


i 
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3.4  The  strong  focusing  field 

The  strong  focusing  field  improves  the  confining  properties  of  the  two  other  fields  by  reducing 
the  sensitivity  of  the  centroid  end  individual  particles  to  energy  mismatch  and  energy  spread. 

In  the  NRL  modified  betatron  the  strong  focusing  is  generated  by  four  twisted  windings  that 
carry  current  in  alternate  directions. 

The  left  handed  windings  are  located  23.42  cm  from  the  minor  axis  and  have  a  209.4  cm 
period,  i.e.,  there  are  three  winding  periods  over  the  length  of  the  torus.  The  windings  are 
supported  by  epoxy  reinforced  graphite  jackets  and  have  been  designed  to  carry  up  to  25  kA. 
The  windings  are  connected  in  series  and  the  peak  current  and  the  temporal  profile  of  the  field 
is  controlled  by  a  ballast  inductor. 

For  a  stellarator  configuration  with  an  i  =  2  poloidal  number,  the  toroidal  transform  t  over 
a  winding  period  L  is  given  by 


L  1 

2*  ~  2 

LBe{ap0)2 

(1) 


where  I,t  is  the  current  through  the  windings,  Be  is  the  toroidal  field,  po  is  the  distance  of  the 
windings  from  the  minor  axis  and  a  =  2 x/L.  For  a  =  —  0.03/cm,  po  —  23.42  cm.  Be  =  0.2W/m2, 
and  Iat  =  20  kA,  Eq.  (1)  gives  i  =  46.4°,  over  a  winding  period. 

Another  useful  quantity  is  the  stellarator  field  index  n,t  that  is  defined,  in  the  linear  approx¬ 
imation,  as10 


2fl«ofl*o  ’ 


(2) 


where  n%xe9t  «  4an0p0K!l{2apo),no  =  B0  =  ro  is  the  major  radius,  K'2  is  the 

derivative  of  the  modified  Bessel  function  and  fl«o  and  0*o  are  the  cyclotron  frequencies  of  the 
vertical  and  toroidal  fields  on  the  minor  axis.  Since  in  the  NRL  modified  betatron  J,t>  ft*o  and 
0,0/7  remain  approximately  constant  during  acceleration,  Eq.  (2)  predicts  that  nti  scales  inverse 
proportionally  to  7,  as  shown  in  Fig.  4. 


2.5.  Injector  accelerator  and  diode 

The  injection  accelerator14  consists  of  a  Marx  generator,  a  pulse  forming  line,  an  output 
switch,  a  ballast  resistor,  a  tail-biter  switch  and  a  vacuum  transmission  line. 

The  Marx  is  an  oil  insulated,  25  stage  generator,  charged  to  a  peak  voltage  of  ±50  kV.  The 
generator  rises  to  2.5  MV  in  ~550  nsec.  The  pulse  forming  line  consists  of  a  16.8  cm  inner  and 
59.7  cm  outer  conductor  and  is  filled  with  glycol  dielectric  (e  =  40).  The  output  switch  is  a 
self-breaking  SFq  insulated  switch.  The  switch  body  is  constructed  of  plexiglass.  The  insulator 
has  been  carefully  designed  to  provide  good  electric  field  grading  in  the  interfaces  with  the  glycol 
and  SF6,  while  preserving  the  impedance  in  the  glycol  line. 
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Stellaralor  index 


Figure  4:  Plot  of  the  stellarator  field  index  n,*  versus  beam  energy  lo-  The  field  index 
is  proportional  to  the  square  of  the  winding  current  and  varies  inversely  with  the  beam 
energy. 

A  low  impedance  (~  12  0)  constant  temperature,  C11SO4  ballast  resistor  is  used  in  parallel 
with  the  diode  in  order  to  obtain  diode  voltage  regulation  by  matching  the  load  to  the  pulse 
forming  line  impedance.  Thus,  the  voltage  is  held  constant  regardless  of  large  variations  in  the 
diode  impedance. 

The  pulse  forming  line  is  connected  to  the  diode  through  a  120  fl  vacuum  transmission  line. 
To  increase  the  turn-on  field  and  therefore  to  minimize  parasitic  emission,  the  inner  conductor  of 
the  vacuum  line  is  made  of  carefully  polished  1.3  cm  radius  molybdenum  tube. 

Figure  5  shows  a  top  view  of  the  diode.  To  minimize  the  magnetic  field  component  transverse 
to  the  emitting  surface  of  the  cathode  the  core  of  the  cathode  stalk  is  made  out  of  high  an 
ferromagnetic  material.  The  unsaturated  state  of  the  ferromagnetic  material  is  prolonged  by  the 
copper  housing.  The  main  purpose  of  the  molybdenum  cladding  is  to  reduce  undesirable  electron 
emission  from  the  stalk. 
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Figure  5:  Partially  immersed  diode  with  dual  emitting  surfaces.  The  molybdenum 
cladding  reduces  parasitic  electron  emission. 

Since  the  current  flowing  through  the  cathode  stalk  lasts  longer  than  23  nsec,  i.e.,  the  ring 
revolution  around  the  major  axis,  the  cathode  stalk  made  symmetric  in  order  to  minimize  the 
magnetic  field  perturbation  from  the  stalk  current  on  the  electron  ring  orbit.  However,  only  one 
electron  beam  is  extracted  from  the  diode  because  the  second  beam  that  is  emitted  in  the  opposite 
direction  to  B$  is  terminated  at  the  anode  hole  by  a  thick  metal  stopper.  For  gaps  with  equal 
openings,  we  have  been  unsuccessful  in  generating  consistently  two  equal  intensity  beams  and 
thus,  for  the  results  reported  in  this  paper,  the  gap  of  the  dummy  diode  was  increased  to  several 
cma. 


3.6  The  vacuum  chamber 

The  100  cm  major  radius,  15.2  cm  inside  minor  radius  vacuum  chamber  has  been  constructed 
using  epoxy  reinforced  carbon  fibers.  The  desired  conductivity  is  obtained  by  inserting  a  phosphor 
bronze  screen  inside  the  body  of  the  graphite.  The  graphite  is  2.5  mm  thick  and  has  a  surface 
resistivity  of  28.6  mf i  in  the  square.  The  screen  has  250  x  250  wires  per  inch  and  is  made  of  40 
pm  diameter  wire  with  an  equivalent  surface  resistivity  of  12.8  mR  in  the  square.  The  calculated 
resistance  for  the  entire  vacuum  chamber  is  57  mf).  The  measured  D.C.  resistance  of  the  toroidal 
vacuum  vessel  is  68±2  mf).  The  outside  surface  of  the  chamber  is  covered  with  a  6.3  mm  thick, 
epoxy  reinforced  fiber  glass  layer. 
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This  novel  construction  technique  has  several  attractive  features,  including  controllable  resis¬ 
tivity  and  thus  magnetic  field  penetration  time,  high  stiffness  and  tensile  strength,  high  radiation 
resistance  (up  to  500  Mrad)  and  low  outgaasing  rate  (~  10~a  torr/sec-cm*). 

S.  EXPERIMENTAL  RESULTS 

During  the  first  microsecond  following  injection,  the  beam  dynamics  is  studied  by  monitoring 
the  light  emitted  from  a  10/im  thick  polycarbonate  foil  that  is  stretched  across  the  minor  cross 
section  of  the  vacuum  chamber1.  This  foil  is  graphite  coated  on  the  upstream  side  to  avoid 
electrostatic  charging.  Figure  6  is  an  open  shutter  photograph  of  the  light  emitted  as  the  ring 
passes  the  foil. 


Major  Axis 


injection  Position 


Minor  Axis 


#  5172 


B0  =  1.9  kG 
Isf  =  16  kA 
V  =  580  kV  (uncor.) 


Figure  6:  Open  shutter  photograph  showing  ihe  electron  beam  spiraling  toward  the 
minor  axis  of  the  vacuum  chamber.  Visible  light  is  emitted  as  the  electron  beam  passes 
through  the  thin  polycarbonate  foil. 

For  several  combinations  of  the  injection  parameters  the  beam  spirals  consistently  from  the 
injection  position  to  the  minor  axis  and  is  trapped.  The  transit  time  of  the  beam  from  the 
injection  position  to  the  minor  axis  is  typically  less  than  0.5  nsec.  The  transit  time  increases  with 
increasing  toroidal  field. 
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The  circulating  electron  ring  current  is  monitored  with  two  Rogowski  coils  that  are  located 
inside  the  vacuum  chamber.  A  typical  waveform  is  shown  in  Fig.  7.  Although  some  losses 
occur  immediately  after  injection,  it  is  observed  that  the  circulating  current  remains  practically 
constant  during  the  first  10  /jsec.  Observations  are  limited  to  less  than  10  /xsec  by  the  100  i*se c 
passive  integrator.  Attempts  to  use  active  integrators  have  been,  so  far,  unsuccessful. 


Figure  7:  Circulating  current  measured  by  a  passively  integrated  Rogowksi  coil  that  is 
located  inside  the  vacuum  chamber.  In  this  shot,  the  total  observation  time  is  2/usec, 
and  the  trapped  current  is  approximately  0.5  kA. 


The  ring  lifetime  is  inferred  from  the  x-rays  produced  when  the  beam  strikes  a  2.0  cm  wide, 
1  mm  thick  lead  limiter.  The  x-rays  are  monitored  by  a  collimating  x-ray  detector  (scintilla¬ 
tor/  photomultiplier  tube)  that  is  located  2.5  m  away  from  the  target.  A  typical  waveform  of  the 
x-ray  monitor  is  shown  in  Fig.  8.  From  the  value  of  Bz  field  it  can  be  easily  computed  that  the 
main  peak  of  the  x-ray  signal  corresponds  to  a  particle  energy  near  11.5  MeV. 

In  addition,  the  acceleration  of  the  ring  has  been  confirmed  with  the  x-ray  attenuation 
technique  and  also  with  the  observation  of  photoneutrons  produced  from  the  reaction  X>(7,n)fr. 

The  experimental  observations  show  that  the  spiky  shape  of  the  x-ray  signal  and  therefore 
the  beam  loss  is  due  to  the  excitation  of  the  cyclotron  resonance15,16.  Experiments  are  in  progress 
locate  and  eliminate  the  field  error(s)  that  excite  the  resonance  and  thus  to  accelerate  the  ring 
higher  energy. 
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Figure  8:  Measurements  of  the  beam  energy  from  X-ray  emission.  The  time  resolved 
x-ray  signal  (a)  shows  that  the  maximum  electron  loss  occurs  at  approx  600-800  /xsec. 
The  corresponding  beam  energy  (b)  is  inferred  from  the  value  of  the  vertical  magnetic 
field  at  the  same  time. 
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Improved  Beam  Confinement  in  the  Modified  Betatron 

with  Strong  Focusing 
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J.  Mathew,  P.  loschialpo,  and  J.  H.  Chang 
Plasma  Physics  Division,  Nasal  Research  Laboratory,  Washington,  D.C.  20373 
(RicwmJ  16  Jaaury  1990) 

The  lifetime  of  the  circulating  electron  beam  in  the  Naval  Research  Laboratory  modified  betatron  has 
been  increased  by  more  than  2  orders  of  magnitude  with  the  addition  of  strong  focusing  windings  to  the 
device.  The  injected  beam  consistently  spirals  from  the  injector  to  the  minor  axis  and  is  trapped.  The 
■— 0.5-kA  trapped  electron  ring  has  been  accelerated  above  10  MeV  from  the  injection  energy  of  0.S  to 
0.6  MeV.  The  beam  acceleration  has  been  confirmed  not  only  by  the  x-ray  attenuation  technique  but 
with  the  df**ctioB  of  photoneutrons. 

PACS  mem  41.S0.Ec,  29.2Q.Fj 


Accelerators  that  combine  high-current  capability  and 
high  effective  accelerating  gradient  are  currently  under 
development  in  several  laboratories. 1-5  There  accelera¬ 
tors  have  two  common  features,  namely,  strong  focusing 
that  improves  their  current-carrying  capability  and  recir¬ 
culation  that  enhances  their  effective  accelerating  gra¬ 
dient 

Among  these  accelerators  is  the  modified  betatron.4-4 
This  device  is  currently  under  investigation  at  the  Uni¬ 
versity  of  California,  Irvine2  and  also  at  the  Naval 
Research  Laboratory1  (NRL).  In  its  original  form  the 
modified  betatron  consists  of  a  strong  toroidal  magnetic 
field  and  a  time-varying  betatron  field  that  is  responsible 
for  the  acceleration. 

Extensive  studies  of  beam  capture  and  confinement  in 
the  NRL  modified  betatron  led  to  the  formation  of  elec¬ 
tron  rings  with  circulating  current  as  high  as  3  kA  and 
have  furnished  valuable  information  on  the  critical  phys¬ 
ics  issues  of  the  concept  In  addition,  there  studies  have 
shown  that  over  a  wide  range  of  parameters  the  ring  life¬ 
time  was  limited  to  a  few  microseconds  which  is  compa¬ 
rable  to  the  magnetic-field  diffusion  time  through  the 
vacuum  chamber.  Thus,  it  became  apparent  from  these 
results  that  the  magnetic-field  configuration  of  the  device 
had  to  be  modified  to  increase  the  beam  lifetime  and 
thus  to  achieve  acceleration.  A  decision  was  made  to 
proceed  rapidly  with  the  design,  fabrication,  and  installa¬ 
tion  of  strong  focusing  windings. 

Stellarator*  (four  twisted  windings  that  carry  current 
in  alternate  directions)  and  Torsatroo10  (two  twisted 
windings  that  cany  current  in  the  same  direction)  wind¬ 
ing  configurations  were  considered.  Both  configurations 
have  advantages  and  shortcomings.  The  stellarator  con¬ 
figuration  was  finally  selected  not  only  because  of  the 
small  net  vertical  field  and  the  lower  current  per  winding 
but  also it  is  compatible  with  our  contemplated 
extraction  scheme. IM2 

This  paper  briefly  describes  the  NRL  modified  beta- 


tant  experimental  results  after  the  installation  of  the 
strong  focusing  windings.  Although  experiments  were 
carried  out  at  various  background  pressures,  most  of  the 
results  reported  in  this  paper  were  limited  to  pressures 
between  2*  10“‘  and  8xi0“*  Torr.  In  this  pressure 
range  the  electron-beam  electrical  neutralization  time  by 
direct  collisional  ionization  of  the  background  gas  has 
been  estimated  to  be  between  180  and  43  psec.  Wash  is 
in  progress  to  reduce  the  background  pressure  by  at  least 
an  order  of  magnitude  and  thus  avoid  substantial  plasma 
formation  over  the  entire  beam  lifetime.  This  is  in  con¬ 
trast  to  the  main  effort  in  the  Stellatron  at  Irvine2  that  is 
focused  on  the  formation  of  runaway  electron  beams  and 
therefore  the  pressure  is  incidentally  high. 

Description  of  the  experiment. — (1)  External  magnet¬ 
ic  fields:  The  NRL  modified  betatron  comprises  three 
different  external  magnetic  fields;  the  betatron  field  that 
is  a  function  of  time  and  is  responsible  for  the  accelera¬ 
tion  of  the  electrons,  the  toroidal  magnetic  field  that 
varies  only  slightly  during  the  acceleration  of  the  elec¬ 
tron  ring,  and  the  strong  focusing  field  that  also  has  a 
very  weak  time  dependence.  The  cods  that  generate 
these  three  fields  are  shown  schematically  in  Fig.  1. 

(2)  The  betatron  field:  The  betatron13  magnetic  field 
controls  mainly  the  major  radius  of  the  gyrating  electron 
ring  and  is  produced  by  eighteen  air-core,  circular  coils 
connected  in  series.  Their  total  inductance  is  approxi¬ 
mately  330  pH.  The  cods  are  powered  by  an  8.64-mF 
capacitor  bank  that  can  be  charged  up  to  17  kV.  At  full 
chiffge,  the  bank  delivers  to  the  cods  a  peak  current  of 
about  43  kA.  The  current  flowing  through  the  cods  pro¬ 
duces  a  field  that  varies  sinusoidally  with  time  having  a 
quarter  period  of  2.3  msec  and  an  amplitude  on  the 
minor  axis  at  peak  charging  voltage  equal  to  2.1  kG. 
Immediately  after  the  peak  the  field  is  crowbarred  with  a 
4.5-msec  decay  time. 

The  flux  condition  and  field  index  are  adjusted  by  two 
sets  of  trimmer  cods  that  are  connected  in  parallel  to  the 


tron  in  its  latest  form  and  summarizes  the  most  impor-  main  coils.  The  current  through  the  trimmers  is  adjust- 
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FIG.  1.  Elevation  of  the  device  showing  the  vertical  field 
(V.F.),  toroidal  field  (T.F.),  stellarator  windings,  and  some 
structural  components. 


ed  with  series  inductors.  Typically  — 1056-15%  of  the 
total  current  flows  through  the  trimmers. 

(3)  The  toroidal  field:  The  toroidal  magnetic  field 
controls  mainly  the  minor  cross  section  of  the  electron 
ring  and  the  growth  rate  of  several  unstable  collective 
modes.  This  field  is  generated  by  twelve  air-core,  rec¬ 
tangular  coils  that  are  connected  in  series. 

The  coils  are  made  of  aluminum  square  tubing  and 
have  a  ISO  cm  height  and  135  cm  width.  The  total  in¬ 
ductance  of  the  twelve  coils  is  —85  /iH  and  are  powered 
by  a  24-mF  capacitor  bank  that  can  be  charged  to  a 
peak  voltage  of  10.6  kV.  At  peak  voltage,  the  bank 
delivers  to  the  coils  —180  kA.  This  current  produces  a 
field  that  varies  sinusoidally  with  time  having  a  quarter 
period  of  1.9  msec  and  an  amplitude  on  the  minor  axis 
equal  to  3.9  kG. 

(4)  The  strong  focusing  field:  The  strong  focusing 
field  improves  the  confining  properties  of  the  other  two 
fields  by  reducing  the  sensitivity  of  the  beam  centroid 
and  individual  electrons  to  energy  mismatch  and  energy 
spread. 

In  the  NRL  modified  betatron  the  strong  focusing 
field  is  generated  by  four  twisted  windings  carrying 
current  in  alternate  directions.  The  left-handed  windings 
are  located  23.4  cm  from  the  minor  axis  and  have  a 
209.4-cm  period,  Le.,  there  are  three  periods  over  the  cir¬ 
cumference  of  the  torus.  They  are  supported  by  epoxy- 
reinforced  graphite  jackets  and  have  been  designed  to 
cany  up  to  25  kA.  The  windings  are  connected  in  series 
and  the  current  temporal  profile  is  controlled  by  a  ballast 
inductor. 

The  stellarator  field  index  n,t  is  defined,  in  the  linear 


approximation,  as 10 

n*  ”  —  (n“f*)2a/V2nrofl#o , 
where 

aFfu^taQopoKiilapo) , 

flo" \e  |£o/m,  Bq^IikJJL,  a“2x/L,  r0  is  the  major 
radius,  is  the  derivative  of  the  modified  Bessd  func¬ 
tion,  and  ftl0  and  Qm  are  the  cyclotron  frequencies  of 
the  vertical  and  toroidal  fields  on  the  minor  axis.  Since 
in  the  NRL  modified  betatron  /*,  fiw,  and  tWy 
remain  approximately  constant  during  acceleration,  na 
scales  inversely  proportional  to  the  relativistic  factor  y. 
The  stellarator  field  index  is  related  to  the  maximum 
gradient  g  [  ~  ( 9Bt/9r ) w — ibBJbz  )_.]  of  the  stel¬ 
larator  field  by  —g2ro/2aBIoBto.  For  Bm<*L0  kG, 
Bjo“25  G,  a “  0.03/cm,  po—23.42  cm,  and  /*“19 
kA,  /!„=*  14,  and  £**20  G/cm. 

(5)  The  vacuum  chamber  and  diode:  The  100-cm  ma¬ 
jor  radius,  13.2-cm-inside  minor  radius  vacuum  chamber 
has  been  constructed  using  epoxy-reinforced  carbon 
fibers.  The  desired  conductivity  is  obtained  by  embed¬ 
ding  a  phosphor  bronze  screen  inside  the  body  of  the 
graphite.  The  graphite  is  2.5  mm  thick  and  has  a  sur¬ 
face  resistivity  of  26.6  mQ  on  a  square.  The  screen  has 
250x250  wires  per  inch  and  is  made  of  40-#im-diam 
wire  with  an  equivalent  surface  resistivity  of  12.8  mO  on 
a  square.  The  calculated  resistance  for  the  entire  vacu¬ 
um  chamber  is  57  mil.  The  measured  dc  resistance  of 
the  toroidal  vacuum  vessel  is  68 ±2  mO.  The  outside 
surface  of  the  chamber  is  covered  with  a  6.3-mm -thick, 
epoxy-reinforced  fiberglass  layer. 

This  novel  construction  technique  has  several  attrac¬ 
tive  features,  including  controllable  resistivity  and  thus 
magnetic-field  penetration  time,  high  stiffness,  and  ten¬ 
sile  strength,  high-radiation  resistance  (up  to  500  Mrad) 
and  low-outgassing  rate  ( — 10~ *  Torr/seccm2). 

The  electrons  are  emitted  from  a  thin  carbon  disk 
mounted  at  one  end  of  a  2.5-cm-diam  cylindrical  cathode 
stalk  clad  with  molybdenum.  The  carbon  disk  is  flush 
with  the  molybdenum  cladding  and  faces  the  circular 
opening  of  the  conical  anode,  that  is  located  8.7  cm  from 
the  minor  axis  of  the  toroidal  chamber.  To  minimize  the 
magnetic-field  component  transverse  to  the  emitting  sur¬ 
face  of  the  cathode  the  core  of  the  cathode  stalk  is  made 
out  of  high  an  ferromagnetic  material  The  unsaturated 
state  of  the  ferromagnetic  material  is  prolonged  by  a  thin 
copper  housing. 

Experimental  results. —  During  the  first  microsecond 
following  injection,  the  beam  transverse  motion  is  stud¬ 
ied  by  monitoring  the  light  emitted  from  a  lO-jim-thick 
polycarbonate  foil  that  is  stretched  across  the  minor 
cross  section  of  the  vacuum  chamber.1  The  foil  is  graph¬ 
ite  coated  on  the  upstream  side  to  avoid  electrostatic 
charging.  Figure  2  shows  two  open-shutter  photographs 
of  the  light  emitted  as  the  ring  passes  through  the  foil. 
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Major  Axis  Injection  Position 


FIG.  3.  Output  from  a  Rogowski  cod  that  it  located  IS* 
downstream  of  the  diode.  The  plateau  (trapped  current)  corre¬ 
sponds  to  525  A. 


*  5172 


#  5214 


B0*  1.9  kG 
1SF *  16  kA 


Bg  *  2.8  kG 
I$F>  16.6  kA 


FIG.  2.  Open-shutter  photographs  of  the  light  emitted  when 
the  beam  passes  a  10-, urn-thick  foil. 


The  light  spots  near  the  edges  of  the  photograph  are  po¬ 
sition  fiduciais  produced  by  a  ring  of  light-emitting 
diodes  located  approximately  0.7  cm  from  the  vacuum 
chamber  wall.  Reflections  from  the  wall  are  also  notice¬ 
able  near  the  upper  edge  of  the  photograph. 

For  several  combinations  of  injection  parameters  the 
beam  consistently  spirals  from  the  injection  position  to 
the  minor  axis  and  is  trapped.  The  transit  time  of  the 
beam  to  the  minor  axis  is  typically  less  than  0.5  psec.  In 
shot  No.  5172  both  the  beam  current  and  Bt  are  low  and 
thus  the  bounce  frequency  is  high.  As  the  beam  spirals 
from  the  diode  to  the  minor  axis  it  creates  distinct  light 
spots  as  it  passes  through  the  foil  By  increasing  the 
beam  current  and  B»  the  bounce  frequency  is  reduced 
and  thus  the  light  spots  start  to  overlap  and  the  spiral  be¬ 
comes  continuous  as  in  shot  No.  5214. 

The  trapping  mechanism  is  presently  unknown.  A 
likely  candidate  is  the  wall  resistivity.  However,  the  pre¬ 
dicted  decay  rate  T-1  from  the  linear  theory14  for  the 
parameters  of  the  experiment  is  between  10  and  20  jtsec, 
i.e.„  too  long  to  explain  the  experimental  results. 

The  circulating  electron  ring  current  is  monitored  with 
two  Rogowsid  coils  that  are  located  inside  the  vacuum 
chamber.  A  typical  wave  form  is  shown  in  Fig.  3.  Al¬ 
though  some  losses  occur  immediately  after  injection,  the 
circulating  current  remains  practically  constant  during 
the  first  10  nscc.  Observations  are  limited  to  10  nsec  by 
the  signal  level  and  the  100-/isec  passive  integrator.  At¬ 
tempts  to  use  active  integrators  have  been,  so  far,  unsuc¬ 
cessful. 

In  the  results  reported  here  the  injected  electron  beam 
is  produced  by  a  diode  with  a  1-cm-diam  carbon  cathode 


disk  that  is  matched  to  a  1-cm-diam  anode  hole.  For 
such  a  beam  radius  the  maximum  trapped  current  is  be¬ 
tween  0.5  and  0.6  kA  Tire  results  indicate  that  the 
trapped  current  increases  as  the  beam  diameter  in¬ 
creases.  Experiments  with  larger  radius  beams  are 
presently  in  progress. 

The  ring  lifetime  is  inferred  from  the  x  rays  produced 
when  the  beam  strikes  a  2.5-cm-wide,  1  -mm-thick  lead 
limiter.  The  x  rays  are  monitored  by  a  collimated  x-ray 
detector  (scintillator-photomultiplier  tube)  that  is 
housed  inside  a  lead  box.  In  the  results  reported  in  this 
paper,  the  x  rays  enter  the  scintillator  through  a  1.94- 
cm-diam  hole  and  the  detector  is  located  10.8  m  from 
the  target  A  typical  wave  form  of  the  x-ray  monitor  is 
shown  in  Fig  4.  From  the  value  of  the  Bz  field  it  can  be 
easily  computed  that  the  main  peak  of  the  x-ray  signal 
corresponds  to  a  particle  energy  near  1 1.0  MeV.  The  en¬ 
ergy  of  the  electrons  that  are  lost  at  a  later  time  is  obvi¬ 
ously  higher. 

The  x-ray  signal  is  very  reproducible  in  both  ampli¬ 
tude  and  shape.  For  the  first  200-300  /isec  we  do  not 
observe  any  x  rays.  The  time  at  which  x  rays  are  initial¬ 
ly  observed  and  the  times  the  various  signal  peaks  occur 
are  directly  proportional  to  B»  and  inversely  proportional 
to  dBtldl.  In  addition,  the  temporal  occurrence  of  the 


Tim*  sec) 

FIG.  4.  Output  of  the  x-ray  detector  vs  time  and  £m/£*o  at 
the  peaks  of  the  x-ray  signal  for  B* o”3.6  kG,  1st  ”20  kA  and 
<&>/*,#- 1.9. 


Volume  64,  Number  20 


PHYSICAL  REVIEW  LETTERS 


14  May  1990 


x-ray  signal  appears  to  be  independent  of  the  trapped 
current  for  at  least  up  to  0.5  kA  and  also  of  the  back¬ 
ground  pressure  up  to  6x  10-5  Torr.  However,  the  am¬ 
plitude  of  the  x-ray  signal  decreases  rapidly  with  increas¬ 
ing  pressure  above  8x  10  Torr.  For  the  results  of  Fig. 
4,  the  electrons  gain  energy  at  the  rate  of  0.39  keV/ 
revolution.  Those  electrons  lost  at  the  main  x-ray  peak 
have  performed  in  excess  of  28000  revolutions  around 
the  major  axis.  In  our  best  results  the  corresponding 
number  is  —35000  revolutions  and  the  electron  energy 
about  12  MeV. 

The  spiky  shape  of  the  x-ray  signal  and  therefore  the 
beam  loss  is  consistent  with  the  excitation  of  the  cyclo¬ 
tron  resonance.13, 14  Figure  4  also  shows  the  ratio  BjBt 
versus  time.  The  solid  circles  are  from  the  experiment 
and  the  crosses  are  the  prediction  of  the  theory.  The 
poor  argument  between  theory  and  experiment  for  low-/ 
values  is  probably  associated  with  the  omission  of 
toroidal  effects  in  the  theoretical  model.  The  results  are 
also  consistent  with  the  excitation  of  the  electron -cyclo¬ 
tron  instability. 17  This  instability  is  caused  by  the  cou¬ 
pling  of  the  electron-cyclotron  mode  to  the  TEn 
waveguide  mode  of  the  torus.  Work  is  in  progress  to  pin¬ 
point  the  exact  cause  of  the  beam  loss. 

The  x-ray  signal  has  been  studied  with  the  usual  at¬ 
tenuation  technique.  A  layer  of  lead  more  than  5  cm 
thick  is  needed  to  completely  eliminate  the  signaL  A 
1.3-cm-thkk  layer  does  not  have  any  effect  on  the  signal 
except  on  the  initial  spike  that  is  due  to  the  injected 
beam.  In  addition  to  the  x-ray  attenuation  technique, 
the  beam  acceleration  has  been  confirmed  with  the  pbo- 
toneutrons  produced  from  the  D(y,n)H  reaction.  A 
plastic  tube  in  the  form  of  a  ring  containing  heavy  water 
was  inserted  behind  the  limiter.  The  photons  produced 
on  the  target  photodisintegrate  the  deuterium  and  pro¬ 
duce  neutrons  that  are  monitored  with  a  rhodium  activa¬ 
tion  detector.1*  The  number  of  counts  measured  during 
the  first  minute  exceeds  7  standard  deviations. 

The  intensity  and  polarization  of  the  synchrotron  radi¬ 
ation  has  been  computed  numerically.  At  low  energy 
1  MeV)  the  radiation  spectrum  is  dominated  by  a 
peak  at  the  Doppler-shifted  B»  cyclotron  frequency.  As 
the  electron  energy  increases  the  effect  of  the  B»  cyclo¬ 
tron  motion  is  reduced  and  the  spectrum  approaches  that 
of  a  purely  circular  orbit 

Two  high-gain  (50  db)  heterodyne  receivers  are  used 
to  monitor  the  emitted  radiation  in  the  bands  26.5-28.5 
and  36.5-38.5  GHz  during  acceleration.  The  measure¬ 
ments  show  that  the  amplitude  of  the  radiation  scales 
linearly  with  the  trapped  ring  current  During  the  first 
200  nsec,  both  the  amplitude  and  polarization  are  con¬ 
sistent  with  the  predicted  single-particle  emission.  In  ad¬ 
dition,  the  temporal  shift  of  the  first  peak  is  in  good 
agreement  with  the  predicted  toroidal  field  and  energy 


dependence  of  the  Doppler-shifted  cyclotron  frequency. 
However,  the  late-time  behavior  of  the  radiation  signals 
is  not  presently  well  understood.  The  radiation  signal 
starts  to  decay  after  —200  pea c,  contrary  to  the  predic-  # 
tioo  of  the  theory.  It  is  likely  that  electron  losses,  plasma 
formation,  or  beam  displacement  out  of  the  odd  of  view 
of  the  detectors  are  responsible  for  the  observed  dis¬ 
crepancy.  . 

The  authors  are  grateful  to  Professor  D.  Kent,  Dr.  P. 
Sprangie,  and  Dr.  Y.  H.  Seo  for  many  illuminating  dis-  % 
cessions.  Thu  work  was  supported  by  the  ONR  and  the 
Space  and  Naval  Warfare  Systems  Command. 

Note  added. — Since  the  submissioo  of  the  paper,  the 
trapped  current  increased  to  0.9-1.0  kA  and  the  beam 
energy  to  15-16  MeV. 
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This  paper  briefly  surveys  the  three  compact,  high-current  accelerators  that  are  presently 
under  development  in  the  United  States  in  support  of  a  national  program.  In  addition,  it 
reports  recent  experimental  results  from  the  Naval  Research  Laboratory  (NRL)  modified 
betatron  [Phys.  Rev.  Lett.  64, 2374  ( 1990)  ]  with  emphasis  on  the  electron-cyclotron 
resonance  that  presently  limits  the  energy  of  the  beam  to  approximately  18  MeV.  Finally,  it 
briefly  addresses  selective  existing  and  prospective  applications  of  accelerators. 


I.  INTRODUCTION 

Over  the  last  60  years  the  technology  of  high-energy 
accelerators  has  advanced  to  a  remarkable  level  of  sophisti¬ 
cation.1  These  conventional  accelerators  are  designed  to 
operate  reliably  at  high  energies  but  at  relatively  low  current, 
primarily  to  avoid  complications  related  to  beam  self-field 
effects.  Thus  the  beam  dynamics  in  conventional  accelera¬ 
tors  is  determined  mainly  by  the  externally  applied  fields. 

Over  the  last  several  years,  it  has  become  apparent  that 
accelerators  with  both  high  current  and  high-average  power 
could  have  interesting  applications  not  only  in  national  de¬ 
fense2  but  also  in  several  areas  of  the  civilian  economy. 1 

In  contrast  with  the  conventional  accelerators  that 
operate  in  the  single-particle  regime,  high-current  accelera¬ 
tors  operate  in  an  uncharted  territory,  in  which  space  charge 
effects  from  the  self  and  image  fields  are  as  important  as 
externally  applied  fields.  The  free  energy  stored  in  the  in¬ 
tense  self  fields  of  these  beams  can  drive  collective  instabili¬ 
ties  and  strong  magnetic  fields  are  needed  to  reduce  the  rapid 
growth  rate  of  these  unstable  modes.  Several  of  the  key  phys¬ 
ics  issues  associated  with  the  high-current  accelerators  are 
similar  to  those  in  plasma  physics.  Therefore  it  is  not  acci¬ 
dental  that  the  majority  of  researchers  that  are  presently 
developing  this  technology  have  been  trained  in  plasma 
physics  and  not  in  conventional  accelerator  technology. 

Compact,  high-current  accelerators  are  currently  under 
development  in  several  laboratories.3'7  As  a  result  of  their 
compactness  and  light  weight,  these  devices  are  expected  to 
be  substantially  less  costly  than  conventional  accelerators  of 
comparable  power.  In  addition,  because  of  their  high-cur¬ 
rent  carrying  capability,  these  accelerators  have  the  poten¬ 
tial  to  generate  very  powerful  electron  beams  that  can  pro¬ 
vide  high  dose  rates  at  reduced  unit  irradiation  cost. 

During  the  last  several  years  several  applications  have 
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been  suggested,1*  such  as  water  purification,  sludge  disin¬ 
fection,  cracking  of  crude  oil,  and  excavation  of  tunnels,  all 
requiring  high-average  power  and  low  unit  irradiation  cost 
These  applications  are  presently  on  hold  waiting  for  the  de¬ 
velopment  of  inexpensive  beams. 

In  this  paper,  we  briefly  survey  the  three  compact  accel¬ 
erators  that  are  currently  under  development  in  support  of 
the  DARP  A/services  program  and  report  recent  experi¬ 
mental  results  from  the  NRL  modified  betatron.  The  last 
section  briefly  addresses  existing  and  prospective  applica¬ 
tions  of  accelerators. 

IL  REVIEW  OF  COMPACT,  HIGH-CURRENT 
ACCELERATORS 

Compact,  high-current  accelerators  are  currently  under 
development  at  the  University  of  California,  Irvine,4  Uni¬ 
versity  of  New  Mexico,5  Pulse  Sciences  Inc.6  (PSI).Sandia 
National  Laboratory7  (SNL),  and  the  Naval  Research  Lab¬ 
oratory3  (NRL).  All  these  concepts  are  induction  accelera¬ 
tors.  The  reason  is  that  induction  accelerators  are  inherently 
low-impedance  devices  and  thus  are  ideally  suited  to  drive 
high-current  beams.  The  acceleration  process  is  based  on  the 
electric  field  produced  by  a  time- varying  magnetic  field.  The 
electric  field  can  be  either  continuous  or  localized  along  the 
accelerating  path. 

This  section  briefly  reviews  the  three  electron  accelera¬ 
tion  concepts  that  are  part  of  the  national  program:  The  spi¬ 
ral  line  induction  accelerator  (SLIA)  developed  at  PSI,  the 
recirculating  linear  accelerator  (RLA)  developed  at  SNL, 
and  the  modified  betatron  accelerator  (MBA)  developed  at 
NRL.  In  addition  to  being  inductive,  these  three  accelerators 
utilize  strong  focusing  in  order  to  improve  their  current  car¬ 
rying  capability  and  recirculation  to  enhance  their  accelerat¬ 
ing  gradient 

A.  Spiral  line  induction  accelerator4 

The  SLIA  concept  is  shown  schematically  in  Fig.  1(a). 
The  beam  is  injected  at  one  end  of  the  spiral  line  and  is  accel¬ 
erated  at  the  advanced  test  accelerator  (ATA)  type  acceler¬ 
ating  cells.  The  minor  radius  of  the  beam  is  controlled  by  an 
axial  magnetic  field  and  the  beam  is  guided  at  the  bends  by  a 
static  vertical  and  strong  focusing  field.  At  the  exif,  the  beam 
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FIG.  I .  schematics  of  the  three  compact,  high-current  accelerators  present¬ 
ly  under  development  in  support  of  the  national  compact  accelerator  devel¬ 
opment  program. 


energy  is  equal  to  the  injection  energy  plus  the  energy  gain 
per  pass  times  the  number  of  passes. 

Since  the  SLIA  is  open-ended,  difficulties 
with  injection  and  extraction  are  avoided.  Furthermore,  this 
configuration  provides  flexibility  in  the  selection  of  shape  of 
the  electron  pulses.  Important  outstanding  technical  issues 
associated  with  the  SLIA  concept  are  the  excitation  of  the 
beam  breakup  instability  (BBU),  the  matching  of  fields  be¬ 
tween  the  straight  sections  and  the  bends,  and  the  develop¬ 
ment  of  high-frequency  power  supply  for  driving  and  reset¬ 
ting  the  ferromagnetic  cores. 

A  proof-of-concept  (POC)  experiment  is  presently  un¬ 
der  design  and  construction.  Its  most  important  parameters 
are  listed  in  Table  I.  The  3.5  MeV,  10  kA,  35  nsec  duration 
injected  beam  pulse  will  be  accelerated  to  9.5  MeV  by  pass¬ 
ing  twice  through  the  two,  1.5  MeV  accelerating  units. 

B.  Recirculating  linear  accelerator1' 

The  RLA  is  shown  schematically  in  Fig.  1(b).  The  in¬ 
jected  beam  is  accelerated  by  dielectric  cavities  that  are 
placed  in  tandem  along  the  straight  sections  of  the  race 
track.  Beam  focusing  is  provided  by  an  ion  channel  formed 
by  a  low-energy,  low-current  electron  beam.  A  time-rising 
vertical  magnetic  field  guides  the  beam  at  the  bends. 

Important  advantages  of  RLA  concept  are  the  suppres¬ 
sion  of  BBU  and  the  wide  energy  bandwidth  provided  by  the 
ion  channel.  In  addition  to  injection  and  extraction,  main¬ 
taining  the  integrity  and  centering  of  the  ion  channel  during 
acceleration  and  avoiding  beam  erosion  are  key  technical 
issues. 

A  POC  experiment  is  currently  under  construction.  Its 
most  important  parameters  are  listed  in  Table  I.  The  3.5 
MeV,  10  kA,  40  nsec  duration  electron  beam  pulse  will  be 
accelerated  to  &-10  MeV  by  passing  three  times  through  the 
two,  1  MeV  dielectric  cavities. 


C.  The  modified  betatron  accelerator*'11 

In  both  the  SLIA  and  the  RLA,  the  accelerating  electric 
field  is  localized  at  the  gaps.  In  contrast,  the  electric  field  in 
the  MBA  is  continuous  along  the  entire  beam  path  and  thus 


TABLE  I.  Parameters  of  proof-of-concept  (POC)  experiments. 


SLIA 

RLA 

MBA 

Injected  beam 

Injected  beam 

Injected  beam 

Energy  —3.5  MeV 

Energy  3.5  MeV 

Energy  0.6-0.7  MeV 

Current  — 10  kA 

Current  10  kA 

Current  <2  kA 

Duration  —35  nsec 

Duration  40  nsec 

Duration  —40  nsec 

Axial  mag.  field  5.5  kG 

Torus  major  radius  100  cm 

Vert.  mag.  field  <0  32  kG 

Channel  radius  1.5  cm 

Torus  minor  radius  15  cm 

S.F.  gradient  <0.25  kG/cm 

Channel  density/beam  density  0.4 

Toroidal  mag.  field  2-5  kG 

No.  of  passes  2 

No.  of  passes  3 

Vertical  mag.  field  B.  0-2  kG 

No.  of  acc.  units  2 

No.  of  cavities  2 

Current  in  S.F.  windings  20-25  kA 

Energy  gain/acc.  unit  1.5  MeV 

Energy  gain/cavity  1  MeV 

No.  of  S.F.  field  periods  6 
dB./dt<.  1.5  G//rsec 
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the  accelerator  is  constrained  to  circular  shape.  An  artist’s 
conception  of  the  MBA  is  shown  in  Fig.  1(c).  The  injected 
beam  is  accelerated  by  the  time- varying  vertical  (betatron ) 
magnetic  field  Bz.  The  toroidal  magnetic  field  Be  controls 
mainly  the  minor  radius  of  the  beam  and  the  growth  rate  of 
the  various  unstable  modes  while  the  vertical  and  strong  fo¬ 
cusing  fields  control  mainly  the  major  radius  of  the  electron 
ring.  The  stability  properties  of  the  stellarator  windings  for 
high-current  beams  were  studied  initially  by  Gluckstern 12  in 
linear  geometry  and  by  Roberson13  etai.  in  toroidal  geome¬ 
try. 

Important  advantages  of  the  MBA  are  the  natural  syn¬ 
chronization  of  B,  and  particle  energy,  the  absence  of  the 
BBU  mode  and  its  compact  size  and  light  weight.  Outstand¬ 
ing  technical  issues  are  the  suppression  of  the  cyclotron  re¬ 
sonances,  collective  instabilities,  and  the  extraction  of  the 
beam. 

A  POC  experiment  is  currently  in  operation  at  NRL. 
The  various  parameters  of  the  device  are  listed  in  Table  I.  Its 
objective  is  to  study  the  critical  physics  issues  associated 
with  the  concept  and  to  accelerate  at  1  kA,  20  nsec  electron 
beam  pulse  to  20  MeV  with  subsequent  extraction  of  the 
beam.14  Presently,  the  trapped  electron  beam  has  been  ac¬ 
celerated  to  between  17-18  MeV  from  the  injected  energy  of 
0.6-0.7  MeV.  The  maximum  trapped  current  is  up  to  1.5  kA 
and  the  trapping  efficiency  is  as  high  as  75%. 


III.  RECENT  EXPERIMENTAL  RESULTS  FROM  THE  MBA 

The  NRL  modified  betatron  accelerator  has  been  de¬ 
scribed  previously315,16  and  a  summary  of  the  initial  experi¬ 
mental  results  has  been  published. 3- 16  In  this  paper,  we  sum¬ 
marize  the  highlights  of  the  most  recent  results. 

During  the  first  microsecond  following  injection,  the 
beam  motion  is  inferred  from  the  light  emitted  when  the 
electrons  pass  through  a  thin  (3  ^m)  plastic  foil  stretched 
across  the  minor  cross  section  of  the  vacuum  chamber.  The 
open  shutter  photographs  show  that  for  a  wide  range  of  ex¬ 
perimental  parameters  and  after  fine  tuning  the  fields,  the 
injected  beam  consistently  spirals  from  the  injector  to  the 
vicinity  of  the  minor  axis  and  is  trapped.  The  beam  travel 
time  from  the  injector  to  the  minor  axis  depends  on  the  val¬ 
ues  of  the  various  fields  and  is  typically  between  300-1000 
nsec. 

The  trapping  of  the  beam  is  most  likely  due  to  the  wall 
resistivity  of  the  vacuum  chamber.  The  physical  mechanism 
of  the  resistive  trapping  can  be  understood  as  follows.  Con¬ 
sider  a  pencil-like  electron  beam  inside  a  cylindrical  pipe 
with  finite  resistivity  wall.  Because  of  the  resistivity  of  the 
wall,  the  electric  and  magnetic  images  do  not  coincide  and 
thus  the  centroid  of  an  off-axis  beam  experiences  a  negative 
radial  magnetic  field  component.  This  field  component 
crossed  with  the  axial  velocity  of  the  beam  produces  a  poloi- 
dal  force,  which  is  in  the  opposite  direction  to  the  poloidal 
motion  of  the  beam.  In  the  absence  of  the  strong  focusing 
and  when  the  self-fields  dominate  the  external  fields  (high- 
current  regime),  the  poloidal  force  in  conjunction  with  the 
axial  (toroidal)  magnetic  field  drives  the  beam  to  the  wall 
( drag  instability ) .  However,  in  the  presence  of  strong  focus¬ 


ing,  the  direction  of  the  poloidal  morion  can  be  reversed  and 
the  beam  spirals  to  the  minor  axis. 

The  resistive  wall  trapping  mechanism  has  been  ana¬ 
lyzed  previously. 17  The  linear  theory  was  done  for  a  beam 
near  the  minor  axis.  In  this  case,  the  relevant  rfiffi»*ion  time 
isr,  ssfioa/lp,  where  a  is  the  minor  radius  of  the  torusandp 
its  surface  resistivity.  For  the  parameters  of  the  NRL-MBA, 
r,  =  10  fisec.  The  linear  decay  rate  T  -  1  from  the  theory  is 
between  10-1 5  ftsec,  as  expected.  This  time  is  at  least  a  factor 
of  30  too  long  to  explain  the  results. 

In  contrast  to  the  analysis  that  assumes  the  beam  is  near 
the  minor  axis,  the  beam  in  the  experiment  during  injection 
is  near  the  wall  and  therefore  the  relevant  diffusion  time  is 
t2  =/i0A/irp,  where  A  is  the  thickness  of  the  wall.  The 
ratio  r,  /r2  =  iPa/ A  a*  300.  The  fact  that  r2  is  substantially 
shorter  than  the  observed  trapping  time  is  not  surprising 
since  the  beam  remains  near  the  wall  only  for  a  short  period 
of  time.  Experiments  are  presently  undo-  way  to  test  the 
hypothesis  of  the  resistive  trapping. 

The  x  rays  are  monitored  by  three  collimated  x-ray  de¬ 
tectors  (scintillator-photomultiplier  tube)  that  are  housed 
inside  lead  boxes.  In  the  results  shown  in  Fig.  2,  the  x  rays 
enter  the  scintillator  through  a  1.94  cm  diam  tube  and  the 
detector  is  located  10.8  m  from  the  vacuum  chamber.  As  a 
rule,  the  shape  of  the  x-ray  signal  recorded  by  all  three  detec¬ 
tors  is  spiky  and  the  peaks  always  occur  at  the  same  value  of 
B90/B*  (Beo  is  the  toroidal  and  B#  the  vertical  magnetic 
fields  on  the  minor  axis)  independently  of  the  current  flow¬ 
ing  in  the  stellarator  windings. 

In  addition  to  the  x-ray  pulse.  Fig.  2  shows  the  ratio  of 
Bqq  / BfQ  at  the  peaks  of  the  signal.  The  solid  circles  are  from 
the  experiment  and  the  crosses  are  from  the  resonance  condi¬ 
tion  Bgo/Bjo  —  (21 2  —  1  )/2l,  l—  1,2,...,  of  the  cyclotron 
resonance.18,19  The  solid  line  shows  the  trend  of  the  experi¬ 
mental  results  with  time.  For  /  =  8,  9,  and  10,  experiment 
and  theory  are  in  good  agreement.  However,  for  the  remain¬ 
ing  /  values  there  is  noticeable  divergence  between  the  theo¬ 
retical  predictions  and  the  experiment. 

The  theory  of  the  cyclotron  resonance  has  been  devel¬ 
oped  under  the  assumption  that  the  beam  is  located  on  the 
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FIG.  2.  X-ray  pulse  and  ratio  of  at  the  peaks  of  the  x-ray  signal. 

The  main  peak  corresponds  to  17.2  MeV. 
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minor  axis.  However,  the  experimental  observations  indi¬ 
cate  that  the  electron  rinf  starts  to  move  off  axis  after  200- 
300/aec.  Recently,  the  theory  of  the  cyclotron  resonance 
has  been  extended  to  * *******  »>«■»  jg  located  on  midplane 
but  off  the  minor  axis.  For  such  a  beam  the  resonance  condi¬ 
tions  Iwwwh 

r0at0/cyfft  *•  (27  2  —  1  )/2J,  ( 1 ) 

where  r0  is  the  major  radius,  fl#0  is  the  cyclotron  frequency 
of  the  toroidal  field,  y  is  the  relativistic  factor,  wad/3,  is  the 
normalized  toroidal  velocity.  Perfect  match  between  the  ex¬ 
perimental  results  and  the  revised  theory  is  obtained  if  it  is 
assumed  that  the  equilibrium  position  of  the  beam  moves 
initially  toward  the  major  axis  and  then  away  from  it  with  a 
constant  outward  radial  speed  of  0.23  mm//*sec,  starting  at 
about  460  /isec. 

In  a  modified  betatron  with  strong  focusing  windings, 
there  are  four  characteristic  transverse  modes11  a>±  ±  .  In¬ 
teger  resonances  occur  when  the  frequency  of  these  modes, 
in  the  laboratory  frame,  over  the  relativistic  cyclotron  fre¬ 
quency  of  the  vertical  field  ClM/y  on  the  minor  axis  is  an 
integer,  i.e.,  when 

o>±±  /(Hjo/y)  =  K,  where  K  =  ±  1,  ±  2,... . 

The  cyclotron  resonance  occurs  when  at  +  +  /(ft^/y)  *  K, 
and,  for  the  parameters  of  the  NRL  modified  betatron  listed 
in  Table  II,  the  cyclotron  resonances  are  shown  in  Fig.  3.  It  is 
apparent  from  this  figure  that  as  the  beam  energy  increases, 
the  beam  centroid  crosses  progressively  lower-integer  num¬ 
ber  resonances. 

In  the  general  case,  the  expressions  for  the  four  charac¬ 
teristic  modes  w±  ±  are  very  complicated.  However,  for 
modest  beam  and  strong  focusing  winding  currents,  as  those 
found  in  the  NRL  device,  the  modes  are  considerably  simpli¬ 
fied.  Under  these  conditions,  cj  _  +  =  —  fl#0/y,  where  m  is 
the  number  of  field  periods.  In  addition,  when  2?#0  >  2?*, ,  the 
resonance  condition  takes  the  very  simple  form  B,0  /B#  s  /, 
where  /  =  1,2,... .  Therefore  the  cyclotron  resonance  is  due 
to  the  coupling,  caused  by  a  field  error(s),  of  the  cyclotron 
motions  associated  with  the  toroidal  and  vertical  fields. 

The  physical  mechanism  of  the  cyclotron  resonance  can 
be  easily  understood  with  the  help  of  Fig.  4.  Consider  an 
electron  rotating  in  a  uniform  vertical  field  Bt  in  the  pres¬ 
ence  of  a  toroidal  field  B„ .  When  this  electron  is  at  its  equilib¬ 
rium  position,  its  orbit  is  a  circle,  centered  around  the  major 
axis,  and  the  velocity  vector  is  tangential  to  the  circular  or- 


TABLE II.  Parameters  uied  m  the  computation  of  cyclotron  modes  shown 
in  Fig.  3. 


Toroidal  magnetic  field  B„ 

SkG 

Beam  current 

IkA 

Torus  major  radius 

100  cm 

Torus  minor  radius 

13  cm 

Beam  minor  radius 

1  cm 

S.F.  field  periods 

6 

FIG.  3.  Beam  centroid  integer  cyclotron  resonances  for  the  parameters  list- 
ed  in  Table  II. 


bit  Now,  let  us  asstime  that  a  negative  vertical  field  distur¬ 
bance  Ail,  is  introduced  at  a  short  segment  of  the  orbit  with 
toroidal  half-width  A  0.  As  the  electron  crosses  the  distur¬ 
bance,  it  sees  a  reduced  B2  and  tries  to  acquire  a  larger  radi¬ 
us.  Thus,  its  velocity  vector  rotates  clockwise  and  the  elec¬ 
tron  develops  a  radial  velocity  component.  As  a  result,  the 
electron  starts  to  rotate  around  B,  and  its  orbit  is  trans¬ 
formed  from  a  circle  into  a  helix.  When  the  resonance  condi¬ 
tion  is  satisfied,  the  electron  will  return  to  the  disturbance  on 
phase  and  it  will  acquire  additional  radial  velocity  and  the 
radius  of  the  helix  will  further  increase. 

The  combined  motion  of  the  electron  around  Bx  and  B, 
is  very  similar  to  the  modem  of  the  Earth  around  the  Sun  and 
its  axis.  Fortunately,  the  time  it  takes  the  Earth  to  orbit  the 
Sun  ( 1  yr)  over  the  time  it  takes  the  Earth  to  spin  around  its 
axis  ( 1  day)  is  365.242  199,  Le.,  is  not  an  integer.  By  sdect- 


CYCLOTBON  RESONANCE 
Fkyslcal  Mtckuin 


A  Up  *  -2  Atf  m  Toroidal  half  wmIUi  of  magnetic  diatarbaace 

FIG.  4.  Physical  mechanism  of  the  cyclotron  resonance.  The  disturbance  is 
located  at  approximately  3  o’clock  at  radius  rm. 
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ing  the  ratio  year/ Jay  #  integer,  nature  has  avoided  the 
excitation  of  a  resonance  from  gravitational  disturbances. 
As  a  consequence  of  this  selection,  the  calendar  had  to  be 
reformed  three  times  (Caesar,  Augustus,  Pope  Gregory 
XIII)  over  the  last  2000  years.  However,  this  is  a  rather 
small  (nice  to  pay. 

Knee  the  initial  observation  of  the  cyclotron  resonance 
in  the  NRL  device,  we  have  uncovered  several  field  distur¬ 
bances.  By  correcting  these  field  deficiencies,  a  substantial 
increase  in  the  beam  lifetime  has  been  observed  with  subse¬ 
quent  increase  in  the  beam  energy.  One  of  the  most  impor¬ 
tant  field  errors  was  caused  by  the  ports  of  the  vacuum 
chamber.  The  ports  disturb  the  flow  pattern  of  the  current 
induced  by  the  rising  Bt  and  create  magnetic  dipole-type 
field  errors.  The  measured  field  errors  from  the  ports  and 
their  Fourier  modes  are  shown  in  Figs.  5(a)  and  5(b),  re¬ 
spectively.  Figures  5(c)  and  5(e)  show  the  normalized 
transverse  velocity  components  and  5(d)  shows  the  normal¬ 
ized  toroidal  velocity  as  a  function  of  time  from  the  numeri¬ 
cal  solution  of  orbit  equations.  It  is  apparent  that  both  trans¬ 
verse  velocity  components  increase  at  the  expense  of  the 
toroidal  velocity  as  the  beam  crosses  the  /  —  10  and  9  reson¬ 
ances. 

It  has  been  suggested  that  the  beam  loss  in  the  modified 
betatron  may  be  caused  by  the  excitation  of  the  cyclotron 
instability20  instead  of  the  cyclotron  resonance.  This  insta¬ 
bility  results  from  the  coupling  of  the  cyclotron  mode  to  the 
TE,,p  modes  of  the  toroidal  chamber  and  is  characterized  by 
the  resonance  condition  [Bbo/Bm  =  (xjj2r  l/a2  +  pi1) 1/2 
—  P@e]<  where  xjj  =  1.841  and  p  is  an  integer.  Figure  6 
shows  the  cavity  modes  to, ,,  and  the  cyclotron  mode  a  for 
several  values  of  0^/0^.  The  parameter 


FIG.  6.  TEn,  modes  of  the  toroic;.  chamber  and  cyclotron  mode.  The 
cyclotron  mode  moves  from  left  to  right  as  the  vertical  magnetic  field  B. 
rises  while  the  toroidal  magnetic  field  remains  practically  constant. 


R—  —  (r0/c[lg0)(deu/dt)/(dSla/dt)  is  the  normalized 
time  rate  of  the  cyclotron  mode  caused  by  the  rising  Bx  field. 
The  parameter  "S'"  is  the  exact  stellarator  field  index.13 
Strong  interaction  is  expected  when  the  cyclotron  mode 
crosses  the  cavity  modes  near  cutoff  because  both  R  and 
are  small. 

To  determine  the  importance  of  the  cyclotron  instabil¬ 
ity,  an  attempt  was  made  to  measure  both  the  poloidal  B  J 
and  toroidal  B*  magnetic  field  components  of  the  electro¬ 
magnetic  modes  inside  the  toroidal  chamber  using  a  fast, 
broadband  B  probe.  The  results  of  these  measurements  indi¬ 
cate  that  the  peak  of  B *  is  less  than  3x  10" 5  G  near  cutoff 


Field  Disturbonces  from  the  Ports 


Normalized  Velocities 


FIG.  5.  Crossing  of/*  10  and  9  cyclo¬ 
tron  resonance  during  acceleration, 
(a)  Measured  field  disturbances  from 
the  ports  of  the  vacuum  chamber,  (b) 
Fourier  modes  of  the  disturbances,  (c) 
and  (e)  normalized  transverse  veloc¬ 
ity,  and  <d)  normalized  toroidal  veloc¬ 
ity  versus  time. 
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Tripped  current 


(■ B*h/BxL )  =  1.82 


B$ o  =  3.8  kG 
Isf  =  21  kA 


FIG.  7.  Two  x-ray  signals  taken  under  identical  conditions  except  for  the  rime  rate  of  the  vertical  field  B-  The  electron  ring  lifetime  varies  approximately 
inverse  proportionally  to  B.. 


(S80  MHz),  i.e.,  the  amplitude  of  the  electromagnetic 
modes  inside  the  torus  is  negligibly  small.  Since  the  B,  re¬ 
quired  to  excite  the  cyclotron  instability  is  between  3-10  G, 
it  is  very  unlikely  that  the  beam  loss  is  due  to  the  cyclotron 
instability.  In  addition,  the  absence  of  electromagnetic 
modes  with  appreciable  amplitude  inside  the  toroidal  cavity 
precludes  the  parametric  instability21  as  a  serious  beam  loss 
mechanism. 

The  hypothesis  that  the  beam  loss  is  due  to  the  cyclotron 
resonance  is  also  supported  by  the  fact  that  for  a  fixed  toroi¬ 
dal  magnetic  field,  the  ring  lifetime  varies  approximately  in¬ 
verse  proportionally  to  the  time  rate  of  the  vertical  magnetic 
ield  dBJdt.  Figure  7  shows  the  x-ray  pulses  for  two  shots 
with  identical  parameters,  including  the  beam-trapped  cur¬ 
rent,  except  for  dBJdt.  By  reducing  dBJdt  by  a  factor  of 
1.82,  the  beam  lifetime  increased  by  approximately  the  same 
amount. 

IV.  EXISTING  AND  POTENTIAL  APPLICATIONS  OF 
ACCELERATORS 

Table  III  lists  selective  existing  and  potential  applica¬ 
tions  of  accelerators.  The  first  column  shows  the  application, 
the  second  the  dose  or  dose  rate,  and  the  third  the  desired 
average  power.  The  required  dose  varies  from  a  fraction  of  a 
Gy  for  radiation  therapy  to  ~  1  MGy  for  cracking  of  crude 
n-'l.  i.e.,  it  spans  approximately  seven  orders  of  magnitude. 

ith  the  exception  of  the  last  application  listed  in  Table  III, 
he  rest  of  them  have  already  been  discussed  in  the  scientific 
literature.'-*-22 

The  radiation-induced  cross-linkage  of  polymers  is 
probably  the  most  important  industrial  application  of  accel¬ 


erators  today  and  is  used  extensively  by  several  companies 
both  in  the  U.S.  and  abroad.  For  example,  the  Cryovsc  Divi¬ 
sion  of  W.  R.  Grace  utilizes  in  excess  of  40  electron  accelera¬ 
tors  with  an  aggregate  beam  power  in  excess  of  1  MW.  The 
value  of  irradiated  products  is  —  5800  M.  Raychem 


TABLE  III.  Application  of  accelerators. 


Application 

Dose  or 
dose  rate 

Dewed 

avenge 

power* 

(1)  Radiation  therapy 

0.25-1.4  Gy /min 

VL 

(2)  Sterilization 

Pharmaceuticals 

20-30  kGy 

H 

Honan  transplant* 

10-20  kGy 

L 

Musical  instrument* 

10  kGy 

L 

Potable  water 

1  kGy 

H 

(3)  Radiative  processing 

Sludge  disinfection 

4-10  kGy 

H 

Food  preservation 

1.0-25  kGy 

H 

Cellulose  depolytnerizatkm 

5-10  kGy 

H 

Graft  copolymenzauon 

10-20  kGy 

H 

Curing  of  coatings 

20-50  kGy 

M 

Vulcanization  of  silicones 

50-150  kGy 

H 

Cross-linkage  of  polymers 

100-300  kGy 

H 

Vulcanization  of  rubber 

100-300  kGy 

H 

Flue-gas  clean  up 

20-30  kGy 

H 

Cracking  of  crude  oil 

1000  kGy 

H 

Radiography 

10-100  Gy /min 

M 

Excavation  of  tunnels 

100-200  kGy 

VH 

Burning  of  nuclear  wattes 

VH 

*  VH  >  tens  of  MW,  H=«  several  hundred  kW,  M  =  10-100  kW,  L~kW, 
VL«kW. 
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Corporation  utilizes  more  than  20  accelerators  in  the  energy 
range  0.3-10  MeV.  The  annual  value  of  the  irradiated  prod¬ 
ucts  is  — $ 1000  M.  Accelerators  are  also  used  extensively  by 
Western  Electric  to  irradiate  telephone  wires.  However,  the 
company  is  unwilling  to  release  any  information  related  to 
this  activity. 

Recently,  accelerators  have  been  utilized  to  induce  cur¬ 
ing  of  composites.23  These  fiber-reinforced  polymers24  are 
presently  used  in  several  applications,  including  aircraft 
frames  and  wings,  automobile  bodies  and  doors,  rocket  mo¬ 
tor  cases,  oxygen  tanks,  printed  circuits,  and  tennis  rackets. 
Curing  the  composites  with  electron  beams  has  two  impor¬ 
tant  advantages:  ( 1 )  Curing  time  is  reduced  by  almost  two 
orders  of  magnitude  (from  4  days  to  2  h),  and  (2)  thermal 
stresses  are  reduced  and  thus  the  quality  of  the  product  is 
substantially  improved. 

Aerospacial  has  recently  purchased  two,  10  MeV,  20 
kW  accelerators  from  CGR  to  irradiate  rocket  motor  cases 
at  S  Mrad. 

The  last  application  listed  in  Table  III  is  presently  under 
development  at  Los  Alamos  National  Laboratory.25  Briefly, 
it  requires  a  1.6  GeV,  25  mA  proton  beam  that  strikes  a  Pb- 
Bi  target  producing  55  neutrons  per  proton.  The  long  half- 
life  nuclear  wastes  are  separated  from  those  with  short  half- 
life  and  are  irradiated  by  the  neutron  flux.  Transmutation 
reduces  the  half-life  of  wastes.  The  higher  atomic  weight 
actinides  form  fissionable  products  that  produce  power  in 
excess  of  that  required  to  drive  the  accelerator.  The  contem¬ 
plated  radio-frequency  quadropole  (RFQ)  linear  accelera¬ 
tor  is  1/4  mile  long,  requires  a  55  ft  wide  tunnel,  and  its  cost 
has  been  estimated  at  S500  M. 

Substantial  savings  in  the  cost  of  the  accelerator  and  the 
housing  facility  may  result  if  high-current,  compact  accel¬ 
erators  could  be  used  to  generate  the  high-energy  proton 
beam.  The  potential  of  high-current  accelerator  technology 
to  this  important  application  is  presently  under  evaluation. 
Results  will  be  reported  in  a  future  publication. 

In  conclusion,  accelerators  have  several  interesting  in¬ 
dustrial  applications.  However,  the  majority  of  these  appli¬ 
cations  require  low  unit  irradiation  cost.  High-current,  com¬ 
pact  accelerators  have  the  potential  to  reduce  the  unit 
irradiation  cost,  and  therefore  their  development  is  a  step  in 
the  right  direction. 
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Appendix  X 

Diffusion  of  Magnetic  Fields  in  a  Toroidal  Conducting 
Shell  of  Circular  Cross  Section 


Diffusion  of  magnetic  fields  in  a  toroidal  conducting  shell  of  circular  cross 
section 
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The  diffusion  of  an  external  magnetic  field  through  a  toroidal  conducting  shell  is  studied  under 
the  assumption  of  a  small  aspect  ratio.  The  external  magnetic  field  can  have  an  arbitrary  field 
index  and  magnetic  flux  on  the  minor  axis  of  the  torus.  The  diffused  field,  field  index,  magnetic 
flux,  and  wall  current  are  computed  analytically  and  compared  with  the  numerical  results 
from  the  TRIDIF  code.  The  analytical  and  numerical  results  are  in  good  agreement. 

Measurements  in  the  toroidal  chamber  of  the  NRL  modified  betatron  gave  a  delay  time  of  34 
psec,  which  is  less  than  10%  from  the  theoretical  prediction  of  37  yt sec. 


I.  INTRODUCTION 

Over  the  years  abundant  analytical  work  has  been  done 
on  the  diffusion  of  the  magnetic  field  in  hollow  circular  cy¬ 
lindrical  conductors  of  infinite  length,1''  and  has  led  to  the 
understanding  of  the  diffusion  process  in  such  a  geometry. 
Much  less  attention  has  been  given  to  the  diffusion  of  fields 
in  toroidal  vessels.  As  a  rule,  the  diffusion  problem  through 
toroidal  chambers  is  more  complex  than  through  cylindrical 
conductors.  The  difficulty  in  toroidal  geometry  is  due  main¬ 
ly  to  the  application  of  the  boundary  conditions  in  the  inner 
and  outer  surfaces  of  the  torus.  However,  when  the  wall 
thickness  of  the  torus  becomes  small  in  comparison  to  its 
minor  radius,  i.e.,  for  a  conducting  shell,  then  the  problem 
simplifies  considerably.  The  toroidal  shell  approximation 
has  been  used  to  compute  analytically  the  magnetic  field  of 
two  toroidal  segments,  that  carry  known  time-independent 
currents.  In  this  paper,  we  have  extended  the  work  of  P. 
Rolicz  et  al*  to  study  the  diffusion  of  fields  through  toroidal 
conducting  shells. 

The  analytic  results  are  further  simplified  under  the  ad¬ 
ditional  assumption  of  a  small  aspect  ratio  toroidal  conduct¬ 
ing  shell.  To  the  lowest  order  on  the  aspect  ratio,  our  work 
indicates  that  the  diffusion  of  fields  through  a  conducting 
shell  of  conductivity  a,  major  radius  r„,  minor  radius  a  and 
thickness  d„.,  depend  on  three  characteristic  times  r„,  r,  and 
r,,  where  r,  =fi0aad„./2  (diffusion  time), 
r„  =  2r,  [ln(8r„/fl)  —  2]  ( L/R  time),  and  r:  =  r,/2.  In 
contrast,  the  diffusion  process  in  cylindrical  shells  depends 
on  a  single  characteristic  time  (r, ). 

It  is  well  known  that  there  is  a  time  lag  between  the 
magnetic  field  in  the  interior  of  the  conducting  shell  and  the 
externally  applied  magnetic  field.  This  time  lag  can  be  easily 
measured  in  the  laboratory  and  therefore  is  a  useful  physical 
quantity.  When  the  transient  phase  of  the  diffusion  process  is 
over,  the  time  lag  becomes  independent  of  time  and  is  called 
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the  delay  time  r(/ .  For  a  linearly  rising  applied  magnetic  field 
the  delay  time  for  a  cylindrical  conducting  shell  is  equal  to 
r, .  On  the  other  hand,  in  a  toroidal  conducting  shell  the 
delay  time  depends  on  both  r„  and  r,  and  also  on  the  flux 
condition,  i.e.,  the  ratio  of  the  average  field  to  the  local  field 
on  the  minor  axis.  Specifically  rd  —  (r„  +  3r,  )/2  for  the 
special  case  of  a  field  that  satisfies  the  betatron  flux  condi¬ 
tion,  i.e.,  when  the  value  of  the  flux  condition  is  equal  to  two. 

In  contrast  to  the  field,  the  current  flowing  on  the  wall  of 
the  conducting  shell  depends  only  on  r„ .  Thus,  by  measuring 
experimentally  the  delay  time  of  the  fields  and  also  the  rise 
time  of  the  wall  current,  all  characteristic  times  can  be  deter¬ 
mined. 

The  results  of  the  analysis  have  been  compared  with  the 
predictions  of  the  two-dimensional  finite  difference  numeri¬ 
cal  code  TRIDIF.5  The  agreement  between  theory  and  nu¬ 
merical  computation  is  fairly  good,  in  spite  of  the  fact  that 
the  theory  was  done  for  a  toroidal  conducting  shell,  while  in 
the  numerical  computation  the  torus  had  finite  thickness. 
Specifically,  the  delay  time  predicted  by  the  analysis  is  ap¬ 
proximately  5%  longer  than  the  prediction  of  the  code.  Simi¬ 
larly,  the  temporal  profile  of  the  wall  current  from  the  analy¬ 
sis  and  the  TRIDIF  code  agree  to  within  a  few  percent. 
However,  the  temporal  profile  of  the  external  field  index  and 
flux  predicted  by  the  theory  and  the  code  are  in  good  agree¬ 
ment  after  a  few  delay  times  but  not  initially. 

The  delay  time  predicted  by  the  theory  and  the  code  has 
been  compared  with  the  delay  time  measured  in  the  toroidal 
chamber  of  the  NRL  modified  betatron.  For  the  parameters 
of  the  NRL  device,  the  computed  delay  time  is  37  ft  sec.  while 
the  measured  delay  time  is  34 /i sec.  The  less  than  10%  differ¬ 
ence  between  the  two  delay  times  is  probably  within  the  un¬ 
certainty  of  the  measurement. 

In  Sec.  II,  the  theory  is  developed  and  a  comparison  is 
made  with  the  numerical  results  obtained  from  the  TRIDIF 
code.  Section  III  contains  a  description  of  the  NRL  toroidal 
device  and  of  the  coils  that  generate  the  external  magnetic 
field,  and  the  measured  quantities  are  compared  with  the 
theoretical  results.  Finally,  in  Sec.  IV,  the  conclusions  are 
presented. 
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II.  THEORY  AND  COMPARISON  WITH  NUMERICAL 
RESULTS 

The  diffusion  fields  are  computed  near  the  minor  axis  of 
the  circular  cross  section,  toroidal  conducting  shell.  As 
shown  in  Fig.  1 ,  the  conductor  has  a  major  radius  r„ ,  a  minor 
radius  a ,  wall  thickness  d,,.,  where  d„.  <a,  and  conductivity 
a.  In  the  presence  of  an  external  magnetic  field  which  is 
axisymmetric  and  time  dependent,  the  diffused  magnetic 
field  inside  the  conductor  is  described  by  the  diffusion  equa¬ 
tion 


VXVXA  = 


d_A 

9t 


(1) 


where  the  vector  potential  A  has  only  one  nonzero  compo¬ 
nent  A„  that  depends  only  on  the  cylindrical  components 
(rj)  and  on  the  time.  The  magnetic  field  components  are 
given  by 


B,=  - 


dA„ 


B.  = 


dz 
1  drA„ 


r  dr 

while  the  electric  field  is  equal  to 


(2a) 

(2b) 


dA„ 

dt 


(3) 


Equation  ( 1 )  is  identical  to  Ampere’s  law  combined 
with  Ohm's  law  inside  the  conductor.  In  the  special  case, 
when  the  toroidal  conductor  is  a  shell,  i.e.,  when  d„.  <a,  this 
equation  can  be  integrated  and  provides  the  first  boundary 
condition,  i.e„ 


nx  (B"'"  —  B,n)  —fi<)crd„.E'n, 


(4) 


where  n  is  the  unit  vector  normal  to  the  conducting  wall  and 
directed  towards  the  region  outside  the  conductor  and  fi„  is 
the  permeability  of  the  vacuum.  The  second  boundary  con¬ 
dition  is  obtained  from  the  requirement  that  the  electric  field 
is  continuous  across  the  boundary,  i.e., 

£.,._£<«..  (5) 

For  a  small  aspect  ratio  a/r0  vessel,  it  is  appropriate  to 


z 


FIG.  I .  Toroidal  shell  and  coordinate  systems  used  in  the  analysis. 


use  toroidal  coordinates.  The  cylindrical  coordinates  (rj) 
are  related  to  the  toroidal  coordinates  (y£)  by 

sinh  17 


r  =  b 


z  —  b- 


cosh  7}  —  cos  £  ’ 
sin  £ 


(6a) 


(6b) 


cosh  17  —  cos  £ 
where  b  is  a  constant.  These  relations  can  be  easily  inverted, 
namely 

-6)2  +  z-’ 


'cos 


+  b)2  +  z2 


2., 


(7a) 


(7b) 


From  Eq.  (7a),  we  see  that  for  fixed  17,  the  coordinates  (r,z) 
describe  a  circle  whose  radius  is  b  /sinh  17.  If  for  v  — Vo  this 
circle  coincides  with  the  toroidal  shell  whose  minor  radius  is 
a,  then  it  is  straightforward  to  show  that 
6  =  r0  [  1  —  (a/r0 ) 1  ] ,/2.  The  points  ( 17, £)  outside  the  toroi¬ 
dal  shell  are  determined  by  the  inequality  v  <  Vo  >  while  the 
points  inside  the  hollow  region  of  the  shell  are  determined  by 
V  >  Vo  •  In  both  regions,  the  right-hand  side  of  Eq.  ( 1 )  is  zero 
and,  in  toroidal  coordinates,  this  equation  reduces  to 

1 


d  (  f>Shg 

dAg' 

|  +  jL| 

fh,h„ 

iMl 

AV  A, 

dv  > 

)\ 

~irA*  =  o> 

*  A 


where 


■  h{  = 


cosh  v  —  cos  £ 


(8) 


(9a) 


h9  =  -±**2—.  (9b) 

cosh  v  —  cos  g 

If  we  set  Ae  =  A  (cosh  17  —  cos  £)  wiF(i 7^),  then  the  differ¬ 
ential  equation  satisfied  by  F(  v,§)  is  a  separable  equation 
and  its  solution  can  be  expressed  in  terms  of  the  toroidal 
functions.  Specifically,  the  solutions  of  Eq.  (8)  in  the  two 
regions  inside  and  outside  the  toroidal  shell  are 


A  g  =  h(cosh  77  —  cos  £) 1/2  £  ema„(t) 

m  mm  0 

Xfil_1/2(cosh?7)cosm£, 


(10a) 


A  =  A  ?’ +  b( cosh  77- cos  £) 1/2  £  6mbm(t) 


xPi,.  1/2  (cosh  v)  cos  m£,  (10b) 

where  e0  =  1,  e„  —  2  when  m  —  1,2,3, ... , 
P'„ _  i/2 (cosh  v)>Q'm- 1/2 (cosh  V)  are  the  associated  Le¬ 
gendre  functions  of  the  first  and  second  kind,  respectively, 
and  A  ”'(17,^,/)  is  the  vector  potential  associated  with  the 
applied  external  field.  The  time-dependent  parameters 
am  (r)  and  bm{t)  are  determined  from  the  boundary  condi¬ 
tions.  Since  the  £  component  of  the  magnetic  field  is  equal  to 


B- 


_1 _ d_ 

h„h0  dv 


h„A 


tn 


and  the  external  field  is  zero  at 


(ID 

0,  the  boundary  condi- 
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tions  of  Eqs.  (4)  and  (S),  expressed  in  terms  of  the  vector 
potential  A,„  become 


(am  -a”,)Ci,_,/2(coshi70) 


A'S(i}0,g,t)  =A?'(Vo>S,‘h 
(cosh  ij0  -  cos  g) 1/2  4— 


<A?\i,,g,t)-A'UV,£,t) 


Pm-i/:(coshi?0) 

O^a)  Similarly,  Eq.  ( 12b)  together  with  Eq.  ( 14)  and  the  identi¬ 
ty*1 


(COSh  7)  —  cos  g) 1/2 
SA'S(rj04,t) 
dt 


**»)| 

"  /I,.,. 


where  r  =  n„od„.b. 

In  the  following,  we  shall  assume  that  there  are  no  exter¬ 
nal  current  coils  very  near  the  toroidal  conductor  or  inside  it. 
if  n,  is  the  toroidal  coordinate  of  the  coil  nearest  to  the  mi¬ 
nor  axis,  and  such  that  77,  <  tj0  ,  then  the  external  vector  po¬ 
tential  A  is  given  by 

A  =  6(cosh  17  —  cos  g) 1/2  £ 


XQ l  _l/2  (cosh  ri)  cos  mg,  (13) 

for  all  V>V,-  The  time-dependent  parameters  <j"'(f)  ate 
known  and  are  associated  with  physical  properties  of  the 
external  field,  such  as  external  field  index,  flux  condition, 


Qm  1/2  (M)  ~ 

du 


-PL  „,(«) 


xdQ‘-  ,  (15) 

du  4(  ir  —  1 ) 

(12b)  leads  to  the  following  set  of  coupled  differential  equations 
for  a.,, 


a0  =  -  —  («o  -  <*“')  +  - - 1 - 

r0  r,  cosh  i)0 

X^(cosh^(a,-ar),  (16.) 

Q  -  ,/2  (cosh  i)0 ) 

a  = - —  (a  —cf")  H - 5 - i - 

Tm  rm_,  2  cosh  i;0 

Xni""  — 

Qi, -1/2  (cosh  17o)  Tm  *  1 

1  Q^„2  (cosh  170) 

- - — - - - -  ~  ' am  +  I  t  I  J, 

2  cosh  7)o  Qm-  1/2  (cosh  Tfo) 

(16b) 

where  m  =  1,2,3, ...  and 


Now,  it  is  straightforward  to  compute  the  unknown  co-  4r  tanh  rf0  _  ,  .  _  . 

j.  r _ a  1 _ 1 _ _ 1:.; _ 1? _ Trn - :  ;  —  Qrn- 1/2  (cosh  J70)Pm_I/2  (cosh  17o). 


efficients  a,„,b,„  from  the  boundary  conditions.  From  Eq. 
(12a)  we  obtain 


4m2  —  1 


The  toroidal  functions  P",  .  l/2  and  Q  ",  l/2  appearing  in  Eqs.  ( 16a),  ( 16b)  and  ( 17)  are  given  by  the  following  exact 


expressions 


Pin  —  1/2  (COSh  Tf )  = 


- 1T{m)  (sinh 77)"e(m-"~ ,/2"'x (l-<5mo)  £  - - - - - —  * " 2”' 

7r1/2r(m-n  +  y)  ^(1_OT)’ 

(  —  l)’,2"  +  1rfm  +  n  +  7-)  x  fn  +  — )  fm  +  n  + 

+ - - —  (sinh  rj)nc-<m  +  n  +  1/2”»  £  i - 1  '  - -e’**' 


ir^n/n  +  n  - - 

X[ln(4e*')  +u,  +  um  +  s  +  ,  -um  +  „  +  ,]. 


,-o  s!(m  -I-  IK 


£m- 1/2 (cosh  Tj)  =  ■ 


-  1)"2T(] 


m  +  n  + 


T(m  +  1) 


— y'r- 

— - (sinh77)Be-,m  +  n  +  ,/2,"x  £ 


(n+±)_(m+n+i)^ 


s!(m  +  l)s 


where 


(a),  =a(a+  \)(a  +  2)...(a  +  s  -  1),  (a)„  =  1,  (19a) 

“"=Tl  7’  «o=0,  (19b) 

2  k  1  K 

‘■=2,vhi-  %-a  (l9c) 

For  m  =  0,  the  first  term  in  Eq.  ( 1 8a )  is  omitted,  since  5,„„  =  I  for  m  =  n,  and  =  0  for  m  #  n.  The  expressions  above  are 
appropriate  for  the  region  inside  the  toroidal  conductor,  i.e..  for  77  >  77,,,  as  well  as  on  its  surface. 
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Up  to  this  point  the  results  are  exact.  For  small  aspect  ratio a/r„,  e  =  (r„  +  a  —  b)/(r„  +  a  +  b)  sza/2r„  <  l.  Thus, 
to  the  lowest  order  in  the  aspect  ratio,  Eq.  ( 17)  becomes 


T0  =  2 td  ^ln  —  —  2^  , 

(20a) 

r  =  — 
m 

(20b) 

where  m  =  1,2,3 . and 

yLo<rd,t.a 
>0  2 

(21) 

The  time  r„  is  the  L  /R  time  of  the  toroidal  conductor,  while  t,„  are  the  higher  order  diffusion  times. 

An  approximate  expression  (or  A  “/  can  be  obtained  from  Eq.  ( 10a)  by  keeping  terms  up  to  order  e 
order  toroidal  corrections.  Making  use  of  the  identity6 

2l‘,  i.e.,  up  to  second 

(cosh  17- cos £) 1/2  =  £  emC„(.T))  cos  mg. 

(22) 

»*0 


where 

C0  07)  =  —  e'\\  +e-2’1) 
2ir 


I - 

cylindrical  coordinates  (rj).  The  magnetic  field  compo¬ 
nents  near  the  minor  axis  are  determined  from  Eqs.  (2a)  and 
(2b)  and  are  equal  to 


x(f?-  i/2  (cosh  17) 

-  -"2C  '  Q,/2  (cosh  17)) ,  (23a) 

l+e'-’’  / 

Cm(i 7) 

2  IT 

x(cm_,/2  (cosh  17)  - - - 

\  l+e  2,1 

X[e„-.Vj  (cosh  17)  +  Qm+  x,i  (cosh  17)]), 

(23b) 

and  also  of  Eq.  (I8b),  a  lengthy  calculation  leads  to  the 
approximate  expression 

A  b  [a„  +  ±  (a„  -  a,  )e  2" 

—  (a„  —  3a,  )e  "  cos  £  ~ 

4 


X  (a„  +  6a,  —  15a,  )e 


(24) 


Using  Eqs.  (7a),  (7b)  and  keeping  terms  up  to  order 
( 1  —  b  / r )2  and  (z/r)1,  Eq.  (24)  reduces  to 


A  1,1 - 


2*2 


7„  -y{0„  —  3o,  )(l  -y) 


+  (a„  +  4a,  -  5a, )  Q']  ,  (25) 

i.e.,  the  approximate  A  ”  has  been  expressed  in  terms  of  the 


B"'zz-B*nD2-, 

r 

(26a) 

*?»*«[! -i.»(l -7)]. 

(26b) 

where 

(27a) 

is  the  vertical  field  component  near  the  minor  axis  and 


3  a„  +  4a,  -  5a, 

4  a„  +  3a, 


(27b) 


is  the  field  index.  To  first  order  in  a/r„ ,  the  magnetic  flux  4>„ 
through  the  area  irr on  the  midplane  is 


4>„  =  2irruA  "Hrn,0,t) 


=  -2irrf,-^=-a„  (28) 

2\1 

Defining  eD  by  means  of  the  relation 
<J>„  =  2 irr  ;,BS,  ( 1  —  eD ),  the  vertical  component  of  the  field 
on  the  minor  axis  can  be  written 


*o(l -*£>)=  (29) 

2v2 

The  parameter  eD  is  a  measure  of  the  flux  condition.  When 
e0  =  0,  the  betatron  flux  condition  is  satisfied. 

The  quantities  a0>  a, ,  a2  are  determined  completely  by 
the  magnetic  field,  the  field  index  and  the  flux  on  the  minor 
axis,  and,  therefore,  are  parametric  representations  of  these 
physical  quantities.  But  the  vector  potential  that  describes 
the  external  field  in  Eq.  ( 13)  has  exactly  the  same  form  as 
A  s  in  Eq.  ( 10a ) .  Therefore,  if  B0 ,  n,  and  4>”‘  are  the  external 
field,  external  field  index,  and  external  flux  on  the  minor 
axis,  then  aj”,  a?“  and  a”'  can  be  expressed  as  follows. 
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2v3 

<C  =  _-£!£*„(  l-*). 

(30a) 

ir 

2  v2 

«r-  — ~A»(i  +  f), 

3tt 

(30b) 

a?*  =  --^-J0(7-8«  +  e), 

1 5w 

(30c) 

where  e  is  defined  now  by 
=  2miB0(l-e). 

the  relation  <!>“' 

These  expressions  are  used  in  solving  Eqs.  ( 16a),  ( 16b). 
It  is  assumed  that  only  B0  is  time  dependent.  This  is  a  valid 
assumption  provided  that  the  coils  that  generate  the  external 
field  carry  the  same  current  and  are  filaments,  i.e.,  there  is  no 
diffusion  process  associated  with  them. 

All  the  physical  quantities  of  interest  have  been  comput¬ 
ed  to  first  order  in  toroidal  corrections.  Therefore,  it  is  suffi¬ 
cient  to  compute  the  parameters  a„,  a,,  a,  to  first  order  in 
a/r„ .  If  all  terms  of  order  e  ' 2'*'  or  higher  are  omitted,  Eqs. 
(16a),  (16b)  become 

<*o=  -  —  (a0  (31a) 

T0 

Tm 

+  — - —  -T—-T  (°m-i  —  a‘m-  I  ).  (31b) 

Tm_l  2 m  +  1 

where  m  =  1,2.  This  system  of  equations  can  be  integrated 


easily.  Under  the  initial  conditions  a,„  (0)  =  0,  the  solutions 
for  r,  =  r,  /2  are 

2v2 


a0  —  —  (1  c)Aq, 

it 


1  —  a  J 

,  =  _i^l[/'7-8n  +  f-4(U-e)  +  -22 
2  15ir  IV  2- 


(32a) 


(32b) 


X(1  -e) 


K+( 


8a 


(1  -a)(2-a) 


4(1  +f) --^L(l 
1  —  a 

(1-eMol. 


where 


r, 

a  =  — , 


and 


(32c) 

(33a) 

(33b) 


A,„=-Le 

Tm  Jn 

Substitution  of  a()9  ax  ta2  into  Eqs.  (27a),  (27b)  leads  to 


A  | , 


(34a) 


n„  = 


(3  ,  a  1 

|  (1  —  e)A„  + 

n  —  | 

f3+  a  1 

|(l-0 

A, 

V  8  +  2  -  aJ 

l  8  +  2  -  a) 

r1  +  a  1 

(0-*Mo  + 

'-1 

1(1-0 

A, 

V  2  1  —  a) 

(2  +  1  -  a) 

Another  interesting  physical  quantity  is  the  surface  wall  current  density,  which  is  given  by 
dA  ff(i 7,„5,r) 


Js„  =  -  ad„. 


Bt 


Tofirst  order  in  toroidal  corrections,  Eqs.  (25),  (31a),  (31b),  (32a),  and  (32b)  give 
2  r0 


J*  H 1  -  «: )  Mo  -  Bo )  -  [(4  +  a  -  Y3^)(  1  -  € >  (^0  -  Bo 

-  (l  +  e-  (1  -B0)|  ^-cos^J , 


(34b) 


(35) 


(36) 


where  cos  6  =  (r  —  r„  )/a  and  r  is  the  radial  position  of  any 
point  on  the  wall  chamber.  The  wall  current  is  equal  to 


=  — -  a(  1  —  e)(A„  —  B„ ).  (37) 

As  a  first  application,  consider  a  rising  external  magnet¬ 
ic  field  that  reaches  a  constant  value,  i.e.. 


I - 

B0(t)  =  60(1  —  e~'/T"'). 

From  Eq.  (33b),  we  have: 


(38) 


Am  — 


,  1  —  i/r  _  —  /  /r 

1 - e  -i - e 


Tm/T„ 


1  - 


Tm 


(39) 


For  f  >  r„,  and  t>  rm ,  the  coefficient  Am^b0  and  from  Eqs. 
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(34a),  (34b),  B^stbn  and  nD^n.  Also  the  wall  current 
goes  to  zero.  All  three  conclusions  are  as  expected. 

For  a  sinusoidally  varying  field 

B0 (/)  =  b0  sin  <ot,  (40) 


the  coefficients  Am  are  given  by 

6o 


= 


1  +  (<OTm)2 


[  sin  at  —  a >Tm  cos  at  +  ar„  e  ' /T‘"  ] 


(41) 


After  a  long  time,  i.e.,  for  rm ,  the  external  field  and  the 
field  on  the  minor  axis  are  not  in  phase,  but  their  phase  dif¬ 
ference  remains  constant.  On  the  other  hand,  for  small 
times,  i.e.,  for  at  4  1  and  t<r„,  the  coefficients  Am 
sb0at  :/2rm  and  the  field  index  becomes 


16n  —  (Sg  4-  6)(  1  — 

4[2  -  (1  +  a)(l  -  f)]  ' 


(42) 


Furthermore,  assuming  that  arm  4  1  and  at  4, 1,  but  not 
/>rm,  we  obtain 


Am^b0a[t--m(l-e-'/T")],  (43) 

and 


T0e 


t/r( 


Td  ~  "0  -l/r, 

- r,e 

*0  -  Tl 

where  the  delay  time  rtl  is  equal  to 


(1  -e)T„  +  (3  —  e)r, 


(44) 

(45) 


In  contrast,  the  delay  time  for  a  cylinder  of  infinite  length  is 
equal  to  the  diffusion  time.  It  is  apparent  from  Eq.  (45)  that 
in  the  case  of  the  toroidal  conducting  shell,  the  delay  time 
depends  linearly  on  both  the  L  /R  time  r„  and  the  diffusion 
time  r, .  In  addition,  for  a  toroidal  shell,  B has  an  exponen¬ 
tially  decreasing  dependence  on  both  times  r„  and  r, ,  while 
the  wall  current,  from  Eq.  (37),  depends  only  upon  r„,  i.e.. 


/  =  -e)(l -e-',T"),  (46) 

l“o 

i.e.,  it  reaches  exponentially  its  maximum  value  with  the 
L  /R  time  r„ . 


TABLE  I.  Parameters  for  the  diffusion  theory. 


Torus  major  radius.  r„  (cm) 

100 

Torus  minor  radius,  o  (cm) 

16 

Chamber  wall  thickness.  d„  (cm) 

2 

Torus  wall  conductivity,  0  (mho/cm) 

14.666 

Amplitude  of  sinusoidal 

external  magnetic  field.  b„  (Gauss) 

1267 

Period  of  external  magnetic  field.  T  (j/sec) 

lO1 

Field  index  of  external  magnetic  field,  n 

0.53 

Flux  condition  parameter 

of  external  magnetic  field,  e 

-0.05 

A  direct  comparison  has  been  made  between  the  theory 
presented  above  and  the  numerical  results  from  the  two- 
dimensional  TRIDIF  code.  The  set  of  parameters  used  for 
the  comparison  are  listed  in  Table  I.  For  these  parameters, 
Eqs.  (20a),  (2%),  (45),  give  r0  =  1128  ysec,  r,  =  2.95 
/isec,  a  =  0.26,  and  rd  =  10.42  y sec.  The  solid  curves  in 
Figs.  2(a)— 2(d)  show  B#,  nD,  <t>0/( nrlB *,),  and  /  as  a 
function  of  time.  In  the  computer  run,  the  inner  minor  radius 
of  the  toroidal  conductor  is  1 5  cm  and  the  outer  minor  radius 
is  17  cm.  In  the  region  of  the  chamber,  the  mesh  has  a  cell 
size  Ar  =  0.5  cm,  Az  =  1.0  cm,  but  further  out  it  is  much  less 
dense.  Thus,  in  the  radial  direction  there  are  1 57  mesh  points 
over  a  distance  of  300  cm,  while  in  the  vertical  direction 
there  are  7 1  mesh  points  over  a  distance  of  200  cm,  and  the 
time  step  used  is  A t  =  0.5  /tsec.  Advantage  is  taken  of  the 
midplane  symmetry,  i.e.,  the  calculation  is  confined  to  the 
region  z>0.  The  external  field  is  generated  by  current  fila¬ 
ments  ( coils )  located  at  the  same  positions  as  in  the  modified 
betatron  experiment.  All  the  coils  carry  the  same  current 
and  have  the  same  sinusoidal  dependence.  In  the  absence  of 
the  toroidal  chamber  the  maximum  vertical  field  generated 
by  these  coils  on  the  minor  axis,  i.e.,  at  r  —  100  cm,  z  =  0,  is 
B0  =  1267  Gauss,  when  the  maximum  current  through  the 
coils  is  40  kA.  This  is  the  value  of  b0  used  in  the  theory.  In  the 
absence  of  the  toroidal  chamber,  these  coils  generate  a  field 
index  of  0.54  on  the  minor  axis  and  an  e  =  —  0.067,  but  the 
values  chosen  in  the  theory  are  slightly  different,  so  that  at 
times  t  >  30  yscc  the  theoretical  and  numerical  nD  and 
<b0/( vrlB#)  are  identical. 

The  dashed  curves  in  Figs.  2(a)— 2(d)  give  the  predic¬ 
tions  of  the  code  for  B#,  n„,<t>0/(irr  IB# )  and  /  as  a  func¬ 
tion  of  time.  The  straight  line  in  Fig.  2  ( a )  is  B# ,  when  o~0. 
The  numerical  delay  time,  obtained  from  Fig.  (2a),  is  9.7 
ysec  as  compared  to  the  theoretical  value  of  10.42  ysee.  The 
small  difference  is  attributed  to  the  fact  that  r0  and  r,  de¬ 
pend  on  the  volume  of  the  numerical  integration.  It  should 
be  noticed  that  in  the  numerical  calculation  the  integration 
has  been  carried  inside  a  cylinder  of  radius  300  cm  and  of 
half-height  200  cm,  while  in  the  theoretical  work  the  integra¬ 
tion  has  been  carried  out  over  the  whole  space.  To  obtain 
some  insight  into  this  effect,  let  us  look  at  the  diffusion 
through  a  cylindrical  conducting  shell  of  infinite  length, 
where  the  region  of  the  numerical  integration  is  limited  with¬ 
in  a  perfect  conductor  located  at  a  radius  r, .  The  diffusion 
time  is  equal  to  rD  [  1  —  (a/r,  )2] ,  where  a  is  the  radius  of 
the  conductor  and  rD  is  given  byEq.(21).Itis  apparent  that 
the  diffusion  time  decreases  as  the  volume  of  the  integration 
region  decreases,  and,  therefore,  the  inductance  of  the  sys¬ 
tem  decreases.  As  another  example  consider  a  toroidal  con¬ 
ducting  shell,  with  a  region  of  integration  confined  within  a 
perfect  conductor  located  at  rj  =  77,  and  therefore  the  radial 
positions  r  are  limited  to  the  values  between 
r,  miB  =6tanh(i/,/2)  and  r,  m„  =  bcoth(i7,/2).  AU  the 
theoretical  results  obtained  above  remain  the  same  except 
for  the  L/R  time  in  Eq.  (20a)  that  is  replaced  by 
2TD[lnSr0/a  —  2  —  (irr0/2rt  mm%  )2].  Again,  theL  /R  time 
(but  not  the  times  r, ,  ~2 )  decreases  as  the  volume  of  the 
integration  region  decreases  and  so  does  rd.  In  the  example 
given  above  the  region  for  r  <  r,  mm  is  excluded,  while  in  the 
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FIG.  2.  Temporal  profiles  from  apalysis  ( solid  line)  and  computer  code  (dashed  line),  (a)  vertical  (betatron)  field,  (b)  field  index,  (c)  flux  condition,  and 
(d)  wall  current. 
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numerical  results  this  region  is  included.  For  this  reason,  the 
comparison  of  the  numerical  results  is  made  with  the  theo¬ 
retical  results  for  the  whole  space  rather  than  a  finite  region 
of  integration.  The  largest  discrepancy  between  theory  and 
numerical  computation  is  in  the  field  index  for  small  times. 
This  could  be  due  to  the  large  time  step  (0.5  /usee )  that  was 
used  in  the  numerical  integration  or  to  the  fact  that  the  field 
index  is  computed  from  the  second  derivative  of  the  stream 
function  rA„  and  this  function  is  not  accurately  computed 
initially  by  the  code.  The  same  argument  is  applicable  to  the 
smaller  discrepancy,  for  short  times,  in  the  quantity 
<!>„/( irr  iB#).  Over  all,  however,  the  agreement  is  fairly 
good  between  theory  and  numerical  computation  with  the 
TRIDIF  code. 

III.  EXPERIMENTAL  RESULTS 

This  section  briefly  summarizes  the  measurements  on 
the  time  delay  of  the  vertical  magnetic  field  caused  by  the 


vacuum  chamber  of  the  device  and  compares  the  experimen¬ 
tal  results  with  the  predictions  of  the  theory  and  that  of  the 
computer  code. 

The  NRL  modified  betatron  comprises  three  different 
external  magnetic  fields:  the  betatron  field  that  is  a  function 
of  time  and  is  responsible  for  the  acceleration  of  the  elec¬ 
trons,  the  toroidal  magnetic  field  that  varies  only  slightly 
during  the  acceleration  of  the  electron  ring  and  the  strong 
focusing  field  that  also  has  a  very  weak  time  dependence. 
These  three  fields  have  been  described  previously.  However, 
for  completeness  we  briefly  describe  in  this  paper  the  vertical 
field  and  the  vacuum  chamber. 

The  betatron  magnetic  field  controls  mainly  the  major 
radius  of  the  gyrating  electron  ring  and  is  produced  by  a  set 
of  18  air  core  (see  Fig.  3),  circular  coils  connected  in  series. 
Sixteen  main  coils  and  four  trimmers  are  used  to  generate  a 
field  configuration  with  a  flux  condition  equal  to  1 .92.  Their 
total  inductance  is  approximately  343  ^H.  The  coils  are 
powered  by  an  8.64  mF  capacitor  bank  that  can  be  charged 
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Central 


up  to  17  kV.  At  full  charge,  the  bank  delivers  to  the  coils  a 
peak  current  of  about  45  kA.  The  current  flowing  through 
the  coils  produces  a  sinusoidally  varying  field  having  a 
quarter  period  of  2.6  msec  and  its  amplitude  on  the  minor 
axis  at  peak  charging  voltage  is  2.1  kG.  Immediately  after 
the  peak  the  field  is  crowbarred  with  a  4.5  msec  decay  time. 
The  temporal  profile  of  the  vertical  field  is  shown  in  Fig.  4. 

The  flux  condition  and  field  index  are  adjusted  by  two 
sets  of  trimmers  that  are  connected  in  parallel  to  the  main 
coils.  The  current  through  the  trimmers  is  adjusted  with  se¬ 
ries  inductors.  Typically  10-15%  of  the  total  current  flows 
through  the  trimmers. 

The  100  cm  major  radius,  15.2  cm  inside  minor  radius 
vacuum  chamber  has  been  constructed  using  epoxy  rein¬ 
forced  carbon  fibers.  The  desired  conductivity  is  obtained  by 
embedding  a  phosphor  bronze  screen  in  the  outer  layer  of  the 
graphite  as  shown  in  Fig.  5.  The  graphite  is  2.5  mm  thick  and 
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Oetoil  A 

Wall  Construction 

FIG.  5.  30*  sector  of  the  vacuum  chamber  and  details  of  wall  construction. 


has  a  surface  resitivity  of  26.6  mft  on  a  square.  The  screen 
has  250  X  250  wires  per  inch  and  is  made  of  40-//m-diam  wire 
with  an  equivalent  surface  resistivity  of  1 2.8  mil  on  a  square. 
The  calculated  resistance  for  the  entire  vacuum  chamber  is 
57  mft.  The  measured  D.C.  resistance  of  the  toroidal  vacu¬ 
um  vessel  is  68  +  2  mfl.  The  outside  surface  of  the  chamber 
is  covered  with  a  6.3-mm-thick,  epoxy  reinforced  fiberglass 
layer.  Figure  6  is  a  photograph  of  the  vacuum  chamber. 

This  novel  construction  technique  has  several  attractive 
features,  including  controllable  resistivity  and  thus  magnetic 
field  penetration  time,  high  stiffness  and  tensile  strength. 


FIG.  6.  Photograph  of  the  epoxy  reinforced -carbon  fiber  vacuum  chamber. 
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FIG.  7.  Measured  vertical  magnetic  field  vs  lime  on  the  minor  axis  ( r  =  100 
cm.  z  =  0)  of  the  torus.  Bottom  trace:  Inside  the  complete  vacuum 
chamber.  Intermediate  trace:  Inside  the  chamber  with  a  gap.  Top  trace: 
After  the  removal  of  the  chamber  ( vacuum  field ) . 


high  radiation  resistance  ( up  to  S00  Mrad )  and  low  out  gass¬ 
ing  rate  (  - 10  '  *  Torr/sec-cm’). 

The  vertical  magnetic  field  is  monitored  with  a  small 
magnetic  probe  that  is  located  on  the  minor  axis.  The  probe 
has  been  wound  of  gauge  35  copper  wire,  has  approximately 
600  turns,  its  measured  inductance  being  6.2  mH  and  its 
measured  internal  resistance  being  43  n.  The  output  of  the 
probe  is  fed  to  a  passive  integrator  with  a  time  constant  of 
20.5  msec. 

To  improve  the  time  response  of  the  probe  the  50  ft 
terminator  at  the  input  of  the  integrator  has  been  omitted. 
Oscillations  in  the  output  signal  have  been  avoided  by  locat¬ 
ing  the  oscilloscope  approximately  2  m  away  from  the  probe, 
inside  an  aluminum  housing  cladded  with  mu  metal. 

Results  from  the  measurements  are  shown  in  Fig.  7.  The 
lower  trace  is  the  output  of  the  probe  when  it  is  located  inside 
the  vacuum  chamber  and  the  upper  trace  is  the  output  of  the 
probe  after  the  chamber  is  removed  (vacuum  field).  It  is 
apparent  from  the  oscillogram  that  after  approximately  60 
//sec  the  two  signals  are  parallel  and  the  lower  is  delayed 
from  the  upper  by  34 //sec. 

For  the  parameters  of  the  vacuum  chamber,  and  when 
the  flux  condition  <t>0/7rr  5^  is  equal  to  1.92,  i.e.,  for 
e  =  0.04  both  the  theory  and  the  computer  code  predict  a 
time  delay  of  37  //sec.  The  less  than  10%  difference  between 
the  two  delay  times  is  probably  within  r‘  7  uncertainty  of  the 
measurement. 

In  addition,  we  broke  the  electrical  continuity  of  the 
vacuum  chamber  by  unbolting  the  joint  of  two  adjacent  sec¬ 


tors.  The  probe  was  placed  on  the  minor  axis  with  its  axis  of 
symmetry  on  the  vertical  plane  that  passes  through  the  sym¬ 
metry  plane  of  the  gap.  The  intermediate  trace  in  Fig.  7 
shows  the  output  of  the  probe  for  this  measurement. 

It  is  expected  that  at  the  symmetry  plane  of  the  gap  the 
magnetic  field  to  be  identical  to  the  vacuum  field.  However, 
due  to  various  constraints,  the  diameter  of  the  probe  and  the 
gap  width  are  approximately  equal  and  thus  the  measured 
field  is  lower  than  the  vacuum  field. 

IV.  CONCLUSION 

The  diffusion  qf  the  magnetic  field  through  a  toroidal 
conducting  shell  has  been  studied  under  the  assumption  of  a 
small  aspect  ratio.  The  external  magnetic  field  can  have  an 
arbitrary  field  index  and  magnetic  flux  on  the  minor  axis  of 
the  torus.  The  diffused  field,  field  index,  magnetic  flux,  and 
wall  current  were  computed  analytically  and  compared  with 
the  numerical  results  from  the  TRIDIF  code.  Three  time 
constants  determine  the  evolution  in  time  of  the  diffusion 
process,  namely,  th  tL  /R  time  r„ ,  the  diffusion  time  r , ,  and 
r,  =  r,/2.  The  delay  time  depends  linearly  on  r„,  r,  and 
also  on  the  flux  condition  of  the  external  field.  The  analytic 
delay  time  was  larger  than  that  computed  from  the  TRIDIF 
code.  The  difference  is  attributed  to  the  finite  volume  of  the 
region  of  integration  in  the  numerical  computation  which 
causes  the  inductance  of  the  system  to  be  smaller.  In  general, 
the  agreement  between  the  theoretical  and  numerical  results 
is  quite  good. 

A  measurement  of  the  delay  time  in  the  toroidal 
chamber  of  the  NRL  modified  betatron  gave  a  delay  time 
approximately  equal  to  34  //sec,  i.e..  less  than  10%  smaller 
from  the  theoretical  value  of  37  //sec. 

In  conclusion,  we  have  seen  that  the  diffusion  process  in 
the  toroidal  conducting  shell  is  much  more  complicated  than 
that  in  a  conducting  cylinder.  Therefore,  the  results  for  a 
cylinder  cannot  be  generalized  to  apply  to  a  toroidal  device. 
The  case  of  the  torus  should  be  investigated  on  its  own  merit. 
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The  experime  ial  results  on  the  trapping  of  the  beam  in  the  Naval  Research  Laboratory  modified  be¬ 
tatron  accelerator  are  in  good  agreement  with  a  revised  model  of  resistive  trapping,  and  thru  it  may  be 
concluded  that  the  wall  resistivity  is  responsible  for  the  inward  spiral  motion  of  the  beam  after  injection. 
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INTRODUCTION 

Currently,  several  laboratories  [1-5]  are  engaged  in 
studies  to  assess  the  feasibility  of  compact,  high-current 
accelerators.  Among  the  various  accelerating  schemes 
presently  under  investigation  is  the  modified  betatron  ac¬ 
celerator  (MBA)  [6-8].  This  device  is  under  study  at  the 
University  of  California,  Irvine  [2]  and  also  at  the  Naval 
Research  Laboratory  (NRL).  Since  the  initial  successful 
demonstration  of  acceleration  [1]  approximately  two 
years  ago,  the  NRL-MBA  has  achieved  [11]  trapped 
currents  as  high  as  1.5  kA  and  energies  approximately  18 
MeV.  The  beam  lifetime  that  is  typically  700-900  psec  is 
limited  by  the  cyclotron  resonance. 

Following  the  installation  of  strong  focusing  windings 
[9,10]  in  the  NRL  device  it  is  routinely  observed  [1,11] 
that  for  several  combinations  of  injection  parameters  the 
beam  consistently  spirals  from  the  injection  position  to 
the  magnetic  minor  axis  and  is  trapped.  The  explanation 
of  this  interesting  phenomenon  has  been  so  far  elusive. 
However,  a  fair  understanding  of  the  trapping  mecha¬ 
nism  is  not  only  of  academic  interest  but  a  necessity  for 
any  upgrading  of  the  existing  or  the  construction  of  a 
new  device. 

In  this  paper  we  report  recent  experimental  results  on 
the  trapping  of  the  beam  in  the  NRL-MBA.  The  results 
are  in  agreement  with  a  revised  model  of  resistive  trap¬ 
ping  [12].  Two  modifications  have  been  introduced  to  the 
original  model.  First,  the  beam  motion  is  not  limited 
near  the  minor  axis  and  therefore  nonlinear  effects  and 
the  fast  diffusion  times  that  scale  as  p^b  -aP/tP-p, 
where  b  —a  is  the  thickness  of  the  chamber  and  p  is  the 
wall  resistivity,  become  important.  Second,  in  order  to 
take  into  account  the  intermediate  motion  [10]  of  the 
beam  that  has  been  omitted  in  the  calculation  of  the  im¬ 
age  fields  of  the  beam,  the  wall  surface  resistivity  is  com¬ 
puted  using  the  skin  depth  that  corresponds  to  the  fre¬ 
quency  of  the  intermediate  mode  and  not  the  actual 
thickness  of  the  chamber. 

There  are  three  distinct  groups  of  diffusion  times  with 
which  the  self-magnetic-field  of  the  beam  leaks  out  of  a 
resistive  torus.  The  shortest  are  the  “plane”  characteris¬ 
tic  times 

Tmkssndb-a)l/irLpk1=-j^  =  -jL  , 
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where  k  =  1,2,3, ....  The  “plane”  diffusion  times  are 
important  when  the  beam  is  near  the  wall.  The 
“cylinder”  diffusion  times  are 

Tm0ssTl0/m=Tc/m=fipa(b-a)/2pm  , 

where  m  =  1,2,3, ....  Both  rp  and  rc  determine  the 
speed  with  which  the  self-magnetic-field  of  the  beam 
penetrates  the  wall  of  the  chamber  and  are  instrumental 
in  the  resistive  trapping  of  the  beam.  Finally,  the  “loop” 
diffusion  time  r00=r/=2rc(ln(8r0/a)— 2],  where  r0  is 
the  major  radius  of  the  torus,  determines  the  speed  with 
which  the  beam  field  diffimes  into  the  hole  of  the 
doughnut.  The  “loop”  diffusion  time  does  not  play  any 
role  in  the  resistive  trapping  of  the  beam. 

The  resistive  trapping  is  due  to  the  negative  radial 
component  of  the  image  magnetic  field  of  the  beam  that 
acts  on  its  centroid,  when  such  a  beam  moves  poloidally 
inside  a  resistive  chamber.  This  field  component  crossed 
with  the  axial  (toroidal)  velocity  of  the  beam  produces  a 
poloidal  force,  which  is  in  the  opposite  direction  to  the 
poloidal  motion  of  the  beam.  In  the  absence  of  the  strong 
focusing  and  when  the  self-fields  dominate  the  external 
fields  (high-current  regime),  the  poloidal  force  in  conjunc¬ 
tion  with  the  axial  (toroidal)  magnetic  field  drives  the 
beam  to  the  wall  (drag  instability  [13]).  However,  in  the 
presence  of  strong  focusing  the  direction  of  the  poloidal 
motion  can  be  reversed  and  the  beam  spirals  to  the  minor 
axis  [12]. 

BRIEF  DESCRIPTION  OF  THE  EXPERIMENT 

The  NRL  modified  betatron  has  been  described  [1,14] 
previously.  In  this  paper  we  give,  for  completeness,  a 
short  description  of  its  basic  components.  The  NRL- 
MBA  is  a  toroidal  device  that  comprises  three  different 
external  magnetic  fields;  the  betatron  field  Bz  that  can 
vary  from  0-2.7  kG,  the  toroidal  field  Be  that  can  vary 
between  0-5. 1  kG,  and  the  strong  focusing  field  that  has 
a  maximum  gradient  between  0-31  G/’cm,  when  the 
current  JSF  in  the  windings  varies  from  0-30  kA. 

The  100-cm  major  radius,  15.2-cm-inside  minor  radius 
vacuum  chamber  has  been  constructed  using  epoxy- 
reinforced  carbon  fibers.  The  desired  conductivity  is  ob¬ 
tained  by  embedding  in  the  outer  layer  of  graphite  a 
phosphor  bronze  screen.  The  measured  dc  resistance  of 
the  toroidal  vessel  is  68±2  mfl  and  the  corresponding 
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surface  resistivity  is  10.3  mft  on  a  square.  The  graphite 
surface  resistivity  is  26.6  m ft  on  a  square. 

The  electrons  are  emitted  from  one  end-face  of  a  cylin¬ 
drical  carbon  cathode.  The  other  end-face  is  mounded  on 
the  cathode  stalk.  The  emitting  surface  of  the  cathode 
faces  the  circular  opening  of  the  conical  anode,  which  is 
located  on  the  midplane  of  the  device,  8.7  cm  from  its 
minor  axis. 

EXPERIMENTAL  RESULTS 

Over  a  wide  range  of  parameters  and  after  fine  tuning 
the  external  fields  the  beam  spirals  from  the  injector  near 
the  minor  axis  and  is  trapped.  The  beam  trapping  time, 
i.e.,  the  time  it  takes  the  beam  to  travel  from  the  injection 
position  to  the  vicinity  of  the  minor  axis  is  determined  by 
measuring  the  time  delay  between  the  x-ray  peaks  that 
are  generated  at  injection  and  at  a  1X1. 1-cm,  0.8-mm- 
thick  lead  target  that  is  located  on  the  magnetic  minor 
axis.  The  lead  target  is  mounted  on  the  front  surface  of  a 
3-pm-thick  polycarbonate  foil  that  is  stretched  across  the 
minor  cross  section  of  the  vacuum  chamber  as  shown  in 
Fig.  1(a).  The  x  rays  are  monitored  by  a  collimated  x-ray 
detector  that  is  located  4  m  away  from  the  lead  target. 
The  scintillator-photomultiplier  tube  is  housed  inside  a 
lead  box  and  the  x  rays  enter  the  scintillator  through  a  3- 
mm-diam  hole.  The  foil  is  graphite  coated  on  the 
upstream  side  to  avoid  charging.  Figure  1(b)  shows  an 
open-shutter  photograph  of  the  light  emitted  as  the  beam 
passes  through  the  foil.  The  x  rays  emitted  as  the  beam 


strikes  the  diode  and  the  lead  target  are  shown  in  the 
upper  trace  of  Fig.  1(c).  The  trapping  time  t„  for  this 
shot  is  1.25  psec.  The  lower  trace  of  Fig.  1(c)  shows  the 
output  of  the  Rogowski  coil  that  monitors  the  beam 
current.  The  peak  of  the  signal  corresponds  to  1.2  kA. 

The  results  shown  in  Fig.  1  were  taken  with  a  0.5-cm 
hole  in  the  anode.  This  hole  is  by  a  factor  of  3  smaller 
than  that  used  regularly  in  the  NRL  device.  Thus,  the 
trapped  current  has  been  reduced  by  a  factor  of  2-3. 
This  reduction  in  the  beam  current  was  necessary  in  or¬ 
der  to  achieve  satisfactory  resolution  in  the  open -shutter 
photographs. 

To  determine  the  effect  of  the  foil  on  the  transverse 
beam  orbit,  we  carried  out  a  series  of  experiments  in 
which  the  3-pm-thick  foil  was  replaced  with  a  foil  of  the 
same  composition  but  with  only  half  its  thickness.  The 
results  show  that  the  equilibrium  position  of  the  beam  is 
slightly  larger  in  the  case  of  1.5-pm-thick  foil.  It  requires 
approximately  1-2  G  higher  vertical  field  (—4-8%)  to 
shift  the  equilibrium  to  its  original  position  and  make  the 
orbits  identical 

As  the  electrons  pass  through  the  plastic  foil  they 
suffer  both  inelastic  and  elastic  scattering.  The  stopping 
power  [15]  of  0.6  MeV  electrons  passing  through  po¬ 
lyethylene  (data  for  polycarbonate  are  not  available)  is 
—2  (MeV  cm2)/gm.  Thus,  the  energy  loss  per  pass  is  0.6 
keV.  The  total  energy  loss  in  1.2  psec,  i.e.,  in  sixty  revo¬ 
lutions  around  the  major  axis,  is  36  keV  or  —6%.  The 
energy  loss  in  the  thLiner  foil  is  only  18  keV  and  there¬ 
fore  the  equilibrium  position  is  expected  to  increase  by 
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FIG.  1.  Beam  trapping  time. 
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FIG.  2.  (a)  Trapping  time  reproducibility  and  (b)  dependence 
of  r„  and  rB  on  Se  for  constant  Jsf/Bb. 


3%  when  the  thickness  of  the  foil  is  reduced  to  half-  This 
shift  is  not  substantially  different  from  that  observed  in 
the  experiment.  The  elastic-scattering  induced  RMS  an¬ 
gle  is  0.9*  for  the  first  pass  through  the  1.5-pm-thick  foil. 
Although  substantial,  the  elastic  scattering  does  not  con¬ 
tribute  to  the  shift  of  the  equilibrium  position. 

The  orbits  are  very  reproducible  and  ra  shows 
only  modest  variations  for  the  same  operating  parame¬ 
ters.  Figure  2(a)  shows  rtr  for  seven  shots  taken  with  the 
same  values  of  the  fields.  It  is  apparent  from  this  figure 
that  ru  varies  by  ±7%.  In  a  second  run  with  five  shots 
the  variation  was  even  smaller.  Figure  2(b)  shows  vs 
Bg  for  constant  Isr/B9,  where  /SF  is  the  current  of  the 
strong-focusing  windings.  For  all  practical  purposes  rQ 
remains  constant  in  the  narrow  range  tested. 

In  addition  to  tw  the  bounce  period  rB,  i.e.,  the  time 
the  beam  to  perform  a  complete  revolution  in  the 
poloidal  direction,  is  of  special  interest.  To  determine  rB, 
the  foil  target  was  removed  and  replaced  with  a  1.1-cm- 
wide,  1 -mm -thick,  16-cm-long  lead  strip.  The  lead  target 
is  backed  on  the  upstream  side  by  a  thin  plastic  strip  and 
is  mounted  on  a  half  lucite  ring  that  is  carbon  coated. 
The  symmetry  axis  of  the  target  lies  on  the  midplane  of 
the  device  as  shown  in  lug.  3(a). 

The  tight  emitted  from  the  upstream  side  of  the  target 
when  the  beam  strikes  it  is  monitored  with  an  open 
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FIG.  3.  Beam  bounce  period. 
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shutter  camera.  Resuits  are  shown  in  Fig.  3(b).  The  x- 
ray  signal  and  the  output  of  the  Rogowski  coil  that  moni¬ 
tors  the  beam  current  are  shown  in  Fig.  3(c).  The  bounce 
period  is  inferred  from  the  time  delay  of  the  two  x-ray 
peaks,  as  indicated  in  Fig.  3(c),  and  in  this  shot  is  840 
nsec.  The  damage  pattern  on  the  lead  strip  has  a  diameter 
that  is  equal  to  the  diameter  of  the  anode  hole.  This  im¬ 
plies  that  the  diameter  of  the  beam  has  not  changed  after 
about  40  revolutions  around  the  major  axis.  In  addition, 
we  observe  that  the  damage  pattern  is  a  semicircle  that  is 
always  located  near  the  lower  edge  of  the  strip.  From 
this  observation  it  may  be  concluded  that  the  beam  drifts 
3  mm  over  20  nsec,  i.e.,  its  bounce  speed  near  the  strip  is 
— 15  cm/ nsec. 

To  verify  that  there  is  no  correlation  between  rtr  and 
Tt,  i.e.,  with  the  speed  the  beam  magnetic  field  diffuses 
into  the  hole  of  the  doughnut,  the  vacuum  chamber  was 
unbolted  in  two  joints  that  are  located  180*  apart  in  the 
toroidal  direction  and  a  ring  insulator  was  inserted  in 
each  of  these  joints.  Sixty  carbon  resistors,  5 1  ft  each, 
were  symmetrically  mounted  on  the  outer  surface  of  one 
of  the  two  rings  as  shown  in  Fig.  4(a).  To  improve  its 
voltage  holding  capabilities  the  inner  surface  of  the  blue 
nylon  insulator  was  angled  and  a  0.6-cm-deep  groove  was 
machined  at  its  plane  of  symmetry.  In  addition,  its  inner 
surface  was  protected  from  stray  electrons  by  a  0.8-mm- 
thick  lead  strap  that  is  supported  by  an  epoxy  reinforced 


carbon  fiber  belt.  The  purpose  of  the  second  insulator 
was  only  to  minimize  the  distortion  of  the  toroidal 
chamber  and  thus  shorting  wide  straps,  instead  of  resis¬ 
tors,  were  installed  on  its  outer  surface. 

There  are  two  distinct  currents  flowing  on  the  wall  of 
the  vacuum  chamber.  The  first  iw  is  due  to  the  rising 
vertical  field  and  the  second  /,  is  induced  by  the  beam. 
Since  the  vertical  field  during  the  first  quarter  period 
varies  as  BzU)=B!psin(2irt  /r),  where  Bv  is  the  peak 
field  and  r  is  the  period,  the  induced  voltage  in  the 
chamber  is  V—  —  F0cos(2irr/r),  where  F0=(4rr2ro/ 
t)Bv,  and  r0  is  the  major  radius  of  the  torus.  The 
current  flowing  on  the  wall  of  the  chamber  is  described 
by  the  equation  V=L(diw/dt)+Riw,  where  L  is  the  in¬ 
ductance  and  R  the  resistance  of  the  torus.  The  instan¬ 
taneous  value  of  iw  can  be  found  by  integrating  the  above 
equaton  and  is  given  by 


Vo 


R 

14- 

2  irL/R 

T- 

T 

X 


cos(  2irt  /t)+ 2irt  /r )  — e  ,AL/H) 

T 


(1) 


Resistors  Shielding 


(b) 


Shot  No.  7447 
Current  (0.2  kA/Div) 

Gap  Voltage  (0.5  kV/Div) 


FIG.  4.  (a)  Schematic  of  the  vacuum  chamber  joint  with  the  insulator  in  place,  (b)  Current  and  gap  voltage  waveforms. 
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with  the  initial  condition  iwU  “0)*0. 

The  temporal  profile  of  iw  predicted  by  the  above  sim¬ 
ple  model  is  identical  to  that  predicted  from  the  exact 
solution  of  the  diffusion  problem  for  a  toroidal  resistive 
shell  [16]  and  also  is  in  good  agreement  with  the  results 
of  the  TRIDIF  code  for  a  finite  thickness  toroidal  vessel. 
According  to  Eq.  (1),  im  has  a  maximum  at  time  tf,  which 
for  as2viL/R)/T«l  is  determined  from 
a1[\—tp/(L/R)]——e  'rAL/*\  The  peak  value  of  the 
current  is  —  V/R.  The  measured  peak  value  of  the 
current  in  the  experiment  is  in  good  agreement  with  the 
above  theoretical  prediction  and  scales,  as  expected,  with 
the  value  of  the  resistance  at  the  gap. 

The  return  current  of  the  beam  is  measured  with  a  fast 
Rogowski  coil  nsec)  that  is  located  outside  the 

vacuum  chamber.  With  the  resistors  at  the  gap  shorted, 
the  Rogowski  coil  shows  a  slowly  rising  current  that  is 
consistent  with  the  decay  of  However,  when  the 
shorting  clips  are  removed  the  Rogowski  coil  shows  a 
current  pulse  that  rises  to  of  its  peak  value  in  less 
than  100  nsec  as  shown  in  Fig.  4(b).  The  lower  trace  in 
fig.  4(b)  shows  the  voltage  across  the  resistors  Vg  as  mea¬ 
sured  directly  by  a  Tektronix  7844  oscilloscope  after  a 
100JT  attenuation.  The  shape  of  the  time-integrated  Vg  is 
very  similar  to  the  current  waveform  resistered  by  the 
Rogowski  coil,  i.e.,  Vg  is  proportional  to  the  time  deriva¬ 
tive  of  the  current. 


COMPARISON  WITH  THEORY 

The  equations  that  describe  the  motion  of  the  beam 
centroid  have  been  solved  numerically  using  analytical 
expressions  for  Bz  and  Be.  The  stellarator  fields  are 
determined  numerically  from  Biot-Savart  law  by  dividing 
each  period  of  the  windings  into  20  segments.  The  image 
fields  on  the  beam  centroid  have  been  computed  analyti¬ 
cally  for  a  uniform  density  electron  ring  that  is  located 
inside  a  large  major  radius  torus  with  resistive  wall  of 
thickness  b-a,  where  a  is  the  inner  and  b  the  outer  radii  of 
the  torus.  In  contrast  with  previous  calculation  [12],  the 
beam  is  not  limited  near  the  minor  axis. 

In  the  local  cylindrical  coordinate  system  ip,i,z )  with 
its  origin  on  the  geometric  minor  axis,  the  electrostatic 
potential  inside  the  ring  is  given  by  [17] 


Q, 

2ve0 


J _ 1  p2+h}— 2Apcos(6— a) 
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where  A  and  a  define  the  beam  position  on  the  transverse 
plane,  rb  is  the  minor  rad'is  of  the  beam,  and  Qi  is  the 
charge  per  unit  length.  Similarly,  the  magnetic  vector 
potential  inside  the  beam  is  [17] 
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where  is  the  normalized  toroidal  beam  velocity. 

The  time-dependent  coefficients  l/J5k(r),  £/«*(*) 
zero  at  t  =0  and  are  determined  by  the  differential  equa¬ 
tions 
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where 
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,  m  =0,1,2,...,  **=0,1,2,..., 


a  is  the  wall  conductivity  of  the  toroidal  chamber,  and 
amk  are  the  zeros  of  the  function 
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when  m  =0,  and 
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when  m  — 1,2,3, ....  The  arguments  of  Bessel  func¬ 
tions  in  (S)  and  (6)  are  x0  —aa,  x,  =ab  and  Rb  is  the  ma¬ 
jor  radius  of  the  beam.  For  each  m  there  is  an  infinite 
number  of  zeros  denoted  by  the  index  ***0,1,2.  The 
time-dependent  coefficients  Amk  that  appear  in  the 
vector  potential  are  equal  to 
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where  fm(a)  is  the  derivative  of  fm(a)  and 
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when  m  *  1,2,3, ....  The  image  fields  at  the  beam  cen¬ 
troid,  i.e.,  when  p** A  and  are  obtained  from  the 
expressions  of  4>0  and  At 0  given  above. 

The  radial  components  B{‘]  at  the  beam  centroid  is  of 
special  interest  because  it  is  responsible  for  the  inward  ra¬ 
dial  motion  of  the  beam.  This  component  is  given  by 


B(e,= 


=  2  2^. 

«alt  — 0  “ 


A(r) 


m  —  1 


X[-C/^(r)cosinaU) 
+C/JJk(f)sinmo(r)]  . 
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TABLET  Parameters  of  the  ran  ihowa  in  Fig.  5. 


Torus  major  radius  r0  100  cm 

Torus  minor  radius  a  15.2  cm 

Relativistic  factor  y  1.3 

SF  radius  po  23.4  cm 

SF  currant  Iw  24  kA 

Vertical  field  at  injection  BA  26  O 

Toroidal  field  B*  4  kO 

Beam  minor  radius  r*  3  mm 

Beam  current  It  12  kA 

Wall  resistivity  8  mOca 

Intermediate  frequency,  qjw  1.8X10*  sec~* 


Since  Bp}  is  independent  of  and  U$,  Le.,  it  is  in¬ 
dependent  of  loop  time  r,—  Too,  the  beam  trapping  time 
should  also  be  independent  of  t,  as  observed  in  the  exper¬ 
iment. 

_ I 


To  gain  further  insight,  we  have  computed  the  image 
fields,  including  first-order  toroidal  corrections,  at  the 
beam  centroid  for  a  beam  inside  a  resistive  toroidal 
shell — in  this  case  Bl‘h 
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where  the  time-dependent  parameters  U^it),  U{0l)(t), 
U£Ht),  UjSfti),  U"\t),  V^U),  and  V"\t)  are 

zero  at  t  =0  and  are  determined  by  the  differential  equa¬ 
tions 
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and 


xe  =  Acosa=B6 — r0  . 

It  is  apparent  from  Eqs.  (8)  and  (9)  that  the  toroidal 
(9)  correction  term  of  B^  is  a  function  of  r;.  However,  this 
term  is  multiplied  by  siruz(f)  and  therefore  averages  to 
zero  in  a  poloidal  period. 

In  the  limit  ( b  —a)«a,  the  toroidal  electric  field  Eg 
on  the  outer  surface  of  the  chamber  for  a  stationary  beam 
nas  a  relatively  simple,  closed  form.  At  t  =0,  E9—0  and 
peaks  within  a  few  fast  diffosion  times  rp.  For  a  longer 
time,  E9  decays  to  zero  with  rf .  This  form  of  the  electric 
field  is  consistent  with  the  observed  return  current  after 
the  beam  injection.  When  the  resistors  at  the  gap  are 
shorted  the  current  measured  with  the  external  Rogowski 
coil  should  rise  at  the  «amc  rate  the  beam  return  current 
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r  (cm)  r  (cm) 


.  .  Eisariment 

(c>  SIM  No.  7378 

FIG.  3.  Beam  centroid  orbit  from  the  numerical  integration 
of  the  equations  of  motion,  using  the  image  fields  from  the  resis¬ 
tive  shell  model  [(a)  and  (b)].  Results  from  the  experiment  (c). 

decays.  However,  when  the  resistors  at  the  gap  are  not 
shorted,  a  portion  (Ifl)  of  the  return  current  (/,)  flows  on 
the  outer  wall  of  the  chamber  as  shown  in  Fig.  4.  /,,  rises 
considerably  faster  because  the  beam  magnetic  field  can 
leak  locally  out  of  the  resistive  gap  considerably  faster 
than  it  can  leak  out  of  a  uniform  chamber. 

Results  from  the  numerical  integration  of  orbit  equa¬ 
tions  are  shown  in  Fig.  5.  The  various  parameters  for  the 
run  are  listed  in  Table  I.  Figure  3(a)  shows  the  projection 
of  the  centroid’s  orbit  on  the  6— 0  plans.  Both  the  inter¬ 
mediate  and  slow  (bounce)  modes  are  apparent.  Since 
there  are  six  field  periods  between  O<0<2ir,  the  elec¬ 
trons  perform  six  oscillations  during  one  revolution 
around  the  major  axis.  To  take  into  account  the  inter¬ 
mediate  motion  that  has  been  neglected  in  the  calculatoin 
of  the  image  fields,  the  surface  resistivity  in  the  code  is 


computed  using  the  skin  depth  that  corresponds  to  the 
intermediate  frequency  and  not  the  actual  thickness  of 
the  wall. 

The  solid  circles  in  Fig.  3(b)  show  the  positions  the 
beam  crosses  the  0=240*  plane.  This  is  a  realistic  simu¬ 
lation  of  the  experimental  situation.  The  time  difference 
between  two  circles  is  equal  to  the  period  around  the  ma¬ 
jor  axis,  i.e.,  ~23  nsec.  The  parameters  of  this  run  are 
similar  to  those  in  Fig.  3(c)  and  the  similarity  of  the  two 
orbits  is  quite  apparent.  When  the  crossing  plane  is 
moved  from  0=240*  to  a  different  azimuthal  position  8, 
the  beam  orbit  rotates  around  the  minor  axis.  The  rota¬ 
tion  predicted  by  the  theory  is  very  similar  to  that  ob¬ 
served  in  the  experiment. 

There  is  some  ambiguity,  both  in  the  experiment  and 
theory,  in  the  determination  of  the  beam  trapping  time, 
because  its  exact  value  depends  on  the  position  and  size 
of  the  target.  However,  this  is  not  the  case  with  rt, 
which  can  be  measured  very  accurately.  We  made  four 
computer  runs  for  different  values  of  B$  keeping 
Isf/B9= constant.  Figure  2(b)  shows  rB  vs  Be  for  three 
of  these  runs.  For  all  practical  purposes  rB  remains  con¬ 
stant  as  B9  varies.  In  the  fourth  run  Be  was  reduced  to  2 
kG  and  although  the  beam  orbit  changed  substantially  rB 
was  lower  only  by  7%. 

As  a  rule,  the  theory  predicts  a  rB  and  r,r  that  are  ap¬ 
proximately  a  factor  of  2  shorter  than  those  observed  in 
the  experiment.  With  the  exception  of  these  two  times 
the  revised  model  of  resistive  trapping  is  in  agreement 
with  the  experiment  observations,  although  in  the 
analysis  the  beam  current  remains  constant  while  in  the 
experiment  the  current  decays.  This  decay  is  observed 
whenever  there  is  a  target  inside  the  chamber  but  in  gen¬ 
eral  is  absent  during  the  acceleration  experiments  when 
the  various  targets  are  removed. 
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DIFFUSION  OF  THE  SELF  MAGNETIC  FIELDS  OF  AN  ELECTRON  BEAM 
THROUGH  A  RESISTIVE  TOROIDAL  CHAMBER 

I.  Introduction 

Extensive  vork  has  been  done  in  the  pest  on  the  diffusion  of  external 

magnetic  fields  into  hollov  circular  cylindrical  conductors  of  infinite 

length1-^  and  also  on  the  diffusion  of  the  self  nagnetic  field  of  beeas  out 

6-9 

of  hollov  cylinders.  The  bean  self  nagnetic  field  diffusion  studies 
have  also  considered  the  effect  of  the  diffusing  fields  on  the  bean 

6—8 

dynamics  and  have  furnished  interesting  results  on  the  bean  stability 
o 

and  bean  trapping.  Bovever,  these  studies  are  linear  and  the  expressions 
for  the  fields  are  valid  only  near  the  axis  of  the  cylinder. 

Folloving  the  installation  of  strong  focusing  windings  in  the  NRL 

modified  betatron  accelerator  it  is  routinely  observed  that  for  several 

combinations  of  injection  parameters  the  injected  beam  consistently  spirals 

from  the  injection  position  to  the  magnetic  minor  axis  and  is  trapped.10'11 

Attempts  to  explain  this  interesting  phenomenon  using  the  existing  linear 

resistive  model  have  been  unsuccessful.11  The  decay  rate  predicted  by  the 
o 

linear  theory  for  the  parameters  of  the  experiment  is  at  least  10-20  tines 

longer  than  that  observed  in  the  experiment,  even  vhen  wake  field  effects 

12 

are  taken  into  account. 

9  12 

In  contrast  to  the  analysis  ’  that  assumes  the  beaa  to  be 
near  the  minor  axis,  the  beaa  in  the  experiment  during  injection  is  at 
least  temporarily  near  the  vail.  In  addition,  the  geometry  of  the  NRL 
device  is  toroidal10  and  not  cylindrical  and,  therefore,  there  are 
additional  characteristic  tines^  that  nay  modify  the  diffusion  process. 

The  present  vork  extends  the  results  of  the  linear  theory.  The 
expressions  for  the  diffusing  fields  are  valid  not  only  near  the  axis  but 
almost  over  the  entire  cross-section  of  the  chamber  and  toroidal  effects 
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are -included  to  lovest  order.  The  results  have  been  obtained  under  the 
following  assumptions.  First,  it  is  assuned  that  the  toroidal  vacuua 
chamber  has  a  small  aspect  ratio,  i.e.,  the  results  are  valid  provided  that 
the  ratio  of  the  minor  to  the  major  radius  is  much  less  than  unity  and  the 
radial  distances  of  the  observation  point  from  the  minor  axis  is 
considerably  smaller  than  the  major  radius  of  the  torus.  Second,  since  the 
results  are  confined  in  the  vicinity  of  the  toroidal  chamber,  propagation 
effects  do  not  play  any  role,  i.e.,  the  displacement  current  is  omitted  in 
Maxvell's  equations.  Third,  in  order  to  obtain  tracktable  analytical 
results,  it  is  assumed  that  the  conducting  vail  is  thin,  i.e.,  its 
thickness  is  much  smaller  than  the  minor  radius  of  the  torus.  In  this 
case,  the  analytical  results  are  not  valid  very  near  the  conducting  wall. 

In  the  limit  vhen  the  ratio  of  the  wall  thickness  to  the  minor  radius  of 
the  torus  tends  to  zero,  i.e.,  for  a  toroidal  conducting  shell,  the 
analytical  results  are  exact  everywhere  inside  of  the  toroidal  vessel. 
Finally,  the  analytical  results  on  the  beam  dynamics  are  further  simplified 
under  the  assumption  that  the  current  ring  moves  slowly  in  comparison  to 
the  fastest  of  the  characteristic  times  that  dictate  the  diffusion  process. 

Under  the  assumptions  mentioned  above,  it  is  found  that  there  are 
three  characteristic  times  vith  which  the  magnetic  field  leaks  out  of  a 

resistive  torus,  vhen  a  current  ring  turns  on  at  t  -  0  inside  the  torus. 

2  2 

The  shortest  is  the  "plane"  or  "fast"  diffusion  time  tpp  »  uoo(b-a)  /it  , 
where  a  is  the  vail  conductivity,  a  and  b  are  the  inner  and  outer  minor 
radii  of  the  conducting  wall  and  uQ  is  the  permeability  of  the  vacuum.  The 
terms  associated  vith  tpp  are  responsible  for  the  electric  field  to  be  zero 
at  t*0  outside  the  torus  since  no  leakage  has  occurred  as  yet.  The 
"cylinder"  diffusion  tine  tp  -  uoe(b-a)a/2  together  with  tpp  determines  the 
speed  vith  which  the  fields  penetrate  the  wall  chamber  so  that  the  images 
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of  these  fields  gradually  disappear.  Finally,  the  "loop"  diffusion  tiae 
t  -  2-tp  [tn  (8rQ/a)  -  2],  where  rQ  is  the  aajor  radius  of  the  torus, 
determines  the  speed  with  which  the  fields  diffuse  into  the  hole  of  the 
doughnut  and  is  responsible  for  the  gradual  disappearance  of  the  vail 
current.  It  turns  out  that  the  radial  component  of  the  self  magnetic 
field,  which  is  responsible  for  the  beam  trapping  in  the  MBA,  is 
independent  of  tqo,  and,  therefore,  the  "loop"  diffusion  tiae  does  not  play 
any  role  in  the  resistive  trapping  of  the  bean.  The  expressions  of  the 
fields  predicted  by  the  present  vork  have  been  used  to  compute  the  beam 

centroid  orbit  and  several  other  trapping  parameters  measured  in  recent 

\ •> 

detailed  beam  trapping  studies  in  the  NRL  modified  betatron  accelerator. 
The  shape  of  the  computed  orbits  is  very  similar  to  those  observed  in  the 
experiment. 

In  Section  II,  the  diffusion  problem  for  a  current  ring  inside  a 
toroidal  conductor  is  formulated.  In  Section  III,  the  vector  potential  for 
a  current  ring  in  the  absence  of  the  conductor  is  derived.  This  is  the 
particular  solution  of  the  problem.  In  Section  IV,  the  homogeneous 
solution  inside  and  outside  the  torus  (but  not  inside  the  conductor)  is 
derived  in  toroidal  geometry.  The  toroidal  geometry  removes  the  ambiguity 
on  the  value  of  certain  constants  associated  with  the  logarithmic 
dependence  of  the  solutions.  In  Section  V,  the  initial  conditions  are 
established  that  determine  the  time-dependent  arbitrary  parameters  in  the 
homogeneous  solutions.  In  Section  VI,  the  solution  inside  the  conductor  is 
derived  and  the  boundary  conditions  are  applied.  The  vector  potential  is 
computed  in  the  three  regions  inside  and  outside  the  torus  and  inside  the 
conductor.  In  Section  VII,  approximate  results  are  obtained  under  the 
assumption  of  a  thin  conducting  wall.  Section  VIII  contains  exact  analytic 
results  for  the  shell  model  and  Section  IX  provides  a  summary  of  the  main 
results  and  lists  the  most  important  conclusions  of  the  present  study. 


II.  • Formulation  of  the  Diffusion  Problem 

The  configuration  and  systea  of  coordinates  is  shown  in  Fig.  1.  The 

toroidal  chamber  has  a  major  radius  r  ,  an  inner  and  outer  minor  radius  a 

o 

and  b,  respectively,  and  conductivity  e.  In  the  presence  of  an  external 
driver,  namely,  a  current  ring  vhich  is  axisyametric,  time-dependent  and  is 
located  inside  the  torus,  the  magnetic  vector  potential  in  that  region  is 
determined  by  the  equation 

$  x  $  x  Pn  -  -  vj,  (1) 

where  the  vector  potential  t  has  only  one  nonzero  component  A*n  that 

depends  only  on  the  cylindrical  components  (r,z)  and  on  time.  The  current 

density  3  of  the  current  ring  has  only  one  nonzero  component  Jq  which  is 

2 

equal  to  JA  -  I  /nr  inside  the  ring  and  zero  outside  it.  Here,  I  is  the 
o  c  c  c 

ring  current  and  r  is  its  minor  radius, 
c 

The  magnetic  field  inside  the  conductor  is  determined  from  the  vector 
potential  t?on  that  is  described  by  the  diffusion  equation 

3  x  $  x  Fon  •  -  VQ  a  f!^,  (2) 

where,  again,  t?oti  has  only  one  component  Ag0nf  vhich  depends  on  (r,z)  and 
on  time.  Finally,  the  vector  potential  outside  the  torus  is  determined  by 
the  homogeneous  equation 

$  x  $  x  t°ut  -  0  (3) 

where  the  component  A^ut  of  X°ut  depends  on  (r,z)  and  on  time.  The 
magnetic  and  electric  field  components,  in  each  region,  are  given  by 
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where  is  on*  of  th«  coeponents  defined  above,  depending  on  the  region  of 
Interest.  Notice  that  Eq.  (2)  is  identical  to  Aapere's  lav  coebined  vlth 
Oha's  lav  inside  the  conductor. 

It  is  convenient  to  express  the  vector  potential  and  the  fields  in 
teres  of  the  local  cylindrical  coordinates  (p,d)  which  are  related  to  the 
global  cylindrical  coordinates  (r,z)  by: 

r  «  rQ  +  pcos+,  (5a) 

z  «  psin+.  (5b) 

Then,  in  the  region  Inside  the  conductor,  Eq.  (2)  reduces  to 
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after  taking  account  of  the  fact  that  Ag°n  is  independent  of  the  toroidal 
angle  0.  Also,  in  the  local  coordinate  systea  Eqs.  (4a),  (4b)  are  replaced 
by 


a  1  *  sind  , 

Bp  "  "  p  84  r+  pcosd  V 


(7a) 
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(7b) 


while  Eq.  (4c)  remains  the 

At  the  surface  of  the  toroidal  conductor,  i.e.,  at  p  ■  a  and  p  •  b, 
the  tangential  coaponents  of  the  electric  and  aagnetic  fields  are 
continuous.  Therefore,  in  the  local  coordinate  systen,  the  boundary 
conditions  are: 


E*“  (p  -  a,  *,t)  -  E|on  (p  -  a,  *,t), 


(8a) 


Ejut  (p  -  b,  *,t)  -  Bg0n  (p  -  b,  *,t), 


(8b) 


Bjn  (p  -  a,  *,t)  -  Bjon  (p  -  a,  4,t), 


(8c) 


Bjut  (p  -  b,  4,t)  -  Bjon  (p  -  b,  *,t). 


(8d) 


Since  the  vector  potential  is  sero  at  t  «  0,  the  first  tvo  boundary 
conditions  can  also  be  expressed  as 


A*n  (p  -  a,  4,t)  «  A®on  (p  -  a,  4,t), 


(9a) 


AgUt  (p  -  b,  ♦, t)  -  Ajon  (p  -  b,  4,t). 


(9b) 


Thus,  the  diffusion  fields  in  the  three  regions  inside  and  outside  the 
torus  and  inside  the  conductor  are  determined  by  the  solutions  of  Eqs.  (1), 
(3)  and  (6)  with  the  boundary  conditions  given  by  Eqs.  (9a),  (9b),  (8c)  and 
(8d)  on  the  inner  and  outer  surface  of  the  toroidal  conductor. 
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Ill 4- Vector  Potential  of  a  Current  Ring 

In  this  section,  an  approxiaate  expression  for  the  vector  potential  of 
a  current  ring  external  driver  is  obtained.  This  is  the  particular 
solution  of  Bq.  (1).  For  that  purpose,  the  toroidal  coordinate  systea 
associated  vith  the  current  ring  is  used.  Toroidal  coordinates  are  aost 
appropriate  for  a  toroidal  conductor  and  their  significance  vill  becoae 
evident  in  the  next  section  vhen  the  arbitrariness  as  to  the  value  of 
certain  constants  in  the  solution  is  reaoved. 

The  global  cylindrical  coordinates  (r,z)  are  related  to  the  ring 
toroidal  coordinates  by: 


u  sinhti' 

Dc  coshri'  -  cos  * 


(10a) 


z  .  b  - u  sl?Af - 

c  coshri'  -  cos  C'  ’ 


(10b) 


where  b&  is  a  constant.  These  relations  can  be  easily  inverted,  naaely: 


(r  -  be)2  +  z2 
(r  ♦  bc)2  ♦  z2’ 


(11a) 


.-"'cm  -  H1  -  r)  *  ?  (‘  *  rk2"'  •  <”»> 

•~V  Sin  V  -  §p  (l  -  e-2n').  (11c) 


According  to  Eq.  (11a),  vhen  tj'  is  fixed,  the  coordinates  (r,z)  describe  a 
circle  vhose  radius  is  b  /sinhti' .  If  for  rj'  »  tj'c  this  circle  coincides 

with  the  current  ring  surface  vhose  aajor  radius  is  Rc,  then  it  is 

2  2  1/2 

straightforvard  to  show  that  bc  «  (R*  -  r*]  .  The  points  (h',£')  outside 


the  ring  are  determined  by  the  inequality  h'  <  q'  while  the  points  inside 
the  ring  are  deterained  by  »)'  >  h'c* 

In  the  absence  of  the  toroidal  conductor,  the  solution  of  Eq.  (1)  for 

2 

&  current  ring  vith  constant  currant  density  Jg  -  Ic/iorc  *s  equal  to 


A«‘  .  co«(y,  -eg  d3  . 


where  x#  and  x"  are  the  observation  point  and  a  point  inside  the  ring, 
respectively,,  and  the  integration  is  over  the  volume  V  of  the  ring.  The 
Green's  function  of  |x'  -  x"|~*,  in  toroidal  geometry  is  equal  to  ** 

(cosh  q'  -  cos  *')1/2(cosh  n"  -  cos  $")1/2 

|x'  -  x"|  c 

V7  n  r<-n4> 

*  )  - f-  cosn(0'-0")cosn( V-V) 

a7n-0  r<~"4> 

*/  _  1/2  ^cos^  *1' )  Q*  _  l/2^co*k  ^  1,  (13) 

^  p"  (cosh  n")  on  (cosh  n')i  n"  <  n' 


a  -  1/2 


a  -  1/2 


vhere  eQ  -  1,  tm  ■  2  when  a  -  1,  2,  3,  ...,  T(x)  is  the  ganaa  function,  and 
p”  -  1/2  (cosk  *1)»  ’%  1/2  (cos^  h)  see  the  associated  Legendre  functions 

of  the  first  and  second  kind,  respectively.  Without  giving  the  details  of 
the  calculation,  substitution  of  Eq.  (13)  into  Eq.  (12)  leads  to 
the  folloving  expression  of  the  vector  potential  of  the  current  ring: 


A0tt  “  bc(cosh  ti'  -  cos  5') 1/2  ^  cBaaXt  Qa  -  1/2  (cosh  ^  cos  " 
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♦  b  (cosh  t\'  -  cos  ( 
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,')1/2  pi  -  1/2  (co*h  V)  ■  C'i 


(14s) 


inside  the  current  ring,  i.«.t  vhsn  Y)'  >  h'c»  and 


hj**  *  bc<co*h  V  "  co*  ^'>1/2  jT  cBb“tpi  _  1/2  (cosh  »»')  cos  ■  ?', 


(14b) 


outsids  the  current  ring*  i.«.,  vhsn  h'  <  h'c»  vhsrs 
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b«‘  .  .  ;f°yc  [  oi  _  1/2  <co,h  n*>oJ  .  1/2  (co.h  n") 

■  rc  ■  -*,vc 

(15c) 

snd  n'  -  tn  l(Rc  ♦  rc  +  bc)/(*c  ♦  rc  _  bc>l*  In  tb«  derivation  of  Eqs. 
(14s),  (14b)  fron  Eq.  (12),  use  vss  nade  of  the  identity  14 


- com_£ -  dp.  .  */?■  q  2  (cosh  n").  (16) 

(cosh  h"  -  cos?")5'2  3  sinhV 
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Tba  toroidal  functions  _  1/2  (cosh  h)  and  Q®  _  1/2  (cosh  h) 

appearing  in  Eqs.  (13),  (14a),  (14b),  (13a),  (15b)  and  (15c)  are  given  by 

15 

the  following  exact  expression*: 
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Por  e-0,  the  first  term  in  Bq.  (17s)  is  osittsd,  sines  iK  •  1  for  n  •  n, 
and  t  ■  0  for  a  *  n.  Ths  expressions  above  are  appropriate  for  the 
region  inside  as  veil  as  outside  the  torus  but  on  its  vicinity. 

Up  to  this  point,  the  results  given  above  are  exact.  In  the 
following,  an  approximate  expression  of  a”*  vill  be  obtained  from  Eqs. 
(14a)  and  (14b)  under  the  assumption  of  a  nail  aspect  ratio  rc/*c  of  the 

-TV 

current  ring  hy  keeping  terns  up  to  order  e  Notice  that,  vhen  rc^c 
«  1,  then  to  first  order  in  the  aspect  ratio,  or  to  first  order  in  the 


toroidal  corrections,  ve  have  the  approximate  relations:  bc  «  BVi,  e 

*  r  /2R  and  e_,,f  *  p'/2R  .  Here,  (p' ,  ♦')  are  the  local  cylindrical 
c  c  c 

coordinates  with  respect  to  the  ring  position,  i.e.. 


r  -  Rc  ♦  p*  cos  , 


(19a) 


z>p*  sin 


(19b) 


Making  use  of  the  identity 


(cosh  n'  -  cos  l')1/2  -  ^  eB  Da  (TV)  cosm  l'f 


where 


0o(V)  -  j|  e^'d+e"2*1')  [0.  1/2  (cosh  n')  -  -e_^7  01/2(cosh  n')], 


(21a) 
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'  nlW  (°»-l/2  <co,h  *'>  *  Qm*l/2(co^  n'})],  <21b) 

and  also  of  Bq.  (17b),  a  straight forward  calculation  loads  to  th« 
approziaate  oxprossion,  to  first  ordor  in  toroidal  corrections, 

m 

bc(cosh  h'  -  co* ^') 1/2  ^  °i  _  1/2  (co#h  n,)  co*  " 

mrnO 

.  -  -5-  b  [««*  -  (.««  -  3  a.**1)  e^'cos  S'l.  (22) 

2/j  e  L  o  o  l  J 

The  nuaber  of  teras  kept  on  the  right  hand  side  of  Bq.  (22)  vas  deterained 
by  the  fact  that  the  quantities  b  a**1  are  of  sero  order  in  toroidal 
corrections,  as  is  indicated  by  Bqs.  (15a),  (17a)  and  (17b).  Siailarly, 
the  quantities  bc  b“*  and  bc  c^*1  ««  of  order  (hc/rc)2  e“2^>+1^  or 
,  -2(a+l)n' 

(b  /r  )  e  and,  consequently,  we  have  the  approziaate  ezpression 

c  c 

m 

bc(cosh  h'  -  cost')172  ^  cabJXt  P2  _  1/2  (cosh  n')  cosa  V 

B-O 

-  -  n  bc  [C  <tn  - 2> 

-  b“*  (to  <4.”')  -  2)  *■"’  cos  S’  -  2b^*'  e11'  cos  S’  ].  (23) 

to  first  order  in  toroidal  corrections.  The  sane  relation  above  holds  for 
ext 

the  quantities  bccB  . 

Proa  Eqs.  (14a),  (14b), , (19a),  (19b),  (22)  and  (23),  it  follows  that 

in  the  local  coordinate  system  (p%  ♦')  of  the  current  ring  and  to  first 

order  in  r  /It  ,  we  have  inside  the  ring,  i.e.,  when  p'  <  r  : 

c  c  v 


(24*) 


I 


I 


I 


> 


I 


» 


» 


I 


.ext 


—  R 

2/1  c 


*r  - 1  (*r  -•»  *n  ^ 


-  nRe 


8R_ 


.ext 


<T  (*■  =>  -  *) 


'  'cm*'  rc  “*♦’  ' 


*c»’ 


.ext 


wo  p'cos4'  f  8Rc  .  ext  Rccos4' 

~  Rc  ltn  “  -  2J  -  4cl  ~ 


while  outside  the  ring,  i.e.f  when  p'  >  rc,  ve  have: 


*e 


.ext 

/  8R  \ 

(in  — £. 

Xf. 

2  it  Rc 

bo 

ltn  ~  •  2J 

r  cost 


bJXt  p'cost*  r.-  ?C  ...ext  Rccos*' 


«(tn^-2)-4br 


P' 


(24b) 


Next,  we  need  the  approxinate  expressions,  to  first  order  in  rc/Rc» 
for  the  quantities  R  a*Xt ,  R  c"Xt  and  R  b*Xt ,  when  a  -  0,  1.  Proa  Eqs. 

C  B  C  B  C  B 

(15a),  (15b),  (15c),  (17a),  and  (17b),  it  is  easy  to  show  that 


Mf' 


/2  yoIr 
o  c 


(25a) 


R  aext* 

Vi  • 


5  £  V. 

6r2 


R  c*xt 
c  o 


R  ceXt 
Rccl 


5  ^  Vj-r 
_ 0  c 

64 


r! 


(25b) 

(25c) 

(25d) 


ft 


13 


ft 


(25e) 


vr  *  -  t  “o  **• 


vr  ■ 


5  g  Vc 


ft- 


<25f) 


Substitution  of  Eqs.  (25a)  through  (25f)  into  Eqs.  (24a)  and  (24b) 
loads  to  tha  following  axprassions  for  to  first  ordar  in  rc/Rc  in  tha 
local  coordinate  systaa  of  the  ringi 


ext  wo  ,  #n  3  1  (gM2 

Ae  *  51  lc  40  rT  ’  *  “  ?  IrrJ 

c  C  J 

-  &  h  ?  -  >  -  j  $*]• 


(26a) 


when 


p'  $  rc,  and 


.ext 

Ae  ' 


jf1. 


2 

Ho  -  p'cos*'  f,n  8_!c  ,  1  1 

-  4iXc  Rc  [tn  —  -  3  -  4  UD  J' 


(26b) 


whan  p'  r£.  Let  (A,  «)  be  tha  ring  position  in  tha  local  cylindrical 
coordinates  of  the  toroidal  conductor  (cf.  Eqs.  (5a),  (5b)).  Then,  in  the 


relation  above,  R  ,  p'  and  p'cos*'  are  replaced  by 
c 


R  «  r  ♦  A  cos  a, 
c  o 


r  2  2 

p'  -  |p*  ♦  6r  -  2  p  A  cos  (♦  -  «)J  , 


p'  cos  ♦'  »  p  cos  ♦  -  A  cos  a. 


(27a) 


(27b) 


(27c) 
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'  -  Equations  (26s)  and  (26b)  arc  useful  in  the  diffusion  problcn  of  a 
current  ring  inside  a  toroidal  conducting  shell  vith  first  order  toroidal 
corrections.  This  will  be  reported  elsevhere.  Here,  only  the  zero  order 
solution  to  the  diffusion  problea  is  considered.  In  this  case,  the  vector 
potential  of  the  current  ring,  in  the  absence  of  the  conductor,  is  equal  to 


(28a) 


This  expression  of  the  ring  vector  potential  is  used  in  the  application  of 
the  boundary  conditions  at  the  inner  surface  of  the  toroidal  conductor. 
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IV.  Homogeneous  Solution  of  the  Vector  Potential 

Inside  the  torus,  the  most  general  solution  of  Eq.  (1)  is 

4°  -  *r  *  <”> 

vhere  is  the  homogeneous  solution  of  Eq.  (1).  The  exact  homogeneous 

solution  can  be  expressed  eost  appropriately  in  toroidal  coordinates  vith 

respect  to  the  toroidal  conductor  rather  than  the  current  ring.  For  that 

2  2  1/2 

purpose,  we  replace  >l'i  b£  by  t^,  b^  *  IrQ  -a  ]  »  in  Eqs. 

(10a),  <10b),  (11a),  (11b),  and  (11c).  When  -  hic,  where  hic  - 
ln[(ro  ♦  a  +  bi)/(r<>+  a  -  bj)],  the  coordinates  (r,  z)  describe  a  circle 
vhich  coincides  with  the  inner  surface  of  the  toroidal  conductor.  In  teres 
of  the  toroidal  coordinates  ( •  ^),  the  exact  homogeneous  solution  of  Eq. 
(1)  inside  the  torus  is 

A0h  “  bi(coshu1  -  cos^)  1/2  eB0B  \  1/2  (coshr^) 

m»o 

*[*m^  COSB^i  +  ®B^  sinB5i]*  (30) 

For  small  aspect  ratio  a/ro,  and,  to  lowest  order  in  this  ratio,  we  have 
the  appproxiaate  relations: 


■ip  -(^j  + 

b.  *  r  ,  e  1C  s  a/2r  and  e  8  pe  v2r  , 

i  o  o  ° 

where  (p,  ♦)  are  the  local  cylindrical  coordinates  with  respect  to  the 
toroidal  conductor  (cf.  Eqs.  (5a),  (5b)).  Moreover,  if  it  is  assumed  that 
each  of  the  coefficients  biaJa(c),  biaffl<s)  is  of  order  (r0/a)m,  then  it 
follows  from  Eqs.  (17b)  and  (30)  that  the  homogeneous  solution  of  Eq.  (1), 
to  zero  order  in  toroidal  corrections,  is  equal  to 


rjc)  _(S)  i 

*  «B  cosb+  +  »B  sinn+  I.  (31) 

By  redefining  the  coefficients  a^c\  aB^s\  in  terns  of  the  zero  order 
coefficients  aQ,  a^*\  ve  conclude  fron  Bqs.  (29)  and  (31)  that  the 

nost  general  solution  inside  the  torus  (Inside  and  outside  the  current 
ring)  and  to  zero  order  in  toroidal  corrections  is 


■  A*'  *  *o  ♦  £  Sf  [*iC)  “»♦  *  alS>si“*  ]  <32> 

B*1 

The  undefined  coefficients  a  ,  a^c\  afs^  vil.1  be  determined  fron  the 

OB  B 

boundary  conditions. 

The  homogeneous  zero  order  solution  A^q  satisfies  also  the  zero  order 
hoaogeneous  equation 


1  3_  3Aeho  1_  8Sho 
P  »P  P  +  p2 


0, 


(33) 


which  follows  fron  Bq.  (1)  by  expressing  it  in  the  local  coordinates  of  the 
toroidal  conductor  (cf.  Eq.  (6))  and  neglecting  the  terms  with  toroidal 


corrections. 

For  the  vector  potential  outside  the  torus,  we  define  the  toroidal 
coordinates  (t^,  £0)  in  a  similar  fashion,  i.e.,  we  replace  V »  h'  and  bc 
by  b0  -  lrQ2  -  b2]1/2,  in  Eqs.  (10a),  (10b),  (11a),  (lib)  and 

(11c).  When  no  «  hoc»  where  hoc  ■  tn[(rQ  +  b  +  bo)/(rQ  ♦  b  -  bQ)J,  the 
coordinates  (r,z)  describe  a  circle  which  coincides  with  the  outer  surface 
of  the  toroidal  conductor.  In  terns  of  the  toroidal  coordinates  (r^,  £e), 
the  exact  solution  of  Eq.  (3)  outside  the  torus  is 
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Aeut  •  b0  <coshno  •  co*y1/2  Y,  e«p«  -1/2  <co#hV 

B-O 

*  +  SmiS)ainmh]-  (34) 

As  before,  for  saall  aspect  ratio  b/rQ,  ve  have  the  approxiaate  relations: 

*U  *A 

bQ  «  rQ,  e  e  b/2rQ  and  e  «  2rQe1  Vp.  If  it  is  assumed  that 

each  of  the  coefficients  bQ^c\  bof>B*s*  is  of  order  (b/ro)“,  then  it 
follovs  froa  Eqs.  (17a)  and  (34)  that  the  solution  of  Eq.  (3),  to  zero 
order  in  toroidal  corrections,  is  equal  to 

*  (tn  ~T  ~  2)bo+  Y  S)  [biC>cosa4  +  bBS)  sinm*].  (35) 
m»l 

Here,  the  coefficients  fi£c^,  have  been  redefined  in  tens  of  the  zero 

B  B 

order  coefficients  b  ,  bfc\  b£*\  These  undefined  coefficients  will  be 
detenined  from  the  boundary  conditions. 

It  is  apparent  that  Eq.  (35)  satisfies  the  zero  order  homogeneous 
equation  (33),  but  the  solution  of  Eq.  (33)  does  not  provide  all  the 
information  included  in  Eq.  (35).  The  most  general  solution  of  Eq.  (33) 
which  is  independent  of  the  toroidal  angle  4  is  equal  to  CQ  +  tnp  where 
CQ  and  Cj  are  arbitrary  constants.  But  Eq.  (35)  indicates  that  these  two 
constants  are  related  to  each  other  and  their  dependence  on  each  other  is 
established  only  by  solving  the  problem  in  toroidal  geometry  rather  than 
making  some  ad  hoc  assumption.  For  example,  if  ve  assumed  that,  at 
infinite  time,  the  vector  potential  outside  the  conductor  is  equal  to  that 
of  the  current  ring  in  the  absence  of  the  conductor,  ve  would  probably 
obtain  the  correct  relationship  betveen  CQ  and  C^,  but  this  assumption 


t 
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would  bo  iapoaod  on  tho  solution  of  the  diffusion  problea  rather  than 
coaing  out  naturally  as  a  result  froa  the  solution. 


V.  Initial  Conditions  of  the  Vector  Potential 


When  Xe,  A  end  a  are  tine  dependent  quantities,  the  coefficients  aQ, 

a^c\  a^*\  b0,  b^c\  and  b^8^  in  Bqs.  (32)  and  (35)  are  also  tine 

dependent.  Since  outside  the  torus  the  vector  potential  is  sero  at  t  ■  0, 

bD(t),  b^c^(t)  and  b£8^(t)  are  also  sero  at  t  ■  0.  In  addition,  the  vector 

potential  is  sero  at  t  ■  0  inside  the  conductor.  Proa  the  continuity  of 

the  vector  potential  at  the  inner  surface  of  the  conductor  and  froa  Eq. 

(32),  it  follovs  that  the  coefficients  aQ(t),  a^c^(t),  a^s^(t)  are  not  sero 

at  t  «  0.  Since  the  image  fields  constitute  a  sero  order  homogeneous 

solution  inside  the  torus,  it  is  convenient  to  redefine  the  as  yet 

undetermined  coefficients 
(c)  fs) 

an  (*)*  aa  (O  by  subtracting  the  image  solution  from  then,  so  that  they 
are  sero  at  t  ■  0.  As  to  the  coefficient  aQ(t),  in  order  that  it  becomes 
zero  at  t  •  0,  it  is  convenient  to  redefine  it  by  replacing  it  vith  aQ(t)  - 
(Uo/2u)Ic(t)  (Cn  8rQ/a  -  2).  Then,  Eq.  (32)  should  be  replaced  by 

**!  <’■♦•*>  ■  jf  «,<*>  Htn  r  *  i) 

.  p2  .  *2(t)  -  2p  ,  (t)  CCS  (♦  -  oft))  (36>) 

V 

♦  to  (l  .  (^^l2  -  2  cos  <4  '  a(,))] 

a  a 

m 

+  ao(t)  ♦  (j ]  t>  cosm+  +  a*s)(t)  sinm*], 

m-1 


inside  the  ring,  and 


t 


a£  (p»4,t)  -  Jf  Ic(t)  [2  in  J  (36b) 

-  in(l  -  2  ^  cos(4  -  «<t))) 

♦  tn(l  ♦  (tJJU)2  -  2  cos  (4  -  «(t)))] 

♦  S<*>  +  X  ®  C0SB*  +  •£**<*>  *!“■♦]» 

■ill 

outside  the  current  ring  but  inside  the  torus.  The  vector  potential  froa 

2 

the  iaege  has  a  logarithmic  singularity  at  the  iaage  position  (a  /A(t), 

<x( t ) ) ,  which  lies  outside  the  inner  surface  of  the  conductor.  Therefore, 
inside  the  torus,  it  is  a  zero  order  homogeneous  solution  of  Eq.  (33). 
When  A( t)/p  <  1,  Eq.  (36b)  is  equivalent  to 

*£  <„♦.<> .  £  ic<«)  [t»  J 

» 

-  i  i  mm  m'  -  ft)')  -  ■  <♦  -  •<«»] 

n«l 

m 

+  aQ(t)  ♦  (A )  [a*c*(t)  cosmp  +  a*s*(t)  sinmd],  (37) 

a-1 

where  a  (t),  afc^(t),  af;s^(t)  are  zero  at  t  -  0.  The  zero  initialization 

O  B  B 

of  these  coefficients  will  lead  to  simple  expressions  when  the  boundary 
conditions  vill  be  applied  in  the  next  Section. 
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VI.  -  Diffusion  Fields  Inside  and  Outside  the  Toroidal  Conductor 

In  order  to  conpute  the  fields,  the  zero  order  diffusion  equation  Bust 
be  solved  inside  the  conductor  and  the  boundary  conditions  be  applied  on 
its  inner  and  outer  surface.  The  zero  order  diffusion  equation  is  obtained 
froa  Eq.  (6)  by  omitting  the  toroidal  corrections,  naaely, 


1  3_ 
P  3p 


con 


1 

7 


con 


In  general,  let 


(38) 


f(t)  e“pt 


dt, 


(39) 


be  the  Laplace  transfora  of  f(t).  Then,  in  the  Laplace  transfora  doaain, 
Eq.  (38)  becoaes 


i  a. 

p  ap 


“to 


con  u.coi 

1  3  A0O 

*717“ 


„  „  _  Icon 

V  p  k*> 


-  C 


(40) 


where  a£  f1  (p, +,  t)  was  assuaed  to  be  zero  at  t  •  0.  The  most  general 
solution  of  Eq.  (40)  is 


A^n  (p,4,P)  -  c0(p)  Io(Xp) 

+  ^  IB(Xp)  jc£c*(p)  cosa4  +  c£s)(p)  sinafj 
a*l 

CD 

+  dQ(p)  KQ(Ap)  +  K^Xp)  fdB(c)(p)  cosa4  +  d^&)(p)  sina#],  (41) 

B-l 


vfaart 


x  "  [v p]  »  <**> 

and  IB(x),  Kb(x)  ara  the  aodifiad  Bessel  functions  of  order  a. 

The  boundary  conditions,  to  sero  order  in  toroidal  corrections,  follow 
froa  Eqs.  (7a),  (7b),  (8c),  (8d),  (9a),  (9b)  and  (39).  They  are  given  by 


aJS  (a,4,p)  -  A2!n(a,*,p), 


(43a) 


aAjj(p,4,p) 


8AfrP(p,»,p) 


(43b) 


and  the  sane  two  relations  at  p-b.  Defining  PBc^(p)  and  PB*^(p)  to  be  the 
Laplace  transforas  of  (A(t)/a)*  cosa  «(t)  and  (A(t)/a)*  sina  «(t), 
respectively,  the  boundary  conditions  at  p-a  and  p-b,  using  Eqs.  (35),  (37) 
and  (41),  lead  to  the  following  algebraic  systea  of  equations: 


»o<P>  *  co(p)Io<Xa)  +  do<p)*o(X>)’ 


-  bo(p)  -  Xb£o(p)i;  (Ab)  +  d0(p)K^  (Ab)], 


when  a-0,  and 


a<J)  <P>  *  c<i)(p)I«(Aa)  +  d^1)(p)K-(Aa), 


(44a) 


-  5i  *c(p)  “  **  Fo(p)Ii  <Xa)  *  do(p)Ki  <Xa)]’  (44b) 

(in  ^  -  2)bc(p)  -  c0(p)I0(Ab)  ♦  d0(p)K0(Ab),  (44c) 


(44d) 


(45a) 
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-  ^  ^(P)  ♦  •  i£4)(p>  *Xa  (c^^pJI^Xa)  ♦  d^1)(p)K^(Xa)] 

(45b) 

bi1}<p)  -  ^^(pJI^Xb)  ♦  ^(p^Xb)  (45c) 

-  *  bi1}(P>  -  Xbf^Cp)!;  <Xb)  +  d*1^)*;  (Xb)],  (45d) 

vhen  ■  ■  1»  2,  ...»  and  i  -  c,  a.  Also,  I^(x),  K^(x)  are  the  derivatives 
of  la(x),  Kb(x).  The  solution  of  the  first  algebraic  ays tee  of  Eqs.  (44a) 
-  (44d)  is 


vhere 


* 

wo  * 

*o(X> 

•o<P) 

“  5i  Ic<P> 

(46a) 

b0<P) 

p_  * 

-  2x  IC<P) 

(46b) 

co<p) 

-  b0(p)  [(< 

8r 

tn  -g£- 

2)xbK1(Ab)  -  K0(Xb)], 

(46c) 

8r 

*0<P> 

•  Vp)  [( 

i»  ir- 

2jXb  Ix(Ab)  ♦  I0(Ab)J, 

(46d) 

r0(X) 

/  8r 
-  (tn  -g-  - 

-  2)xaXb 

[ri(Xa)I1(Xb)  -  I1(Xa)K1(Xb)] 

♦  Xa[l4(Xa)Io(Xb)  +  I^(Xa)KQ(Xb)J, 

gr 

g0(A)  -  (in  -g*  -  2)lb[K0(>a)I1(Xb)  ♦  I^Aa^Xb)] 


(47a) 
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(47b) 


♦  K0<X*)I0<Xb)  -  I0(Xa)K0<Xb). 

Similarly,  tha  solution  of  the  second  algebraic  system  of  Eqs.  (45a)  - 
(45d)  is 


r.<x) 

(48a) 

^><P>  -  “jf  '  , 

(48b) 

tf>(i)  -  b<i)(p)  Xb  Vl(Xb), 

(48c) 

di1)(P)  -  b<i}(p)  Xb  I„_1(Xb), 

(48d) 

Fb(X)  -  -  ^  [Ii+i(>»Vi(Ab) 

-  ^(AaJI^^Xb)],  (49a) 

^(X)  -  Xb  [l-(Xa)Ki|_1(Xb)  ♦  KB(Xa)IB_1(Xb)],  (49b) 

and  a  -  1,  2 ,  3,  •••,  i  **  c ,  s • 

The  inverse  Laplace  transforms  of  the  coefficients  given  above  are 

determined  from  the  sum  of  the  residues  at  the  poles  of  these  coefficients. 

The  poles  are  computed  at  the  zeroes  of  ^(X^)  -  0,  where  a  >  0,  1,  2, 

k  -  0,  1,  2,  ...  Since  all  the  zeroes  occur  for  imaginary  values  of 

X,  ve  define  the  real  quantities  by  means  of  the  relation  X^  *  i*^- 

2 

Then  a  pole  occurs  at  p^  -  ~e£k^<oa  (42))  and  the  inverse  Laplace 

transform  hB(t)  of  g>(X)/F>|(X)  is 


Mt) 


*nli9*k> 


M«hk 


e  0  e(t), 


vhere  F'b(x)  is  tb«  derivative  of  ^(s)  end  6(t)  »  1,  vben  t  >  0,  vbile 
6(t)  ■  0,  vfaen  t  <  0.  Using  the  convolution  theoree  in  the  Laplace 
transform  domain,  ve  obtain  the  following  expressions  for  the  coefficients 
inside  and  outside  the  torus: 


•«,<*> 


(51a) 


bQ{t) 


(51b) 


<51c) 


(51d) 


vhere  m  •  1,  2,  . i  ■  c,  s,  and 


Uok«> 


tt'/T  .  11 


(52a) 


uik><t> 


4  iv, 


cosma(t' )dt' ,  (52b) 
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Also, 


t  •"t/'k  f-'"v  &  *.<«•■>  m‘ 

(52c) 


1 

csk 


2 

a«k 


t-u  V^e* 


2«s(«hk> 


*  "  *  \kl^\ky 


(53«) 


(53b) 


B 


*  WPW’ 


(53c) 


where  ■  -  0,  1,  2,  . ...  k  •  0,  1,  2,  ...  Finally,  the  functions  fB(a), 
«■<«>  and  the  derivative  f'B(«)of  fB(«)  are  as  follows: 


f0<«)  .  f0(i.> 


(54.) 


-  K[WVxi>  -  Ti<VJ.<xi>] 

gr 

2  (tn  “S  2)X0X1  [Jl<xo,Il<xl)  “  Yl<xo,Jl<xl)]  ’ 


f.(«)  .  - 1  ^  [»-i<x.>Vi<V  -  Vi<xo>J.-i<xi>]' 

(54b) 

*„(«)  •  i„(i«)  -  f  [VVW  -  WJo<xl>]  <55*> 

-  !(tn  T2  -  2)xl[Jo<xo>Tl<xl>  -  Vxo>Jl<xl>]' 

*.(.)  •  4(1.)  -  f  xi[vWi(xi)  -  Vxo>Vi<xi>]>  <55b) 


(56a) 


«£p(«)  ■  i«£^(i«) 

•  fo<«>  *!-![wv-i»  -  vwv] 

0j» 

*  I  (u  -r  -  2)vi[Ji<\>>W  -  WW] 

8r 

-  i  [(‘"  -r  -  2K*lk[wW  -  WW] 

-  HU  T  -  2)xoxl  [Jo<VTl<xl>  -  Wl<V]« 


«*„(«)  ■  i«  ?,(!«) 


(56b) 


x2x 


r  -¥  [VWi<V  -  VWi<*i>] 


•  Vi 


[vi<xo>vxi>  -  Vi<x,ij.(xi4 


vhere  xQ  *  oca,  Xj  ■  ab,  ■  *  1,  2,  ...  and  JB(x),  YB(x)  are  the  Bessel 
functions  of  order  ■.  Notice  that  are  the  zeroes  of  ^m(otllic)  ”  0,  for 

b  ■  0j  If  2 ,  . • « f  k.  *  0 ,  If  2,  ... 

From  Eqs.  (36a),  (36b),  (33),  (51a)-(51d),  ve  conclude  that  the  zero 
order  vector  potential  inside  the  ring  is  equal  to 
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Outside  the  ring  and  inside  the  torus  (i.e,  p  <  a),  it  is  equal  to 
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and  outside  the  torus  (i.e,  p  £  b)  it  is  equal  to 

C <»•♦•<>  -  (tn  T1  - 2)  £w‘>  (51 

*  £  m’  [°^)(t)  “*■*  *  uik,(t>  si”*]- 


a-1  k-0 


Froa  Eqs.  (52a),  (52b)  and  (52c)  it  is  easy  to  show  that  the  tiae  dependent 
coefficients  UQk(t),  U^J(t),  U^\t)  satisfy  the  first  order  differential 


equations 


6ok<*>  ‘fv'1  ■  inyi»' 
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with  initial  conditions  U^o)  «  U^^(o)  •  U^^(o)  ■  0,  for  ■  «  1, 

2,  . . .,k  •  0,  1,  2,  ...  These  differential  equations  are  very  useful  when 
the  current  ring  moves  and  its  equations  of  notion  depend  on  the  diffusion 
fields,  i.e.,  when  the  ring  dynamics  is  coupled  to  the  diffusion  fields. 
Then,  the  state  vector  of  the  systee  consists  not  only  of  the  position  and 
velocity  of  the  ring,  but  also  of  the  diffusion  coefficients  U  u(t), 

U^)(t),  O^Ct),  for  ■  -  1,  2,  ....  k  -  0,  1,  2 . and  its  tiee 

derivative  is  determined  by  the  ring  dynamics,  as  well  as  by  Eqs.  (59a)- 
(59c).  Notice  that  it  is  much  easier  to  solve  in  the  computer  a  set  of 
coupled  first  order  differential  equations  rather  than  a  set  of  coupled 
first  order  differential  equations  and  the  convolution  integrals  given  by 
Eqs.  (52a)-(52c). 

Next,  four  exact  identities  vill  be  established  for  the  tine 
independent  coefficients  Ank’  Bnk*  For  a  motionless,  step  function  ring 
current,  i.e.,  when  Ic(t)  *  IQ  ©(t),  Eqs.  (51a)-(51d)  and  Eqs.  (52a)-(52c) 
give 
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The  Laplace  transform  of  I£(t)  is  Ic(p)  -  Io/pf  and  ve  have  froa  Eqs. 

(46ft),  (46b),  (68ft),  (68b)  i 
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Proa  the  vell-knovn  theorem  of  Laplace  transforms  it 

(61c) 
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follows  that  £j^Bf(t) 

• 

Pf(p)-  Eqs-  (47a),  (47b),  (49a),  (49b),  give 
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Application  of  the  theorea  just  Mentioned  in  Eqs.  (60a)-(60d)  and  Eqs. 
(61a)-(61d),  in  conjunction  vith  Eqs.  (62a)-(62d)  leads  to  the  folloving 
identities: 
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These  identities  have  been  verified  by  the  computer  for  a  thin  as  veil  as  a 
thick  conducting  vail.  Substitution  of  these  Identities  into  Eqs.  (60a)- 
(60d)  vhen  t  ■*  leads  to 
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With  the  help  of  these  identities  end  Bqs.  (35),  (36s)  end  (36b),  it  is 
essy  to  show  that,  as  t  -*  •,  the  sero  order  vector  potential  inside  and 
outside  the  toroidal  conductor  (as  veil  as  inside  the  ring)  becoaes  equal 
to  that  of  the  current  ring  in  the  absence  of  the  conductor,  i.e.,  it 
becoaes  equal  to  due  to  the  diffusion  process.  This  conclusion 

deaonstrates  the  iaportance  of  the  identities  (63a)-(63d). 

The  aagnetic  and  electric  fields  inside  and  outside  the  torus  can  be 
coaputed  fron  Eqs.  (57a),  (57b)  and  (58).  Thus,  the  self-aagnetic  and 
self-electric  fields,  i.e.,  the  fields  of  the  ring  at  its  centroid  p  * 
A(t),  ♦  »  a(t),  are  equal  to 

<““>•££  <“*> 
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(65c) 


-  ^(t)  co«ut(t)  -  U^(t)  sinma(t)j^, 
where  xc(t)  >  A(t)cosa(t)  and  z£(t)  -  A(t)  sina(t). 

The  last  three  relations,  and  in  particular  the  B8*1*  component  were 

op 

useful  in  providing  an  analytical  nodal  for  the  bean  trapping  that  occurs 
after  Injection  in  the  modified  betatron  accelerator. 

A  typical  example  of  the  effect  that  the  .?*usion  process  has  on  the 
ring  dynamics,  immediately  after  injection  is  *?jwn  in  Fig.  2.  The 
numerical  integration  of  the  ring  equations  of  notion  coupled  with  the 
diffusion  fields  was  done  for  the  parameters  listed  in  Table  I.  Figure 
2(a)  shovs  the  projection  of  the  centroid  orbit  on  the  r-z  plane  that  moves 
vith  the  sane  toroidal  angular  velocity  as  the  ring  centroid.  There  is  a 
slow  (bounce)  motion  and,  due  to  the  presence  of  the  stellarator  windings 
(i.e.,  strong  focusing),  there  is  also  an  intermediate  motion.  Both  of 
these  modes  are  indicated  in  Fig.  2(a).  Since  there  are  six  field  periods 
of  the  stellarator  field  in  the  range  o  <  9  <  2n,  the  electrons  perform  six 
oscillations  during  one  revolution  around  the  major  axis.  To  take  into 
account  the  intermediate  motion  that  has  been  neglected  in  the  diffusion 
model  presented  in  this  paper,  the  resistivity  in  the  code  is  computed 


using  the  skin  depth  that  corresponds  to  the  internediete  frequency  and  not 
the  actual  thickness  of  the  vail.  The  dots  in  Pig.  2(b)  show  the  positions 

O 

the  beaa  crosses  the  r-z  plane  at  6  ■  0  .  The  tiae  difference  betveen  two 
dots  is  equal  to  the  period  around  the  najor  axis,  i.e.,  -  27  nsec,  and 
therefore  the  speed  of  the  ring  on  the  r-z  plane  can  be  inferred  froa  the 
relative  position  of  the  dots.  Fig.  2(c)  provides  the  relativistic  factor 
Y  vs.  tiae  and  the  reduction  in  y  is  obvious  due  to  the  energy  lost  on  the 
resistive  vail  and  to  establish  the  electroaagnetic  field  outside  the 
torus.  Another  example  is  given  in  reference  13,  vhich  refers  to  the  beaa 
trapping  in  the  aodified  betatron  accelerator  and  is  in  good  agreeaent  vith 
the  experimental  results. 


VII k.  Approximate  Results  for  a  Thin  Conducting  Vail 

The  results  presented  in  the  previous  Sections  are  approximate  in  the 
sense  that  they  include  only  sero  order  toroidal  corrections ,  i.e.,  are 
valid  only  for  small  aspect  ratio  vessels.  Othervise,  they  are  exact.  In 
this  Section,  the  additional  assumption  is  made  that  the  conducting  vail  is 
thin.  This  assumption  allows  us  to  compute  approximate  expressions  of  the 
zeroes  of  “  0  (cf.  Eqs.  (54a),  (54b))  and  of  the  vector 

potential  and  the  fields. 

Vhen  the  conducting  vail  is  thin,  i.e.,  (b-a)/a  «  1,  both  xQ  •  am  and 
Xj  ■  oh,  where  a  is  a  zero  of  fB(a)  «  0,  are  very  large  numbers  and  the 
asymptotic  expansions  of  the  Bessel  functions  can  be  used  in  Eqs.  (54a), 
(54b).  This  is  valid  only  up  to  some  maximum  value  of  a.  Keeping  terms  up 
to  order  1/z,  the  asymptotic  expansions  of  Jn(z),  Yn(z)  are:  16 


(66a) 

(66b) 


vhere  X  *  z  -  (n  +  1/2)  n/2.  Ve  substitute  these  expansions  into  Eqs. 
n 

(54a),  (54b).  Then,  the  zeroes  of  f0(eolt)  •  0  are  determined  from 


tan(x1  -  xQ) 

while  the  zeroes  of  f 

n 

tan(Xj  -  xQ) 
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A  mere  accurate  expression  for  tha  zeroes  of  f  ■  0,  correct  to  order 

2 

(a/*0)  ,  is  derived  in  the  Appendix,  and  is  given  by 


.2  1 


tan(x1  -  x0)  ■ 


l-  (■-!)(■♦  9(4-*) 


y.  (67c) 


If  xQ  »  1,  ve  see  fron  Eq.  (67a)  that  |x^  -  x0|  «  1.  Therefore, 
tan(x^  -  xq)  m  Xj  -  xc  a  (b  -  a)  a,  and  one  of  the  xeroes  is 

,1/2 

(68a) 


“oo 
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while  the  others  are  given  by 


(68b) 


where  k  •  1,  2,  ...  The  small  additive  correction  term  l/[kx(tn(8rQ/b) 

-  2)a]  has  been  omitted  in  Bq.  (68b).  The  xeroes  of  Eq.  (67b)  can  be 
obtained  in  a  similar  fashion,  except  vhen  a  is  as  large  or  larger  than  xQ. 
Let  a  »  1,  2,  ...,  N,  where  N  •  Int(a/4(b  -  a)],  and  Int(x)  is  the  integral 
part  of  x.  Then  one  set  of  zeroes  of  Eq.  (67b)  is  approximately  given  by 

r  2m 

v  -  fcrrrTy]  -  <6,*> 

_2 

vith  an  error  of  only  a  fev  percent  vhen  (b  -  a)/a  <  10  .  For  n  as 
specified  above  and  k  «  1,  2,  ...,  K,  vhere  K  -  Int[a/n(b  -  a)],  the  rest 
of  the  zeroes  are  given  by 


awk 


kx 
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The  small  correction  torn  [2b  +  (kx)  /2]/(k*a)  has  bean  omitted  in  Eq. 

(69b).  For  values  of  a  and  k  larger  than  M  and  K,  respectively!  the  seroes 

should  be  computed  nuaerically  fro*  Eq.  (54b) .  Notice  that  the  presence  of 

the  teres  (e/a)11  and  (b/p)"  in  the  series  expansions  of  the  vector 

potential  and  the  fields  indicates  that  the  large  values  of  a  becoae 

important  when  these  quantities  are  computed  close  to  the  conducting  vail, 

vhere  p/a  and  b/p  becoae  almost  equal  to  1  and  more  m-terms  must  be 

included  in  the  sums  to  converge  vithin  a  prescribed  accuracy.  An  estimate 

of  the  minor  radius  p^  vithin  vhich  the  vector  potential  and  the  fields  are 

sufficiently  accurate  is  determined  by  pj/a  •  [  (b  -  a)/a]  .  Since 

(b  -  a)/a  «  1,  all  the  terms  associated  vith  (p/a)",  for  a  ■  M  1,  M  ♦  2, 

...  in  the  series  expansions  of  the  vector  potential  and  the  fields,  have  a 

negligible  contribution,  provided  p  £  p^.  A  similar  argument  can  be  made 

for  the  vector  potential  and  the  fields  outside  the  torus.  Their  accuracy 

1/M 

is  vithin  a  fev  percent  vhen  p  £  pQ,  vhere  o0/a  »  [a/(b  -  a))  .  Vithin 

the  distances  d.  -  a  -  p.  and  •  p^  -  b  from  the  inner  and  outer 
conducting  vails  the  seroes  (and,  therefore,  the  vector  potential  and  the 
fields)  cannot  be  computed  analytically  in  terms  of  a  simple  expression. 

In  this  case  they  should  be  computed  numerically  from  Eq.  (54b)  and  then 
use  the  analytic  expressions  for  the  vector  potential  and  the  fields.  As 
an  example,  vhen  (b  -  a)/a  -  10  ,  then  M  ■  250,  K  ■  318,  dj/a  *  0.027, 
dQ/a  «  0.028,  but  vhen  (b  -  a)/a  *  10“^,  then  N  *  25,  K  -  31,  d^/a  >  0.17, 
dQ/a  -  0.20.  In  the  folloving,  the  various  quantities  vill  be  computed  to 
order  (b  -  a)/a,  vith  the  understanding  that  they  are  not  accurate  close  to 
the  conducting  vail.  But  in  the  limit  vhen  the  ratio  (b  -  a)/a  tends  to 
zero  (but  a( b  -  a)/a  remains  finite),  i.e.,  vhen  the  toroidal  conductor 
becomes  a  toroidal  conducting  shell,  the  distances  dj,  dQ  are  zero  and  the 
results  becoae  exact,  to  zero  order  in  toroidal  corrections,  everyvhere 
inside  as  veil  as  outside  and  in  the  vicinity  of  the  torus. 


.Under  the  assuaptions  stated  above,  the  tiae  constants  in  Eq. 
(53a)  becoae 
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(71b) 

and  a  »  1,  2,  k  ■  1,  2,  ...  Therefore,  there  are  three  characteristic 
tiae  constants  associated  vith  the  diffusion  process.  The  "loop"  diffusion 
tine  t  is  the  slowest  and  deteraines  the  speed  vith  which  the  external 
field  of  the  ring  diffuses  into  the  hole  of  the  doughnut.  This  tiae  is 
present  because  of  the  toroidal  geoaetry  of  the  conductor.  The  "cylinder” 
diffusion  tiae  Tq  and  the  "fast"  diffusion  tiae  are  associated  vith  the 
diffusion  process  in  a  cylinder  and  determine  the  speed  vith  vhich  the 
field  of  the  ring  penetrates  the  conducting  vail.  Notice  that,  in  the 
Unit  of  a  toroidal  conducting  shell,  any  teras  associated  vith  the  fast 
diffusion  tiae  t.,„,  diffuse  instantaneously  at  t  ■  0  outside  the  torus. 


This,  explains  the  origin  of  the  electric  field  that  is  iaaediately 
established  at  t  ■  0  outside  the  torus  for  the  shell  aodel  (cf.  stateaent 
after  Eq.  (90)  in  the  next  section).  On  the  other  hand,  ve  know  froa  Eq. 
(58),  that  the  aagnetic  field  does  not  diffuse  instantaneously  at  t  -  0 
outside  the  torus. 

Under  the  saae  assuaptions  stated  above  and  to  lovest  order  in 
(b  -  a)/a,  ve  have  the  folloving  approxiaate  relations 
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for  m  -  1,  2,  . ..,  k  «  1,  2,  ...  The  relations  (73b),  (73d)  vere  derived 
direct'.  i.roo  Eqs.  (56a),  (56b),  while  the  relations  (72b)?  u2d)  vere 
derived  with  the  help  of  Eqs.  (73b),  (73d)  and  the  relations  E0(®ok)  * 
(-l)k  (€n  8rQ/a  -  2),  EB(“Bk)  *  (-l)k»  for  a  *  1,  2,  ...,  k  *  1,  2,  ... 


40 


Finally,  A^,  4^,  B^,  ware  derived  using  the  identities  (63a)  - 
(63d). 

As  sectioned  above,  the  terns  associated  with  the  fast  diffusion  tiae 
tpp  vary  in  tiae  on  a  auch  faster  tiae  scale  than  the  teras  associated  with 
the  tines  x^  and  x^.  If  the  ring  current  Ic(t)  »nd  its  position  (A(t), 
e(t))  vary  slowly  within  a  few  e-folds  of  Xp^,  then  the  part  of  the  vector 
potential  (or  the  fields)  which  is  associated  with  Xpp  can  be  slaplified 
considerably. 

First,  let  us  consider  the  self-nagnetic  field.  Substitution  of  Eqs. 
(70b),  (70d)  and  Eqs.  (72a)  -  (72d)  into  Eqs.  (65a),  (65b)  leads  to  the 
relations 
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If  Ic(t  -  t'),  A(t  -  t')»  a(t  -  t')  vary  only  slightly  as  t'  varies  vithin 
a  fev  e-folds  of  x^,  they  can  be  replaced  by  Ic(t),  A(t)  and  a(t),  except 
in  the  sine  in  Eq.  (75b)  ve  should  set  a(t)  -  a(t  -  t')  «  a'(t)t'  to  get 
the  lovest  order  contribution.  Here  a'(t)  is  the  derivative  of  a(t). 
Equations  (74a)  and  (74b)  then  become 
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After  a  few  e-folds  of  Tpp,  the  sun  over  k  becomes  equal  to  n  /6  and  there 
is  a  residual  contribution  in  the  self-magnetic  field  from  the  fast 
diffusing  terns.  Since  (b  -  a)/a  «  1,  Eqs.  (76a),  (76b)  indicate  that 
this  contribution  is  snail  unless  the  ring  is  close  to  the  conducting  vail. 
But  in  that  region,  these  relations  are  no  longer  valid  and,  therefore, 
they  provide  only  a  hint  as  to  the  significance  of  the  fast  diffusing  terns 
vhen  the  ring  is  close  to  the  conducting  vail. 
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•  Pro*  Eqs.  (65c),  (70b)  (70d)  and  Bqs.  (72a)  -  (72d),  and  to  lowest 
order  in  (b  -  a)/a,  the  electric  field  at  the  ring  centroid  is  given  by 
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cos  (a(t)  -  «(t')}  - 

a 

i  ♦  pmiLj2 . 2  Mima  cos  («(t)  -  a(t')j 


Vh«n.  Ic(t),  A(t),  «(t)  vary  slovly,  in  a  siailar  fashion  as  for  the  self- 
Magnetic  field,  ve  obtain  the  simplified  equation  for  the  self-electric 
field 
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vhere  ©3  (z»  q)  Is  the  theta  function  of  order  3, 16  i.e., 

V  k2 

63(2,  q)  -  1  +  2  )  q  cos  2k  z. 

£1 


(80) 


Notice  that  63  (0,  q)  can  be  expressed  in  terms  of  the  complete  elliptic 
integral  of  the  first  kind  K(m),  i.e.,  63(0,  q)  -  [2  K(m)/n]"/2.  Here,  m 
is  related  vith  the  none  q  by  the  relation  q  ■  exp[-n  R(l-m)/K(m)]  and  when 
q  tends  to  1,  then  m  tends  also  to  1.  When  t/Xpp  «  1,  the  none  q  is  very 
close  to  1,  and  in  this  case  K  (1-m)  =  K(o)  *  n/2,  so  that 

[2K(m)/nJ1/2  a  ln/tn(l/q)]1/2.  Therefore,  63(0,  e  t/TpD)  s  { ji/Ct/Xpp)]172, 

1/2 

i.e.,  the  self-electric  field  is  proportional  to  Ic(t)[tpD/t]  when  t/Xpp 

«  1.  If  the  ring  current  is  a  step  function  of  time,  i.e.,  Ic(t)  * 

I  6(t),  then  the  self-electric  field  is  infinite  at  t  =  0  (actually,  it  is 
o 

infinite  everyvhere  inside  the  torus).  This  result  is  not  surprising  if  ve 


take- into  account  that  the  vector  potential  rises  in  tine  instantaneously 
at  t  »  0,  because  the  ring  current  does  so.  Vhen  t/tpp  »  1,  ve  have  &j(o, 

-t/XpD  lf 

e  )  *  1  and  the  fast  diffusing  part  in  provides  a  residual 

contribution. 

Finally,  consider  the  electric  field  outside  the  torus,  i.e.,  when 
Pib.  From  Eqs.  (4c),  (58),  (59a)-(59c),  (70d)  and  Eqs.  (72a)-(72d)  ve 
see  that,  to  lovest  order  in  (b-a)/a,  it  is  given  by 
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Vb*n  Ic(t),  d(t),  «(t)  vary  slowly,  Eq.  (81)  siaplifies  to 
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where  04(z,  q)  is  the  theta  function  of  order  4, i.e., 


04(z,  q)  -  1  +  2  ^  (-1)*  q ^  cos  2kz. 


(84) 
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Notice  that  0^(0,  q)  >  l(l-m)*/2  2  K(m)/n]1/2.  When  t/tpp  «  1,  the  nome  q 
is  very  close  to  1  and  in  this  case,  K(m)  *  (1/2)  tn[16/(l-n) ]  and  2  K(n)/n 
e  n/tn(l/q).  Therefore,  ve  have 
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i.e.,  when  the  ring  current  is  a  step  function  of  time,  the  electric  field 
is  zero  at  t  >  0  outside  the  torus.  On  the  other  hand,  when 
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1  and  the  electric  field  reduces  to 


t/Tpp  »  1,  then  64(o,e  * 

that  computed  froa  the  shell  aodel.  It  appears*  therefore,  that  the  fast 

diffusing  part  in  E^J*  contributes  the  exact  aaount  needed  for  E^JJ*  to 

vanish  at  t  ■  0,  but  very  quickly  E^JJ1  increases  to  the  value  predicted  by 

the  shell  aodel  vhen  the  conducting  vail  is  thin. 

To  calculate  the  vail  current  density  ♦,  t)  -  oE^n(p,#,  t),  the 

electric  field  inside  the  conductor  is  needed.  Froa  the  continuity  of  the 

electric  field  at  the  inner  and  outer  surfaces  of  the  conductor  and  vhen 

t/Tpo  «  1,  E^n  varies  froa  a  very  large  value  at  the  inner  surface  to  a 

very  saall  value  at  the  outer  surface.  Hovever,  vhen  t/x^  »  1,  but  t/t^ 

«  1,  and  in  the  special  case  of  a  thin  conducting  vail,  it  is  easy  to  shov 

from  Eqs.  (57b),  (72a),  (72c)  and  (83)  that  the  electric  fields  at  the 

inner  and  outer  surface  are  approxiaately  equal  to  each  other.  In  the 

extreae  case  of  the  shell  aodel,  they  becoae  exactly  equal  to  each  other, 

vaXX 

and  the  surface  vail  current  density  is  equal  to  Jgg  (♦,  t)  «  e(b- 
a)E^t(a,+,t),  vhere  E^t(a,+,t)  is  given  by  Eq.  (83).  The  surface  vail 
current  I*a^(t)  is  coaputed  by  integrating  *(4,t)  over  the  poloidal 
angle 


VIII.  Tvo  Applications  for  the  Shell  Model 


When  (b-a)/a  tends  to  sero  but  or(b-a)/a  reaains  finite,  i.e.,  for  the 
shell  aodel,  Eqs.  (57a),  (57b)  and  (58)  siaplify  considerably,  i.e., 
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outside  the  ring  but  inside  the  torus  (p  <  a),  and 

(u  ^  -  2)  u^d)  (87) 

K’U)  com,  *  U<J>(t)  sin.,), 


constant,  and  its  currant  is  a  stop  function  of  tins,  i.e.,  Ic(t)  -  I 


0(t).  Pros  Sqs.  (52a)-(52c)  vo  have: 


uoo(t>  ■  *t  hi1  -  • 


"»<«>  *  1  0»<‘>  -  it  ro 


and  the  vector  potential  becoaes: 
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outside  the  torus  (p  £  e).  Notice  that  although  A^  *(p, +,t)  is  sero  at  t  • 

0,  its  partial  tiee  derivative  is  not  zero  at  t  ■  0,  because,  as  explained 

in  the  previous  section,  the  fast  diffusing  teres  which  render  the  electric 

field  sero  at  t  ■  0  outside  the  torus,  are  missing  in  the  shell  model. 

Also,  notice  that  at  t>o  the  vector  potential  is  the  sum  of  the  external 

vector  potential  of  the  ring  and  its  image,  but  for  t»x  only  the  vector 

oo 

potential  of  the  ring  remains  present. 

As  a  second  application,  consider  the  case  in  which  the  ring  moves  on 
a  circle,  i.e.,  A  is  constant,  a  »  et,  and  its  current  is  a  step  function 
of  time,  i.e.,  Ic(t)  -  IQ  0(t).  From  Eqs.  (52a)-(52c)  we  have: 
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and  the  vector  potential  becomes: 
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outside  the  torus  (p  £  a).  There  ere  two  extrene  cases  of  interest: 
i)  when  eTjj  «  1;  then  the  vector  potential  is  the  saae  as  that  of  a 
aotionless  ring,  ii)  when  tre^  »  1;  then  there  is  diffusion  of  the  teres 
associated  with  the  loop  tine  t  ,  but  the  ieage  fields  do  not  dissipate 
zero,  but  they  follow  in  phase  the  circular  notion  of  the  ring. 


IX.  ■ . Conclusion 

The  diffusion  of  the  self  magnetic  field  of  a  beaa  inside  a  toroidal 
conductor  is  governed  by  three  different  diffusion  tines.  The  loop  tine 

Too  is  responsible  for  the  diffusion  of  the  fields  into  the  hole  of  the 
doughnut  and,  after  a  fev  e-folds  of  the  fast  diffusion  tiae,  the  tiae 

behavior  of  the  vail  current  is  coapletely  deterained  by  t  •  The 

"cylinder"  diffusion  tiae  Xp  is  responsible  for  the  dissipation  of  the 

iaage  fields  which  are  present  initially,  but  they  vanish  after  a  fev 

e-folds  of  Tq,  if  the  ring  current  does  not  vary  vith  tiae.  Finally,  the 

fast  diffusion  tiae  is  responsible  for  the  electric  field  outside  the 

conductor  to  be  zero  initially,  but  it  acquires  approxiaately  the  value 

associated  vith  the  shell  aodel  after  a  fev  e-folds  of  T^. 

After  a  fev  e-folds  of  the  loop  tiae  and  if  the  ring  current  does  not 
vary  vith  tiae,  the  vector  potential  becoaes  equal  to  that  in  the  absence 
of  the  conductor.  In  addition,  to  zero  order  in  the  toroidal  corrections, 
the  radial  coaponent  of  the  self-aagnetic  field,  which  is  responsible  for 
the  beaa  trapping,  is  independent  of  the  loop  tiae.  Therefore,  the  tiae 
scale  of  the  trapping  aechanisa  should  be  independent  of  to().  Reliable 
results  close  to  the  conducting  vail  can  be  obtained  only  by  nuaerical 
computation  of  the  poles  and  by  including  a  very  large  number  of  terms  in 
the  series  expansions  of  the  vector  potential  and  the  fields.  But  in  the 
extreme  case  of  the  shell  aodel,  the  results  are  exact  everywhere  inside  as 
veil  as  outside  and  in  the  vicinity  of  the  torus.  This  model  provides 
quite  an  accurate  description  of  the  diffusion  process  for  a  toroidal 
conductor  vith  a  thin  vail,  except  during  the  first  fev  e-folds  of  x^, 
since  the  effect  of  the  fast  diffusing  terms  is  not  included.  Due  to  the 
simplicity  of  the  shell  aodel,  it  is  rather  easy  to  compute  the  first  order 
toroidal  corrections.  These  results  vill  be  reported  in  a  future 
publication. 
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Appendix 

An  expression  for  fB(«)»  given  by  Eq.  (54b),  will  be  derived  here, 
correct  to  second  order  in  a/xQ.  Using  the  Multiplication  theoree  for  the 
Bessel  functions,  ve  obtain  the  relation  ** 
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Therefore,  ve  conclude  that 
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where  terms  of  order  1/x^  and  higher  have  been  omitted.  A  straightforward 
and  lengthy  calculation  leads  to  the  relations 
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Substituting  Eqs.  (A6a),  (A6b)  into  Bq.  (A5),  ve  conclude  that 
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*•'•••  the  zeroes  of  fB(«)  ere  given  by  the  relation 


correct  to  order  (e/*0)  .  If  (b  -  a)/a  «1,  and  xo  »1,  the  relation  above 
simplifies  to 
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Table  I.  Parameters  of  the  run  shown  in  Fig.  2 


Torus  aajor  radius  rQ 
Torus  inner  ainor  radius  a 
Torus  outer  ainor  radius  b 
Strong  focusing  radius  p( 
Strong  focusing  current  Igp 
Strong  focusing  Periodicity  a 
Vertical  aagnetic  field  B 

zo 

Toroidal  aagnetic  field 
Bean  relativistic  factor  y 
Bean  ainor  radius  r 

c 

Beam  current  I 

c 

Vail  resistivity 
Intermediate  frequency  »y 


100  ca 
15.2  ca 
15.217  ca 
23.4  ca 
24  kA 
6 

26  Gauss 

4000  Gauss 

1.69714 

3  an 

0.5  kA 

B.B4  mQ  ca 

1.8  x  109  sec-1 


60 


6 


Time  (paec) 


Fig.  2  Beam  centroid  orbit  1(a)  and  (b)J  and  relativistic  factor  vs.  time 

1(c)]  from  the  numerical  integration  of  the  ring  equations  of  motion 
coupled  vith  the  diffusion  fields. 
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BEAM  TRAPPING  IN  A  MODIFIED  BETATRON  WITH  A  LOCALIZED 
BIPOLAR  ELECTRIC  FIELD  PULSE 

I.  INTRODUCTION 

Compact,  high-current  accelerators  are  currently  under  development  in  several  labora¬ 
tories.1"5  Among  these  accelerators  is  the  modified  betatron.6-8  This  accelerator  is  a 
toroidal,  closed  orbit  device  that  utilizes  three  different  magnetic  fields  to  accelerate  and 
confine  the  high  current  electron  ring;  the  time  varying  betatron  or  vertical  field  that 
controls  mainly  the  major  radius  of  the  electron  ring  and  also  is  responsible  for  the  accel¬ 
eration,  the  quasi-static  toroidal  magnetic  field  that  controls  primarily  the  minor  radius 
of  the  ring  and  also  the  growth  rate  of  the  various  unstable  modes  and  finally  the  quasi¬ 
static  strong  focusing  (SF)  field  that  reduces  the  sensitivity  of  the  electron  orbits  to  energy 
mismatch  and  spread. 

A  challenging  physics  issue  of  the  modified  betatron  concept  is  the  capture  of  the 
injected  beam  into  the  closed  magnetic  field  configuration  of  the  device.  Capture  of  the 
beam  requires  that  its  poloidal  orbit  be  modified  within  a  bounce  period  7\b,  i.e.,  within  a 
poloidal  revolution  around  the  equilibrium  position.  Modification  of  the  beam’s  poloidal 
orbit  can  be  achieved  by  either  changing  the  equilibrium  position  of  the  gyrating  electrons 
or  by  reducing  the  radius  of  the  poloidal  orbit. 

The  strong  focusing  field  in  the  modified  betatron  is  generated  by  a  set  of  stellara- 
tor  windings.  Since  this  field  is  a  function  of  the  toroidal  angle,  the  canonical  angular 
momentum  Pg  is  not  conserved.  However,  when  Pg  is  averaged  over  the  intermediate  fre¬ 
quency  mode  of  the  system  (=  4irvg  /  Ltf,  where  v«  is  the  toroidal  velocity  and  L,j  is 

the  period  of  the  SF  windings),  the  averaged  <  Pg  >  is  an  approximate  constant  of  the 

motion.10  Two  different  schemes10-12  have  been  developed,  so  far,  for  trapping  the  beam 
Manuscript  approved  July  6,  1992. 
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in  the  modified  betatron.  In  both  schemes  <  Pe  >  is  an  approximate  invariant.  In  this 
paper,  we  discuss  an  additional  trapping  approach,  in  which  <  P$  >  is  not  conserved.  The 
proposed  trapping  scheme  is  Lased  on  the  change  of  the  centroid’s  equilibrium  position  by 
a  localized  electric  field.  This  electric  field  pulse  is  produced  by  a  coaxial  pulseline  and 
has  a  pulsewidth  comparable  to  the  bounce  period  of  the  beam. 

This  naper  is  organized  as  follows:  Section  II  briefly  reviews  the  generation  of  the 
localized  electric  field  pulse.  Section  m  treats  the  propagation  of  electromagnetic  waves 
in  toroidal  geometry.  Beam  centroid  orbits  from  the  numerical  integration  of  equations  of 
motion  are  presented  in  Section  IV.  Section  V  describes  the  constructional  details  of  the 
pulseline  and  the  experimental  data  are  presented  in  Section  VI.  An  interesting  feature 
observed  in  the  experiment  is  discussed  in  Section  VH,  and  Section  VIII  contains  a  brief 
summary  of  the  results  and  some  important  conclusions. 

H.  THE  ELECTRIC  FIELD  PULSE 

Although  the  pulseline  that  is  described  in  Section  V  is  toroidal,  the  discussion  in 
this  Section  is  limited  for  simplicity  to  the  coaxial,  cylindrical  pulseline  shown  in  Fig.  1. 
This  pulseline  is  similar  to  the  radial  line  initially  employed  by  Pavlovskii  et  al.,13  and 
analyzed  by  Eccleshall  and  Temperley.14  In  this  Section,  we  briefly  review  the  pulseline 
for  completeness. 

The  voltage  at  the  gap  Vg  of  the  pulseline  after  the  switch  doses  can  be  found  by 
integrating  the  equation  Vxl  =  —dBjdt  along  the  dash  line  of  Fig.  1.  Assuming  that 
the  resistivity  of  the  conductor  can  be  neglected,  then 
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/_  _  <9$ 

Edl  =  -—,  (1) 

where  $  is  the  magnetic  flux  through  the  area  A  surrounded  by  the  dash  line. 

The  magnetic  field  of  the  propagating  wave  is  found  by  integrating  the  equation 
V  x  B  =  nj  +  ne(dE/dt)  in  the  circular  area  D  that  is  located  just  behind  the  wave  front. 
The  result  is 


B  =  — nIt/2*R , 


where  It  is  the  current  of  the  line,  and  R  is  the  radius  of  the  circular  area. 


The  magnetic  flux  $  can  be  computed  from 


$  =  /  BdS, 


(2) 


(3) 


where  B  is  given  by  Eq.  (2).  Substituting  (2)  into  (3),  we  obtain 


HhUt 


$  = 


2x 

2  JT 


for  t  <  t 


lnUj> 

In  (  )  (2r  —  t) ,  for  r  <t  <  3r, 

\R2/ 


(4) 


where  U  is  the  speed  of  the  electromagnetic  wave,  t  =  2t/U  b  the  one-way  transit  time,  l 


b  the  length  of  the  pulseline  (see  Fig.  1),  and  it  has  been  assumed  that  Ri  =  y/R^Ri- 
Since  the  characteristic  impedance  Z0  of  the  line  b  given  by 


7  _  J_  m It,  ( 

2°  -  0  \l  I  t)  ]  > 

2 IT  \  £  \Ri  J 


(5) 


and  Vg  =  ItZ0 ,  where  V„  b  the  initial  voltage  of  the  line,  Eqs.  (1)  and  (4)  give 
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V,= 


V0,  for  t  <  t 


—  Va,  for  t  <  t  <  3 r. 


Up  to  this  point  the  effect  of  the  beam  (load)  has  been  neglected.  The  beam  induces 
a  voltage  14  at  the  gap  and  thus  the  accelerating  voltage  is  reduced,  i.e.. 


VS  =  V0-  Vi,. 


Since  14  =  hZ0t  where  lb  is  the  beam  current  and  assuming  that  the  beam  is  matched 
to  the  line,  i.e.,  Vg  —  hZ0,  Eq.  (6)  gives  Vg  =  14/2.  When  the  beam  is  matched  to  the 
line  all  the  energy  that  is  initially  stored  in  the  line  is  transfered  to  the  beam  and  thus  the 
efficiency  of  the  system  is  100%. 

If  AE  is  the  beam  energy  change  required  to  move  the  beam  equilibrium  position  by 
a  few  centimeters,  and  r0  is  the  period  of  revolution  around  the  major  axis,  then 


-(»)?• 


for  the  case  where  the  injected  beam  interacts  with  the  pulseline  during  the  period  r  <  t  <  3r. 
Since  h  —  V0/2Z0y  Eq.  (7)  together  with  the  expressions  for  r  and  Z0  given  previously, 
yield 


£ln  ~  = 
R2 


AEt0tt 

2nh 


In  the  NRL  modified  betatron  the  ratio  R3/R2  is  restricted  to  values  close  to  unity 
by  the  presence  of  the  strong  focusing  windings  Therefore,  the  length  of  the  line  is  unac- 


4 


ceptably  large.  This  difficulty  can  be  avoided  by  mismatching  the  beam.  In  this  case,  the 
initial  voltage  of  the  line  is  made  larger  than  the  value  needed  for  matching,  namely  2 hZ0- 
Then  the  voltage  at  the  gap  is  Vg  =  Va  —  hZ0,  and  the  length  of  the  line  is  given  by 


_ A  Et0c _ 

4 y/7fT0[V0  -  lJo\‘ 


(9) 


For  AE  =  60  keV,  r0  =  24  ns,  e/e0  =  80,  V0  =  20  kV,  h  =  2  kA,  R\  =  16.8  cm, 
J?2  =  19-0  cm  and  Rz  —  21.6  cm,  Z0  =  0.84  Cl  and  Eq.  (9)  gives  l  =  0.66  m.  Although 
lower  than  in  the  case  of  the  matched  beam,  the  system  efficiency  is  still  resonable  and  is 
given  by 


</  =  O'*  -  w.)  •  U°) 

vo 

For  the  parameters  listed  above  —  31%. 

Plots  of  ZQ,  l,  e  j,  and  rasa  function  of  c/f0  for  the  parameters  given  above  are  shown 
in  Fig.  2.  For  a  matched  beam,  Eq.  (10)  gives  an  efficiency  of  100%,  and  at  time  t  =  3r 
there  is  no  energy  left  in  the  pulseline.  The  interaction  of  a  beam  with  a  charged  pulseline 
cavity  can  be  better  understood  using  superposition.  It  can  be  shown  that  the  gap  voltage 
is  the  sum  of  the  open  circuit  voltage  at  the  gap  of  the  charged  pulseline  in  the  absence  of 
the  beam,  and  the  gap  voltage  induced  by  the  beam  in  the  absence  of  any  charge  voltage. 
If  the  beam  is  present  beyond  t  =  3r  (as  is  the  case  with  a  cyclic  accelerator  like  the 
modified  betatron),  energy  will  be  transferred  from  the  beam  back  to  the  pulseline  during 
the  period  3r  <  t  <  5 r.  This  is  the  case  regardless  of  whether  the  beam  is  matched  to 
the  pulseline  or  not.  Fig.  3  shows  the  gap  voltage  for  a  matched  beam  injected  at  t  =  r. 
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To  avoid  beam  interactions  beyond  t  =  3 r,  the  pulseline  needs  to  be  crowbarred  by  firing 
a  set  of  switches  located  in  the  insulating  gap  region.  This  isolates  the  pulseline  from 
the  circulating  electron  beam.  Pulselines  used  in  linear  accelerators  do  not  need  crowbar 
switches  because  the  beam  duration  is  usually  less  than  2r. 

m.  WAVE  PROPAGATION  IN  TOROIDAL  GEOMETRY 


Let  (r,  6,  z )  be  the  cylindrical  coordinates  and  er,  eg,  ez  be  the  unit  vectors  in 
cylindrical  geometry.  Then  the  electromagnetic  field  can  be  decomposed  into  its  toroidal 
components  Eg,  Bg  and  its  transverse  components  Et,  Bt,  namely: 


E  =  Et  +  Egtg, 

(Ha) 

where 

B  =  Bt  +  Bgtg , 

(116) 

Et  =  Et&t  +  Emcm, 

(12a) 

Bt  —  Br&r  "1"  BZCZ, 

(126) 

It  is  assumed  that  the  electromagnetic  field  can  be  expressed  in  the  form 

E  =  E{r,z)e~iut+im9, 

(13a) 

B  =  B(r,z)e-i“t+im9, 

(136) 

where  u>  is  the  frequency  and  m  is  an  integer  (m  ^  0).  Then,  it  is  possible  to  show  from 

Maxwell’s  equations  (in  MKS  units)  that  the  transverse  components  can  be  expressed  in 

terms  of  the  toroidal  components  as  follows: 

P  -  1 

’  XTTt  X 

— VjEp  —  iujeg  X  VtBg  H — —Egtr  +  iu>-Bgez 
r  t*  r 

,  (14a) 

*  k2  -  (m/r)2 
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Bt  = 


k 2  -  (m/r)2 


tm  ifc2  _  »m  _  ik2 1  _  _  1  . 

— V tB$  ■+■  — 1$  x  VfE$  +  —r-BeCr - E$ex  ,  (146) 

r  lj  r 2  w  r  J  v  ' 


where 


„  _  a  _  d 

V,  =  ',Tr  +  t,Tz, 


(15) 


k  =  yj Hr  triple).  Hr  and  er  are  the  relative  permeability  and  relative  permittivity  of  the 
medium,  and  c  is  velocity  of  light  in  vacuum. 

After  a  lengthy  computation,  it  can  be  shown  that  the  toroidal  components  satisfy 
the  fc  Mowing  coupled  set  of  differential  equations: 


(1  d  d  a2  \  2m2  1  dE„  a  m2  +  1 

\r  drTdr  +  dz2 )  9  fc2  -  (m/r)2  r*  dr  +  f  r2 


2m2  1 ' 

A:2  —  (m/r)2  r4 


Ee 


+ 


2 mut  1  dB$  _ 

k2  —  (m/r)2  r2  dz  ’ 


(16a) 


( l—r~  4.  ^  R  _  2m2  1  dBe  [  2  _  m2  +  l  _  2 m2  1 

V  r  dr  dr  dz2  /  ^  A:2  -  (m/r)2  r2  dr  [  r2  ik2  -  (m/r)2  r<  J  * 


2  m(k2/u)  1  dE$ 
k 2  —  (m/r)2  r2  dz 


(166) 


These  equations  indicate  that  it  is  not  possible  to  have  pure  TE  or  TM  modes  in 
a  toroidal  cavity.  But  it  is  possible  to  have  solutions  with  a  small  E$  or  B$  component, 
inversely  proportional  to  r.  In  the  first  case,  the  solutions  determine  the  pseudo-TE  modes 
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and  in  the  second  case,  the  pseudo-TM  modes.  Notice  that  when  Eqs.  (16a)  and  (16b) 
are  solved,  the  transverse  components  can  be  computed  from  Eqs.  (14a)  and  (14b). 

In  order  to  solve  Eqs.  (16a)  and  (16b),  we  shall  make  use  of  the  following  theorem: 
Let  Gm  and  Hm  be  the  solutions  of  the  differential  equation 


(l±r±+*L\F 

\r  dr  dr  +  dz* )  Fm  +  f  r*  J  Fn 


=  0. 


Then  the  set  of  toroidal  components 


(17) 


Ee=Tz  *)  +  *«+» O',  *)]  «-**+*•* 


(18®) 


=  l  [(kJ  -  =£)  (Gm-,(r,  z)  -  Hr+I(r,  z)) 
+~  (g^  +  ~)  (Gm_j (r,  z)  +  z)) 


c  t 


(186) 


satisfies  the  differential  equations  (16a)  and  (16b).  The  same  is  true  for  the  set 


# 


So  =  ^[Gm-i(r,  z)  +  2fm+i (r,  ,)]c-<-«+*M, 


(19®) 


E‘  =  [(*’  "  ^ )  (G"-l(r'  Z)  ~  Hm+'{r’  z» 
+~  (g^  +  “)  (Gm-i(r,  z)  +  i(r,  z)) 


—iwt+imO 


(196) 


The  first  set  (Eq.  (18))  is  appropriate  for  the  computation  of  the  pseudo-TE  modes  and 
the  second  set  (Eq.  (19))  is  appropriate  for  the  pseudo-TM  modes,  although  both  modes 
can  be  derived  from  either  set. 
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All  the  results  given  above  are  valid  for  any  toroidal  cavity.  In  the  following  we  shall 
confine  ourselves  to  a  toroidal  conductor  with  rectangular  cross  section.  Figure  4  illustrates 
the  geometry  of  the  problem.  The  inner  and  outer  surfaces  of  the  conductor  are  at  r  =  a 
and  r  =  6,  while  the  lower  and  upper  surfaces  lie  at  z  =  0  and  z  =  D.  By  direct  inspection 
of  Maxwell’s  equations  it  is  easy  to  show  that  for  such  a  toroidal  conductor  the  boundary 
conditions  are: 


Eg  —  0, 


(20a) 


4~rBe  =  0 
or 


(20  b) 


at  r  =  a  and  r  =  6,  and 


Eg  —  0, 


(21a) 


at  z  —  0  and  z  =  D.  For  a  rectangular  toroidal  conductor,  the  solution  of  Eq.  (7)  is 
separable.  First,  let  us  consider  the  pseudo-TE  modes.  A  solution  of  Eq  .  (17)  is 


Cm  O',  2)  =  i  (AJm(0r)  +  BYm(»r ))  cos 


where  Jm(x),  Ym(x)  are  the  Bessel  functions  of  the  first  and  second  kind,  and 


Let  us  also  choose  Hm(r,  z)  =  Gm (r,  z).  Then, 
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Gm-i  +  Sm+i  =  J-T  (AJm(0r)  +  BYm(0r)) cos  (24a) 

Gm-l  -  JTm+i  =  +  ByU/>')) «®  (24*) 

and  substituting  these  relations  into  Eqs.  (18a)  and  (18b)  we  obtain 


E,  =  -~yr  (AJm(0r)  +  BYm(0r ))  (sia^)  «-*'*+*"»  (25«) 

S,  =  ^  (AJm{0r)  +  Sym(W)  (cos  (256) 

By  choosing  g  to  be  an  integer,  i.e.,  g  =  1,  2,...,  the  boundary  conditions  atz*0  and 
z  —  D  axe  satisfied.  The  boundary  condition  (20a)  leads  to  the  relations 


i4Jm(xx)  +  £ym(xi)  —  0, 


(26a) 


« 


AJm{xi)  +  Bym(x2)  =  0,  (266) 

where  xi  =  0a  and  x2  =  0b.  It  is  easy  to  show  that  the  boundary  condition  (20b)  is 
satisfied  when  Eqs.  (26a)  and  (26b)  are  true.  The  determinant  of  the  algebraic  system 
(26a),  (26b)  must  be  zero,  and,  therefore,  the  unknown  parameter  0  is  determined  from 
the  zeroes  of  the  relation 


Jm(zi)Ym{X2)  ~~  Jm{x2)Ym{X\)  —  0* 


(27) 
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for  pseudo-TE  modes. 


Next,  let  us  consider  the  pseudo-TM  modes.  A  solution  of  Eq.  (17)  is 

G„(r,  z)  =  +  QYmfir)).m^,  (28) 

where  0  is  given  by  Eq.  (23).  We  choose  Hm{r,  z)  =  Gm (r,  z),  as  before,  and  substituting 
into  Eqs.  (19a)  and  (19b),  we  obtain 

=  (W.  (/»<•)  +  QYm  {fir))  (cm  (29.) 

B,  =  -u  (i>4(?r)  +  «yl(^r))  (.in  (298) 

for  the  TM  modes.  Again,  by  choosing  g  —  1,  2,...,  the  boundary  conditions  at  z  *  0,  and 
z  =  D  are  satisfied.  Either  of  the  boundary  conditions  (20a),  (20b)  leads  to  the  algebraic 
system 


J>4(*  l)  +  =  0,  (30*) 

Pj'm{zt)  +  QYU zz)  =  0,  (308) 

where  zj  and  x<i  have  been  defined.  For  the  pseudo-TM  modes,  the  parameter  0  is  deter¬ 
mined  from  the  zeroes  of  the  relation 


Jm(xl)*m(*2)  -  j'm{x2)Y,m{x i)  =  0. 


(31) 
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The  final  task  is  the  computation  of  the  parameter  0  from  Eq.  (27)  for  the  pseudo-TE 
modes  and  Eq.  (31)  for  the  pseudo-TM  modes.  This  will  be  done  under  the  assumption 
that  the  aspect  ratio  d/a,  where  d  =  b  —  a,  is  much  less  than  unity.  First,  let  us  investigate 
for  zeroes  such  that  the  quantity  6  =  zj  —  x\  is  much  less  than  unity.  A  Taylor  expansion, 
to  third  order  in  d,  of  Eq.  (27)  yields 


2d  i  Id  ma  +  2/dy  S 2 

jt a  2  a  6  \a  J  6 


and  Eq.  (31)  to  second  order  in  S,  yields 


[- if -i!  (-¥)]"• 


These  equations  are  obtained  using  the  identity 


4+l(ll)ln(*l)  —  </m(ll)lw+l(*l)  = 


and  the  recursion  formulas  for  the  Bessel  functions.  Equation  (32)  does  not  have  a  zero 
for  small  6,  while  Eq.  (33)  has  a  zero  when  xi  «  m.  In  this  case,  we  have  6  ss  md/a,  and 
for  m  not  very  large,  the  parameter  6  is  small  as  originally  assumed.  More  accurately,  it 
follows  from  Eq.  (33)  that  zi  «  m(l  —  d/2a).  Therefore,  when  S  is  small,  the  pseudo-TE 
modes  do  not  have  zeroes,  while  for  the  pseudo-TM  modes  0  «  (m/a)(l  —  d/2a)  and  from 
Eq.  (23), 


k 2  = 
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For  moderate  values  of  6  and  small  d/a,  the  arguments  xj,  x2  of  the  Bessel  functions 
are  large  (at  this  point  this  is  an  assumption  that  will  be  justified  after  the  zeroes  have 
been  computed).  Using  the  asymptotic  expressions  for  the  Bessel  functions,  Eq.  (27)  gives 
to  lowest  order  in  d/a 


while  Eq.  (31)  reduces  to 


6  tan  6  « 


6  tan  6  ta 


4  m2  +  3 
8 


(36) 


(37) 


An  approximate  solution  of  the  relations  above  can  be  obtained  by  setting  6  =  pn+e,  where 
p  =  1,  2,...,  and  c  is  a  small  parameter.  Then  Eqs.  (36)  and  (37)  have  the  approximate 
solutions 


4m2  —  1  f  d\2  ,  . 

6av*+-*tr\i)  -  (38) 

and 

4m2  +  3  f d\2  .  . 

8“'OT+-8^~U)  ’  (39) 

for  values  of  m  that  are  not  very  large.  From  Eqs.  (38)  and  (39)  it  follows  that  X\  «  pna/d 
and  X2  «  p?r&/d,  i.e.,  both  x\  and  z2  are  very  large  and  the  use  of  the  asymptotic  expansions 
is  justified  in  the  derivation  of  the  zeroes.  The  eigenfrequencies  of  the  psuedo-TE  modes 
can  be  obtained  from  Eqs.  (23)  and  (38),  and  are  given  by 


(40) 


Similarly,  the  eigenfrequencies  of  the  pseudo- TM  modes  can  be  obtained  from  Eqs.  (23) 
and  (39),  and  are  given  by 

*-~(7),-(-,+j)?+(5),+(S)*-  (41) 

Eqs.  (40)  and  (41)  indicate  that  the  eigenfrequencies  for  a  toroidal  rectangular  conductor 
are  similar  to  those  of  a  straight  rectangular  cavity. 

It  is  apparent  from  Eqs.  (35)  and  (41)  that  u  does  not  vary  linearly  with  m  and  that 
the  system  is  dispersive,  i.e.,  the  phase  velocity  is  a  function  of  w.  However,  when  D  — ►  oo, 
i.e.,  for  a  curved  stripline  of  infinite  width  satisfying  the  relation  (5  —  a)  fa  <  1,  Eq.  (35) 
gives 


i  (2)  U-£\, 

e  \  a  /  \  2a ) 


which  implies  that  the  phase  velocity  of  the  propagating  wave  is  not  a  function  of  frequency 
and  thus  the  various  frequency  components  of  the  wave  propagate  with  the  same  speed. 
Figure  5  shows  a  sketch  of  the  electric  field  lines  in  the  stripline.  In  this  geometry,  a  quasi- 
TEM  mode  propagates.  The  dominant  fields  are  Bz  and  Er  with  a  small  Eg  component 
and  all  other  components,  namely  Ez,  Br  and  Bg  are  zero. 


The  pulseline  described  in  Section  V  has  a  topology  different  from  that  of  the  curved 
stripline  of  infinite  width  and  thus  it  is  not  clear  if  the  results  of  the  stripline  model 
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axe  applicable.  Obviously,  a  complete  3-D  analysis  is  required  for  the  actual  topology  of 
the  toroidal  pulseline  before  a  definitive  conclusion  can  be  reached  about  its  properties. 
However,  it  should  be  noticed  that  the  wave  equation  in  toroidal  geometry  is  separable 
in  the  variables  t  and  0  and  thus  its  solution  is  a  superposition  of  eigenfunctions  of  the 
forms  F(n,  where  ft,  £  and  0  are  the  toroidal  variables.  Unfortunately,  the 

eigenfrequencies  of  the  toroidal  pulseline  cannot  be  easily  obtained.  It  is  expected  that 
in  the  general  case  the  pulseline  is  dispersive.  However,  for  the  special  case  where  the 
separation  between  the  pulseline  conductors  is  much  smaller  than  their  minor  radii,  and 
the  minor  radii  are  also  small  compared  with  the  major  radius  of  the  line,  the  dispersive 
effects  are  likely  to  be  negligible  for  quasi-TEM  modes. 

IV.  NUMERICAL  RESULTS 

The  beam  dynamics  in  the  modified  betatron  have  been  studied  for  the  bipolar  pulse 
shown  in  Fig.  6.  The  pulse  is  negative  (accelerating)  for  the  first  50  ns,  and  positive 
(decelerating)  for  the  subsequent  100  ns.  In  a  Pavlovskii  line13  only  the  second  pulse  is 
used  for  acceleration.  Here,  both  the  positive  and  negative  polarity  components  of  the 
pulse  are  used  because  more  efficient  trapping  occurs  with  this  choice.  The  orbit  for  the 
beam  centroid  is  obtained  by  integrating  the  equations  of  motion  with  JAX,  a  3-D  particle 
integrator  code.  The  toroidal  pulseline  electric  fields  are  computed  from  a  cylindrical 
model  with  a  simple  1/r  toroidal  correction  to  ensure  that  /  Egrd.0  is  the  same  for  any 
path.  The  stellarator  fields  are  calculated  from  Biot-Savart’s  law  by  dividing  each  period 
of  the  winding  into  twenty  segments.  The  image  electric  and  magnetic  fields  used  in  the 
code  have  been  discussed  in  previous  publications  7 . 


Successful  trapping  in  the  modified  betatron  requires  that  l)  the  beam  does  not  hit 
the  injector  after  the  first  toroidal  revolution  around  the  major  axis  and  2)  the  beam  does 
not  return  to  the  injector  after  a  poloidal  (bounce)  period.  Numerical  results  for  various 
amplitude  pulses  are  shown  in  Figs.  7,  8  and  9.  The  parameters  for  the  three  runs  are  listed 
in  Table  I.  The  figures  show  the  projection  of  the  beam  centroid  on  the  0  =  0  plane.  The 
small  circular  motion  in  these  figures  is  associated  with  the  stellarator  field  (intermediate 
frequency  mode).  Since  there  are  six  stellarator  field  periods  between  0  <  0  <  2k,  the 
beam  centroid  performs  six  oscillations  during  a  revolution  around  the  major  axis.  The 
beam  moves  approximately  1  m  in  the  toroidal  direction  for  each  small  orbit. 

Results  with  the  80  kV  bipolar  pulse  are  shown  in  Fig.  7.  At  the  end  of  the  first 
revolution  around  the  major  axis  (t  «  25  ns),  the  beam  has  moved  almost  5  cm  which 
is  more  than  enough  to  miss  the  injector  and  its  shroud.  At  the  end  of  the  first  bounce 
period,  the  beam  is  on  an  orbit  with  a  radius  of  just  over  3  cm  centered  at  100.6  cm.  Thus 
both  trapping  criteria  have  been  met. 

As  the  beam  passes  through  the  gap,  its  energy  changes.  This  change  in  7  will  cause 
the  center  of  the  bounce  (slow)  motion  to  move  according  to 

Ar _ A7/7 _ 

r  n  -  ns(rb/a)2  +  n,/’ 

where  A7  is  the  energy  mismatch,  n  is  the  external  field  index,  n,  is  the  self  field  index, 
n,f  is  the  strong  focusing  index10  ,  rj>  is  the  beam  radius,  and  a  is  the  minor  radius  of  the 
vacuum  chamber. 
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For  the  parameters  of  Fig.  7,  A r  is  ±0.9  cm.  Its  sign  depends  on  the  polarity  of  the 
pulse.  At  t  =  0  the  center  of  the  bounce  motion  is  at  r  =  102.4  cm.  After  t  =  50  ns, 
the  electron  beam  has  been  accelerated  twice  by  the  negative  voltage  and  the  equilibrium 
position  is  at  104.2  cm.  This  change  in  the  center  of  the  motion  results  in  a  smaller  radius 
of  curvature  than  it  would  have  otherwise.  During  the  second  (positive)  phase  of  the 
bipolar  pulse,  the  beam  is  decelerated^  times  with  a  net  change  in  equilibrium  position  of 
3.6  cm  and  the  center  of  the  orbit  is  at  100.6  cm.  The  bipolar  pulse,  properly  timed,  has 
the  effect  of  chasing  the  particle  and  continuously  decreasing  the  size  of  the  orbit. 

An  even  better  final  orbit  is  obtained  by  increasing  the  puls^eline  voltage  to  100  kV  as 
shown  in  Fig.  8.  Because  of  the  larger  A*y  the  final  equilibrium  position  is  at  100.2  cm  and 
is  closer  to  the  beam.  The  final  radius  of  the  poloidal  orbit  is  considerably  larger  when 
the  amplitude  of  the  bipolar  pulse  is  reduced  to  60  kV,  as  shown  in  Fig.  9.  If  the  toroidal 
field  and  the  strong  focusing  current  are  halved,  the  required  bipolar  pulse  amplitudes  are 
also  roughly  halved  for  similar  trapping  characteristics.  However,  the  beam  radius  is 
larger  at  the  lower  toroidal  field. 

V.  PULSELINE  CONSTRUCTION 

The  modified  betatron  vacuum  chamber  consists  of  twelve  flange  coupled  30°sectors 
with  a  major  radius  of  100  cm,  and  a  minor  radius  of  15  cm.  The  pulseline  was  designed 
as  an  integral  part  of  a  60°  sector,  and  it  is  intended  to  replace  two  30°  vacuum  chamber 
sectors.  Fig.  10  shows  a  simplified  drawing  of  the  pulseline.  The  insulating  spacer  across 
which  the  gap  voltage  is  developed  is  shown  at  the  leftmost  end.  The  pulseline  looks  like  a 
toroidal  coaxial  equivalent  of  a  folded  stripline.  The  radii  of  the  inner  and  outer  conductors 
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are  Ri  =  16.8  cm  and  R$  =  21.6  cm.  The  radius  Rz  of  the  middle  conductor  is  chosen 
to  make  the  characteristic  impedance  between  the  inner  and  middle  conductors  equal  to 
that  between  the  outer  and  middle  conductors.  Thus  R7  =  y/R\Rz  =19.0  cm.  The  choice 
of  values  for  R\  and  Rz  is  severely  limited  by  the  available  spare  between  the  vacuum 
chamber  and  the  coils  of  the  modified  betatron. 

Deionized  water  is  used  as  the  dielectric  medium  between  the  pulseline  conductors. 
This  choice  yields  the  maximum  practical  pulselength  for  given  geometric  dimensions. 
Since  the  dielectric  constant  of  water  is  ~80,  the  mean  one-way  transit  time  r  is  45  ns.  To 
avoid  field  errors,  the  magnetic  field  penetration  time  of  the  pulseline  needs  to  be  the  same 
as  for  the  rest  of  the  vacuum  chamber.  The  pulseline  is  constructed  from  fiberglass  and 
epoxy-reinforced  carbon  fibers.  The  modified  betatron  vacuum  chamber  is  constructed 
similarly.  The  inner  pulseline  conductor  is  made  of  seven  layers  of  carbon  fiber  cloth  with 
a  total  thickness  of  1.5  mm.  However,  a  major  portion  of  the  fine  current  is  carried  by  a 
sheet  of  phosphor-bronze  wire  cloth  embedded  between  the  outer  two  carbon  layers.  The 
surface  resistivity  of  the  wire  cloth  is  32  mfl  on  a  square.  The  measured  resistivity  of 
the  carbon  fiber  matrix  is  ~8  mfi-cm.  The  middle  conductor  is  also  made  of  carbon  fiber 
with  an  overall  thickness  of  1.5  mm,  but  it  has  two  sheets  of  phosphor-bronze  wire  cloth 
to  simulate  the  folded  nature  of  the  pulseline.  Finally,  the  outer  conductor  is  similar  in 
construction  to  the  inner  conductor. 

The  middle  conductor  is  perforated  with  a  large  number  of  3-mm-diam.  holes  to 
facilitate  free  circulation  of  water  within  the  pulseline.  The  hole  spacing  is  ~2.5  cm.  Water 
is  admitted  through  five  holes  at  the  bottom.  After  circulating  through  the  pulseline,  the 
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water  exits  through  five  holes  at  the  top,  and  then  passes  through  a  deionizer  before 
returning  to  the  inlet  holes.  The  water  resistivity  is  maintained  above  8  MH-cm.  Also,  the 
initial  filling  is  done  gradually,  typically  taking  20-30  minutes.  This  minimizes  bubbles  in 
the  pulseline  and  in  the  circulating  water. 

Switching  is  done  by  a  set  of  triggered  vacuum  surface  fiashover  switches.  Cast 
polyurethane  annular  disks  separate  the  vacuum  fiashover  region  from  the  outside,  and 
from  the  water  dielectric  medium.  Spark  gap  switches  cannot  be  used  here  for  several 
reasons.  The  capacitance  of  the  middle  conductor  with  respect  to  the  inner  and  outer  con¬ 
ductors  is  50  nF.  For  a  typical  charge  voltage  of  20  kV,  the  stored  energy  in  the  pulseline 
is  only  10  J.  It  is  doubtful  if  spark  gaps  can  switch  the  pulseline  with  a  total  switch  resis¬ 
tance  loss  less  than  0.5  J.  Another  disadvantage  of  spark  gaps  is  their  inability  to  perform 
at  low  voltages  a«  crowbar  switches.  Ideally,  during  the  crowbar  phase,  the  switch  needs 
to  close  when  there  is  no  voltage  between  its  electrodes.  The  vacuum  surface  fiashover 
switches  used  here  perform  admirably  well  under  these  conditions  as  will  be  shown  in  the 
next  section.  Because  of  the  tight  space  restrictions,  a  spark  gap  switch  might  take  the 
form  of  an  annular  rail-gap  switch.  But  the  machining  tolerances  that  would  be  necessary 
to  ensure  multichannel  operation  at  these  low  voltages,  would  be  quite  impractical  for  a 
rail-gap  switch.  The  surface  fiashover  switches  also  offer  the  added  convenience  of  almost 
complete  isolation  between  the  trigger  and  pulseline  charge  circuits. 

Eight  surface  fiashover  sites  on  the  vacuum  side  of  the  outer  polyurethane  disk  initiate 
pulse  propagation  in  the  water  lines.  Each  site  is  triggered  by  plasma  emanating  from  the 
end  of  an  overvolted  0.64-cm-diam.  semi-rigid  coaxial  cable.  A  simplified  circuit  diagram  of 
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the  initiation  driver  circuit  is  shown  in  Fig.  11.  The  spacing  between  the  end  of  the  trigger 
coax  and  the  polyurethane  surface  is  typically  8  mm.  The  inductance  of  each  flashover 
switch  is  roughly  50  nH.  If  all  eight  switches  fire  synchronously,  the  net  inductance  is  50/8 
=  6.3  nH.  Using  Eq.  (5)  the  pulseline  characteristic  impedance  is  0.84  Cl.  So  the  risetime 
due  to  inductance  alone  is  2.2  x  6.3/0.84  =  16.5  ns.  The  crowbar  switches  are  a  similar 
set  of  eight  triggered  flashover  sites  on  the  inner  polyurethane  disk.  The  crowbar  driver 
circuit  is  also  similar  to  the  initiation  circuit  shown  in  Fig.  11.  All  electrical  connections 
between  pulseline  conductors  are  made  via  spiral  wound  RF  gaskets.  Gold  plated,  1.3-cm- 
wide  stainless  steel  strips  on  the  conductor  walls  provide  the  mating  surfaces  for  the  RF 
gaskets. 

Four  capacitive  probes  in  the  outer  conductor  wall  monitor  the  electric  field  between 
the  middle  and  outer  conductors.  Each  probe  is  a  gold  plated  stainless  steel  disk  with 
a  diameter  of  1.25  cm.  The  probe  surface  is  in  intimate  contact  with  the  water  and  is 
flush  with  the  inside  surface  of  the  outer  conductor.  Thus  field  perturbations  due  to  these 
probes  are  kept  to  a  minimum.  Of  the  four  probes,  two  namely  CAPl  and  CAP4  are  on 
the  horizontal  midplane.  CAPl  is  the  capacitive  probe  closest  to  the  initiation  switches. 
Its  distance  from  the  switching  plane,  measured  along  the  inside  surface  of  the  outer 
conductor,  is  ~27  cm,  and  the  distance  of  CAP4  from  the  switching  plane  is  ~80  cm.  The 
probes  CAP2  and  CAP3  are  located  midway  between  the  other  two  probes,  but  CAP2  is 
displaced  60°  in  poloidal  angle  above  the  horizontal  midplane,  and  CAP3  is  60°  below  the 
midplane.  Their  distance  from  the  switching  plane  is  ~53  cm. 
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VI.  EXPERIMENTAL  RESULTS 


Before  discussing  the  pulseline  results,  it  is  instructive  to  review  some  of  the  results 
obtained  from  an  earlier  experiment  set  up  to  study  the  characteristics  of  the  vacuum 
surface  fiashover  switch.  A  2.5-cm-high  block  of  polyurethane  supported  between  brass 
plates,  formed  the  fiashover  switch  for  this  experiment.  The  plates  were  connected  to  a  3-m- 
long  semi-rigid  coaxial  cable  charged  to  30  kV.  Plasma  from  another  overvolted  semi-rigid 
coaxial  cable  triggered  the  main  switch.  The  driver  circuit  for  the  trigger  coax  is  similar 
so  that  shown  in  Fig.  11,  and  typical  charging  voltages  ranged  from  15  kV  to  30  kV. 
The  fiashover  switch  current  was  measured  with  a  shielded  Rogowski  coil.  The  risetime 
appeared  to  be  —10  ns.  The  calculated  rise  time  due  to  switch  and  lead  inductances  is 
only  5  ns.  Thus  a  substantial  part  of  the  rise  time  needs  to  be  attributed  to  the  resistive 
phase  of  the  switch.  Resistive  rise  times  usually  depend  on  the  magnitude  of  the  voltage 
across  a  switch,  while  inductive  rise  times  show  no  such  dependence.  The  presence  of  the 
resistive  phase  was  confirmed  when  the  rise  time  increased  to  20  ns  for  charge  voltages 
below  15  kV.  For  a  10  to  to  spacing  between  the  trigger  coax  end  and  the  fiashover  surface, 
switch  current  was  observed  roughly  50  ns  after  the  trigger  coax  end  overvolted.  This 
delay  to  ay  be  attributed  to  the  finite  plasma  propagation  velocity,  which  appears  to  be  on 
the  order  of  107  cm/s.  When  the  spacing  was  increased  to  13  mm  the  delay  increased  to 
—65  ns,  and  for  a  spacing  of  6  to  to  the  delay  appeared  to  be  —35  ns.  The  switch  voltage 
was  30  kV  and  the  driver  charge  voltage  was  -25  kV.  The  switch  performance  showed  a 
weak  dependence  on  the  polarities  of  these  voltages.  The  sixteen  initiation  and  crowbar 
switches  used  on  the  pulseline  are  roughly  similar  in  dimensions  to  the  switch  described 
above.  Thus  comparable  performance  can  be  expected. 
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The  pulseline  cannot  be  dc  charged  because  of  resistive  losses  due  to  the  relatively 
high  water  conductivity.  For  a  20-kV  charge  voltage,  the  resistive  loss  in  the  pulseline 
is  1.3  J  if  the  voltage  is  applied  for  4  /is  and  the  water  resistivity  is  8  MO-cm.  This 
needs  to  be  compared  with  the  10  J  stored  energy  in  the  electric  fields.  The  pulse  charge 
time  is  therefore  chosen  to  be  less  than  2  /is,  and  the  charge  voltage  is  near  its  maximum 
only  for  about  1  /is.  Figure  12(a)  shows  the  charging  voltage  on  the  middle  conductors 
as  measured  by  capacitive  probe  CAPl.  The  pulse  charge  circuit  consists  of  an  80-nF 
capacitor  dc  charged  to  18  kV  and  discharged  by  a  spark  gap  into  a  short  length  of 
coaxial  cable  the  other  end  of  which  connects  to  the  middle  and  outer  pulseline  conductors. 
Since  the  pulseline  capacitance  is  50  nF,  the  charging  waveform  is  expected  to  have  a 
[1  —  cos(ojf)]  dependence,  which  appears  to  be  the  case  in  Fig.  12(a),  and  the  peak  voltage 
is  18  x  2  x  30.8/50  =  22  kV.  The  equivalent  series  inductance  is  ~8.7  /*H. 

The  initiation  switches  fire  at  ~2  /is  when  the  charge  voltage  reaches  its  peak.  A 
gap  voltage  appears  immediately  after  initiation  as  shown  in  Fig.  12(b).  The  gap  voltage 
is  shown  on  an  expanded  time  scale  in  Fig.  13(b).  It  is  measured  using  a  capacitive 
probe  located  close  to  the  insulating  gap  spacer.  The  signals  in  Fig.  12  are  integrated 
with  a  10-/ts  passive  integrator.  For  the  waveforms  in  Figs.  12  and  13,  the  pulseline  is 
not  crowbarred  and  there  is  no  load  (beam  current).  When  the  initiation  switches  fire,  a 
quasi-TEM  wave  is  excited  in  the  outer  water  line.  The  wavefront  propagates  away  from 
the  switches  until  it  reaches  the  end  of  the  middle  conductor.  Here  the  wave  makes  a  180° 
turn  and  most  of  the  wave  energy  propagates  in  the  inner  water  line  toward  the  crowbar 
switches.  Because  of  the  open-circuit  condition  at  the  gap,  the  wave  reflects  and  proceeds 
towards  the  initiation  switches  where  it  reflects  again  because  of  the  short-circuit,  and  the 
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cycle  repeats.  The  period  of  the  cycle  is  the  two-way  transit  time  in  the  pulseline,  i.e., 


90  ns. 


The  gap  voltage  in  Fig.  12(b)  appears  to  decay  with  an  e-folding  time  of  0.7  j*s.  The 
decay  rate  can  be  calculated  from  the  known  resistivities  of  the  conductors  used.  The 
gap  voltage  is  obtained  by  integrating  the  rate  of  change  of  the  magnetic  flux  enclosed  by 
the  dashed  line  in  Fig  1.  This  voltage  is  also  equal  to  the  magnitude  of  the  propagating 
voltage  wavefront,  if  a  one-dimensional  approximation  is  employed  for  the  pulseline.  A 
propagating  wavefront  in  an  infinitely  long  line  is  described  by  V  exp (—7*),  where  y2  = 
(R  +  Ls)(G  +  Cs).  R,  L,  G  and  C  are  the  line  resistance,  inductance,  conductance 
and  capacitance  per  meter  and  s  is  the  Laplace  transform  time  variable.  Since  the  gap 
voltage  is  roughly  sinusoidal  after  the  first  oscillation,  one  can  substitute  jw  for  s  and 
write  *7  =  a  +  j0,  where  w/2j r  is  the  frequency  of  the  oscillation.  If  R  «  wL  and  G 
«  wC ,  «  =  R/(2Z0)  +  GZol 2,  where  Z0  =  y/L/C.  Using  the  known  resistivities  for  the 
carbon-fiber  matrix  and  the  phosphor-bronze  screen,  R  —  33.5  mfi/m.  G  can  be  used  to 
account  for  losses  in  the  water.  For  a  resistivity  of  8  MH-cm,  the  conductance  G  is  6x 
10"4  mho/m,  and  since  Z0  =  0.84  fi,  the  attenuation  constant  a  is  0.02  Neper/m.  Losses 
in  water  account  for  only  1.3%  of  the  total  losses.  The  calculated  value  of  a  predicts  an 
e-folding  time  of  1.5  fts  for  the  decay  rate  of  the  gap  voltage.  This  is  roughly  twice  the 
observed  time  in  Fig.  12(b). 

The  higher  resistive  losses  in  the  experiment  may  be  due  to  several  factors.  Potential 
sources  for  this  discrepancy  include  joint  resistances,  perforations  in  the  middle  conductor, 
additional  losses  when  the  wave  makes  the  180°  turn  around  the  edge  of  the  middle  con- 
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ductor,  losses  in  the  switches,  and  losses  due  to  skin  effect.  The  correction  for  skin  effect  is 
likely  to  be  small  because  the  diameter  of  the  individual  wires  forming  the  phospor-bronxe 
screen,  is  38  Atm,  while  the  skin  depth  for  the  dominant  frequency  is  ~50  fim  . 

Figure  13  shows  the  pulseline  waveforms  on  an  expanded  timescale.  Only  the  initiation 
switches  fire  for  this  sequence  of  shots.  Figure  13(a)  shows  the  current  in  one  of  the  trigger 
coaxes  at  the  driver  end  of  the  line  (see  Fig.  11).  The  current  is  measured  using  a  shielded 
Rogowski  coil  and  integrated  with  a  passive  2-/zs  integrator.  This  waveform  triggers  the 
oscilloscope  and  serves  as  the  time  reference  for  all  other  waveforms  in  Fig.  13.  The 
dc  charge  voltage  on  the  80-nF  driver  capacitor  is  —24  kV.  Waveforms  (b)  thru  (e)  are 
integrated  with  a  10-/xs  passive  integrator.  Figure  13(b)  shows  a  two-shot  overlay  of  the 
gap  voltage.  The  dip  at  330  ns  does  not  appear  to  be  quite  reproducible,  probably  because 
of  variations  or  lack  of  synchronism  in  the  initiation  switch  firings.  Waveforms  (c),  (d)  and 
(e)  show  the  voltages  measured  by  capacitive  probes  CAPl,  CAP3  and  CAP4.  There  is  a 
certain  amount  of  shifting  of  the  zero-level  baseline  in  these  signals.  This  is  readily  apparent 
in  Fig.  12(a),  and  it  is  due  to  the  inadequate  RC  time  of  the  lO-ps  integrator.  This  effect  is 
absent  in  the  gap  voltage  waveforms  because  they  are  approximately  symmetrical  voltages. 
Signals  (b)  thru  (e)  use  a  common-mode  rejector15  while  (a)  does  not.  The  common-mode 
rejector  was  made  by  winding  9v  turns  of  RG-174  cable  on  a  ferrite  core,  and  it  adds  a 
delay  of  90  ns.  Additionally,  since  the  Rogowski  coil  measures  the  current  at  the  driver 
end,  it  can  “sense”  the  trigger  coax  flashover  event  only  after  45  ns,  which  is  the  one-way 
transit  time  of  the  trigger  cables.  The  flashover  event  occurs  at  t  =  120  ns  in  Fig.  13(a), 
and  the  gap  voltage  appears  a"  -  '~30  ns  in  Fig.  13  (b).  The  delay  in  the  firing  of  the 
initiation  switches  is  therefore  (230  —  120)  —  (90  —  45)  =  65  ns.  This  is  consistent  with 
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the  finite  plasma  propagation  velocities  and  delays  measured  for  the  prototype  fiashover 
switch  described  at  the  beginning  of  this  section. 
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The  rise  time  of  the  gap  voltage  waveform  in  Fig.  13(b)  appears  to  be  ~22  ns  as 
indicated  by  the  first  negative  going  pulse.  This  could  be  the  result  of  only  six  out  of  eight 
switches  firing  simultaneously,  in  which  case  the  predicted  risetime  is  2.2  x  $.3/0.84  =  22  ns. 
Because  of  the  transit  time  isolation  between  switches,  there  is  a  high  probability  that  all 
eight  switches  fire  on  every  shot,  but  two  switches  may  fire,  say  5  ns  later.  This  is  a  likely 
event,  in  view  of  the  fact  that  the  delay  due  to  trigger  plasma  propagation  time,  is  roughly 
65  ns.  A  more  detailed  comparison  of  the  waveforms  in  Fig.  13  with  simulated  waveforms, 
is  carried  out  in  the  next  section. 

Figure  14  shows  the  effect  of  crowbarring.  The  delay  between  the  initiation  and 
crowbar  switch  firings  can  be  continuously  varied.  Figure  14(a)  shows  the  gap  voltage 
when  the  crowbar  switches  fire  at  the  right  time.  The  waveform  is  dose  to  the  desired 
waveform  (see  Fig.  6).  In  Fig.  14(b)  the  pulseline  was  crowbarred  ~20  ns  later.  The  delay 
can  be  arbitrarily  varied  to  essentially  short-circuit  the  gap  voltage  at  any  point  in  time. 
Even  though  there  is  energy  stored  in  the  pulseline  during  the  post-crowbar  phase,  no 
gap  voltage  appears  because  both  ends  of  the  line  have  been  short-circuited.  Figure  14(a) 
appears  to  indicate  that  the  fiashover  switches  perform  satisfactorily  even  when  there  is 
very  little  voltage  across  them.  It  is  extremely  difficult  to  achieve  similar  performance  with 
spark  gaps. 

Following  the  installation  of  the  strong  focusing  windings  in  the  NRL  device  it  has  been 
routinely  observed  that  for  several  combinations  of  injection  parameters,  the  beam  consis- 
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tently  spirals  from  the  injection  position  to  the  magnetic  minor  axis  and  is  trapped.1,  12 
Thus,  trapping  experiments  using  the  pulseline  have  not  yet  been  performed.  If  successful, 
the  trapping  of  the  beam  with  the  pulseline  is  expected  to  make  the  modified  betatron 
more  versatile  because  it  will  allow  a  wider  choice  of  the  values  of  the  toroidal  and  strong 
focusing  fields  during  injection. 

VH.  DISCUSSION 

In  this  section,  the  experimental  data  are  compared  with  results  from  a  computer  sim¬ 
ulation  for  a  straight  coaxial  transmission  line,  which  is  known  to  obey  the  one  dimensional 
wave  equation.  An  interesting  outcome  of  this  comparison  is  the  possibility  that  three  di¬ 
mensional  effects  in  the  toroidal  pulseline  counteract  some  of  the  distortions  in  pulse  shape 
due  to  switch  inductance.  The  net  result  is  a  superior  pulse  shape  in  comparison  with  the 
pulse  that  would  have  been  obtained  with  a  straight  coaxial  pulseline. 

There  are  several  features  in  the  experimental  data  that  do  not  agree  with  the  com¬ 
puter  simulations.  These  differences  are  described  in  more  detail  later  in  this  section.  The 
gap  voltage  waveform  (Fig.  13  (b))  is  of  special  interest.  Although,  the  initial  falling  edge 
of  the  bipolar  gap  voltage  waveform  indicates  a  rise  time  of  ~  22  ns,  which  is  close  to 
the  predicted  value,  the  subsequent  rising  edge  at  —  300  ns  lacks  a  “shoulder”  and  has 
a  rise  time  of  —  32  ns  which  is  much  larger  than  expected.  Also,  the  dip  at  ~  350  ns  is 
considerably  smoothed  out.  These,  and  other  smoothing  effects  become  apparent  when 
waveforms  (b)  thru  (e)  in  Fig.  13  are  compared  with  the  simulated  waveforms  appearing 
in  Fig.  16. 

The  1-D  simulations  are  performed  using  a  transmission  line  code  that  is  routinely 
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used  for  the  analysis  of  transient  in  electrical  circuits.  The  code  successfully  reproduces 

the  current  waveform  in  Fig.  13(a),  where  wave  propagation  takes  place  in  a  9-m  long, 

RG-214  coaxial  cable,  and  three  dimensional  effects  are  absent.  Figure  15  shows  the 

transmission  line  representation  of  the  toroidal  pulseline,  as  used  in  the  1-D  code.  The 

voltages  Vi,  V3  and  V4  at  the  junction  nodes  correspond  to  the  voltages  measured  by 

the  capacitive  probes  CAPl,  CAP3  and  CAP4,  and  the  electrical  lengths  of  the  four 

4 

transmission  lines  are  appropriately  chosen.  Also,  ^  r,  =  45  ns,  which  is  the  one-way 

»=i 

transit  time  of  the  pulseline.  All  lines  are  assumed  to  be  lossless.  The  switch  inductance 
L,  is  assumed  to  be  8  nH,  corresponding  to  the  case  where  six  out  of  eight  switches  fire 
simultaneously. 

The  topology  of  the  pulseline  is  interesting  in  the  sense  that  the  gap  voltage  responds 
immediately  to  the  closure  of  the  initiation  switches.  Therefore,  the  rise  time  of  the  gap 
voltage  is  directly  related  to  the  switch  closure  time.  Figure  16(a)  shows  that  the  rise 
time  of  the  first  negative  going  pulse  is  ~  25  ns,  which  agrees  with  the  experimental  value. 
However,  the  fall  time  of  the  negative  pulse  shows  a  well  defined  shoulder  at  ~  45  ns.  This 
shoulder  is  absent,  or  is  considerably  smoothed  out  in  the  experiment  (see  Fig.  13(b)).  The 
shoulder  occurs  when  the  propagating  wavefront  reaches  the  crowbar  switches,  and  reflects 
due  to  the  open  circuit  condition  at  the  gap.  The  dispersive  resistive  losses  in  the  pulseline 
cam  also  cause  smoothing,  but  this  is  not  applicable  here  because  resistive  losses  modify 
the  pulse  shape  only  over  long  periods  of  time,  while  the  smoothing  described  above  occurs 
almost  instantaneously.  Traces  (b),  (c)  and  (d)  in  Fig.  16  show  the  calculated  voltages 
corresponding  to  those  measured  by  capacitive  probes  CAPl,  CAP3  and  CAP4.  These 
waveforms  show  well  defined  shoulders  (for  example,  the  shoulder  in  (b)  is  at  ~  85  ns), 
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which  are  delayed  signatures  of  the  reflection  event  at  the  gap.  Again,  all  these  shoulders 
are  smoothed  out  in  the  experimental  data. 

Another  distinguishing  feature  is  the  large  dip  in  the  calculated  gap  voltage  waveform 
in  Fig.  16(a)  at  ~  100  ns.  This  occurs  when  the  wavefront  returns  to  the  initiation 
switches  and  reflects.  The  dip  would  be  absent  if  an  ideal,  distributed,  radial  switch  with 
zero  inductance  is  employed  in  place  of  the  eight  surface  flashover  switches  used  in  the 
experiment.  If  the  switch  inductance  L,  is  reduced,  the  depth  of  the  dip  b  unaffected, 
but  its  width  b  reduced.  Thb  can  also  be  shown  analytically.  The  gap  voltage  dip  b 
considerably  smoothed  out  in  the  observed  waveform. 

An  explanation  of  the  observed  smoothing  b  the  possibility  that  the  three  dimen¬ 
sional  geometry  of  the  pulseline  causes  substantial  wavefront  distortions,  and  the  toroidal 
pulseline  may  indeed  be  dispersive.  There  may  also  be  other  mechanisms  that  distort  the 
waveforms  in  the  experiment.  However,  the  distortions  cannot  be  attributed  to  the  capac¬ 
itive  probes  used  for  the  measurements,  because  these  probes  are  known  to  have  adequate 
frequency  response.  In  an  earlier  analysb  of  curved  transmission  lines,  16  expressions  for 
the  characteristic  impedance  of  a  deformed  line  have  been  derived,  but  the  analysb  does 
not  treat  the  detaib  of  wave  propagation  inside  the  line.  It  b  well  known  that  a  sharp 
bend  in  a  coaxial  cable  dbtorts  the  shape  of  a  pube  sent  through  it.  The  dbtortion  is 
usually  analyzed  in  terms  of  the  impedance  mismatch  introduced  by  the  bend.  In  prac¬ 
tice,  mechanical  considerations  limit  the  bend  radius  of  cables.  As  a  result,  the  observed 
dbtortions  in  cables  are  usually  negligibly  small. 

The  gap  voltage  waveform  of  a  straight  coaxial  pulseline  b  expected  to  have  a  pro- 
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nounced  dip  as  shown  in  Fig.  16(a).  This  dip  is  considerably  smoothed  out  in  the  toroidal 
pulseline  and  the  gap  voltage  waveform  bears  closer  resemblance  to  the  ideal  waveform. 
The  accelerated  electron  beam  interacts  with  the  pulseline  only  via  the  gap  voltage  and 
the  beam  cannot  “sense”  the  higher  order  modes  or  other  nonideal  conditions  existing 
inside  the  pulseline.  So,  in  a  restricted  sense,  the  toroidal  pulseline  might  be  superior  to  a 
straight  coaxial  pulseline. 

Vm.  SUMMARY  AND  CONCLUSIONS 

Numerical  results  from  the  integration  of  orbit  equations  indicate  that  the  injected 
electron  beam  in  a  modified  betatron  accelerator  can  be  trapped  using  a  charged  pukeline 
over  a  wide  range  of  operating  parameters.  Trapping  is  accomplished  by  modifying  the 
poloidal  orbit  within  a  bounce  period.  Thk  orbit  modification  is  due  to  the  change  of 
beam  energy.  A  distinctive  feature  of  thk  trapping  scheme  k  that  the  average  canonical 
angular  momentum  <  P$  >  k  not  conserved.  Trapping  k  achieved  over  a  wide  range  of 
pukeline  voltages  from  30  kV  to  100  kV. 

A  toroidal  coaxial  version  of  the  Pavlovskii  line  k  used  to  change  the  energy  of  the 
beam.  A  0.84-0  water  dielectric  line  has  been  built  and  tested.  The  toroidal  pukeline  k 
successfully  switched  using  triggered  vacuum  surface  flashover  switches.  The  rise  time  of 
the  crowbarred,  bipolar  puke  k  typically  22  ns.  The  gap  voltage  waveform  of  a  straight 
coaxial  pukeline  k  expected  to  have  a  pronounced  dip  due  to  switch  inductance.  Experi¬ 
mental  data  show  that  this  dip  k  considerably  smoothed  out  in  the  toroidal  pukeline. 
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Table  I.  Parameters  used  for  the  beam  trapping  simulations. 


Fig.  7 

Fig.  8 

Fig.  9 

Relativistic  factor  7 

2.36 

2.36 

2.36 

Bipolar  pulse  amplitude  (kV) 

^80 

=F100 

=F60 

Anr/pass 

±0.157 

±0.196 

±.117 

Beam  current  h  (kA) 

1.36 

1.36 

1.36 

Injection  radius  r,  (cm) 

108 

108 

108 

Beam  radius  r\,  (cm) 

1 

1 

1 

Self  field  index  n,(rj,/a)2 

0.6 

0.6 

0.6 

Torus  major  radius  r0  (cm) 

100 

100 

100 

Torus  minor  radius  a  (cm) 

15.2 

15.2 

15.2 

SF  radius  p0  (cm) 

23.4 

23.4 

23.4 

SF  current  /,/  (kA) 

20 

20 

20 

SF  index  n,f 

8 

8 

8 

Vertical  field  at  injection  Bz  (G) 

34 

34 

34 

Vertical  field  index  n 

0.5 

0.5 

0.5 

Toroidal  Field  Be  (G) 

4000 

4000 

4000 
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FIG.  2.  Pulseline  characteristics  for  A E  =  60  keV,  re  =  24  ns,  Va  =  20  kV,  h  =  2  kA, 
R\  =  16.8  cm,  Ri  =  19.0  cm  and  Rz  —  21.6  cm.  (a)  Plots  of  Z0  and  l  versus 
e/ 60.  (b)  Plots  of  it  and  r  versus  e/e 0- 
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Beam  trapping  simulation  for  an  80-kV  bipolar  pulse.  The  minor  axis  is  at 
r  =  100  cm.  Other  parameters  are  listed  in  Table  I. 
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FIG.  9.  Beam  trapping  for  a  60-1 
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FIG.  13.  Noncrowbarred  pulseline  waveforms  for  22-kV  charge  voltage,  (a)  Trigger  coax 
current,  (b)  gap  voltage  waveform  (two  shot  overlay),  (c)  voltage  measured  by 
capacitive  probe  CAPl  in  water,  (d)  voltage  measured  by  CAP3  and  (e)  voltage 
measured  by  CAP4. 
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fire  20  ns  later  for  (b). 
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FIG.  16.  (a)  Simulated  gap  voltage  waveform  using  the  1-D  transmission  line  code,  (b) 


thru  (d)  show  the  simulated  waveforms  corresponding  to  the  voltages  measured 


by  CAP1,  CAP3,  and  CAP4. 
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The  effect  on  the  electron-ring  dynamics  when  a  cyclotron  resonance  is  crossed  in  a  modified  betatron 
accelerator  has  been  studied  analytically  and  numerically.  It  has  been  found  that,  in  the  presence  of 
«mell  vertical  field  errors,  there  is  a  field-error-amplitude  threshold  below  which  the  normalized  trans¬ 
verse  velocity  &  of  the  gyrating  electrons  is  bounded  (Fresnel  regime)  and  above  which  it  is  unbounded 
(lock-in  regime).  In  the  lock-in  regime,  the  average  value  of  the  normalized  axial  (toroidal)  momentum 
Y0§,  when  y  is  the  relativistic  factor  and  is  the  normalized  axial  velocity,  remains  constant,  i-e.,  the 
resonant  s  never  crossed.  In  addition,  above  threshold,  ft  increases  proportionally  to  the  square  root 
of  the  time.  The  threshold  value  of  the  vertical  field  error  amplitude  can  be  made  larger  either  by  in¬ 
creasing  the  acceleration  rate  or  by  adding  a  small  oscillatory  toroidal  field  to  the  main  toroidal  field. 
The  multiple  crossing  of  the  same  resonance,  in  the  presence  of  such  a  small  oscillatory  toroidal  field. 


was  also  studied  with  some  interesting  results. 
PACS  numberis):  41.75.Fr,  41.85.Lc,  29.27.Bd 


I.  INTRODUCTION 

There  is  extensive  experimental  evidence  suggesting 
that  the  gradual  beam  loss  that  is  observed  in  the  Naval 
Research  Laboratory  (NRL)  modified  betatron  accelera¬ 
tor  (MBA)  is  a  consequence  of  crossing  various  cyclotron 
resonance  modes  during  acceleration  [1,2].  The  cyclo¬ 
tron  resonance  is  due  to  the  excitation  of  the  cyclotron 
motion  by  field  errors  associated  with  the  toroidal  and 
vertical  magnetic  fields.  Consequently,  these  field  errors 
can  be  either  a  vertical-field  BBX  (VF)  error  or  an  axial- 
(toroidal)  field  6 Be  (TF)  error  or  both. 

Recirculating  accelerators  with  low  accelerating  gra¬ 
dient  such  as  the  existing  NRL  modified  betatron  are  sen¬ 
sitive  to  field  errors,  because  the  electrons  have  to  per¬ 
form  a  large  number  of  revolutions  around  the  major  axis 
in  order  to  obtain  the  desired  peak  energy.  Successful 
detection  and  elimination  or  reduction  of  several  field  er¬ 
rors  in  the  NRL  device  led  to  beam  energies  in  excess  of 
20  MeV,  while  the  trapped  current  is  above  1  IcA  [3]. 

Although  the  cyclotron  resonance  is  a  potent  mecha¬ 
nism  with  the  potential  to  disturb  the  beam  at  a  low  ac¬ 
celeration  rate  and  when  the  various  fields  are  not  care¬ 
fully  designed,  it  also  may  provide  a  powerful  technique 
for  extracting  the  beam  from  the  magnetic-field 
configuration  of  the  modified  betatron  [4].  The  study  of 
the  cyclotron  resonances  is  facilitated  by  introducing  the 
detuning  factor  w=r0(ln/YP^  —I,  where  r„  is  the  major 
radius  of  the  torus,  c  is  the  velocity  of  light,  y  is  the  rela¬ 
tivistic  factor,  (3g  is  the  normalized  toroidal  velocity, 
(lm=  \e\Bm  /me,  Bn  is  the  toroidal  magnetic  field  on  the 
minor  axis,  e  and  m  are  the  charge  and  mass  of  the  elec¬ 
tron,  and  /  is  the  mode  number  of  the  resonance.  The  / 
mode  of  the  cyclotron  resonance  occurs  when  the  ratio  of 
the  toroidal  field  Bn  to  the  vertical  field  Bt 0  is  approxi¬ 
mately  equal  to  /.  Since  at  equilibrium  the  ratio 


'OO*o/r0«e  is  approximately  unity,  at  least  when  the 
beam  current  is  low  and  in  the  absence  of  strong  focus¬ 
ing,  the  /-mode  cyclotron  resonance  is  crossed  when  the 
detuning  factor  is  zero.  Furthermore,  the  detuning  factor 
appears  naturally  in  the  slow  equations  of  motion  derived 
by  averaging  out  the  fast  cyclotron  motion.  The  fact  that 
w+l  is  inversely  proportional  to  yPe  has  a  profound 
effect  on  the  ring  dynamics.  The  quantity  yP9  has  a  non¬ 
linear  dependence  on  the  normalized  perpendicular  ve¬ 
locity  Pi,  and,  as  a  consequence,  there  is  a  threshold  for 
the  vertical  field  error  amplitude  below  which  py  is 
bounded  (Fresnel  regime)  and  above  which  Px  increases 
continuously  (lock-in  regime)  with  time.  In  the  lock-in 
regime,  the  detuning  factor  remains  almost  zero  long 
after  the  resonance  has  been  reached  and,  therefore,  the 
resonance  is  never  crossed.  In  addition,  above  threshold. 
Pi  increases  proportionally  to  the  square  root  of  time 
while  yPe  remains,  on  the  average,  a  constant  The 
threshold  value  of  the  vertical  field  error  amplitude  can 
be  made  larger  either  by  increasing  the  acceleration  rate 
or  by  adding  a  small  oscillatory  toroidal  field  to  the  main 
toroidal  field.  The  latter  method  is  called  dynamic  stabil¬ 
ization  of  the  resonance. 

In  the  case  of  a  vertical  field  error  and  in  the  absence  of 
acceleration,  space  charge,  and  strong  focusing  field,  our 
studies  of  the  cyclotron  resonances  show  that  the  normal¬ 
ized  transverse  velocity  Pi  and  thus  the  Larmor  radius  of 
the  transverse  motion  of  the  gyrating  particles  grows 
linearly  with  time  [5],  provided  that  nonlinear  effects  as¬ 
sociated  with  yP9  are  neglected.  When  such  effects  are 
taken  into  account,  Pk  is  periodic  and  bounded. 

As  mentioned  previously,  in  the  presence  of  an  ac¬ 
celerating  field  and  of  a  large  vertical  field  error.  Pi  in¬ 
creases  proportionally  to  the  square  root  of  time  while 
yP$  saturates,  i.e.,  the  electrons  lock  into  a  specific  reso¬ 
nance  (lock-in  regime).  When  the  amplitude  of  bBt  is 
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below  the  threshold,  pL  exhibits  Fresnel  behavior,  i.e.,  0i 
grows  quickly  for  approximately  1  fixe  and  then  satu¬ 
rates  until  the  beam  reaches  the  next  resonance. 

In  the  case  of  an  axial  field  error  and  in  the  absence  of 
acceleration,  when  the  ring  is  initially  at  exact  resonance, 
0L  grows  exponentially  with  time  only  for  a  very  short 
period.  Since  0L  increases  at  the  expense  of  0*  the  parti¬ 
cles  are  kicked  off  resonance  and  varies  cyclicly  with 
time.  Similarly,  in  the  presence  of  an  accelerating  field  pl 
behaves  as  in  the  case  of  the  vertical  field  error,  i.e., 
below  threshold  it  exhibits  the  Fresnel  behavior  and 
above  threshold  the  ring  locks  into  the  resonance.  The 
same  is  also  true  during  acceleration  even  in  the  absence 
of  a  vertical  or  toroidal  field  error,  but  in  the  presence  of 
stellarator  fields  of  periodicity  m,  when  the  quasiequili¬ 
brium  position  of  the  ring  is  off  the  magnetic  axis  of  the 
strong  focusing  system  and  the  resonance  mode  is  equal 
to  m.  The  results  of  the  studies  with  axial  field  error  will 
be  reported  in  a  future  publication.  In  the  absence  of  a 
toroidal  magnetic  field,  nonlinear  effects  associated  with 
the  crossing  of  resonances  in  synchrotrons  have  been  con¬ 
sidered  previously  by  DePaclth  [6]. 

The  preceding  discussion  is  based  on  the  assumption 
that  the  space  charge  is  low  and  the  strong  focusing  field 
is  zero.  In  addition  to  introducing  new  characteristic 
modes,  the  strong  focusing  field  makes  the  expression  for 
the  regular  cyclotron  mode  more  complicated  [7].  How¬ 
ever,  it  can  be  shown  that  for  the  parameters  of  the  NRL 
device  and  provided  /  » 1,  the  strong  focusing  has  only  a 
minor  effect  on  the  cyclotron  resonance.  This  conclusion 
is  supported  by  extensive  computer  calculations. 

This  paper  is  organized  as  follows.  The  theoretical 
model  is  formulated  in  Sec.  II.  Section  in  A  contains  ex¬ 
amples  of  both  the  Fresnel  and  lock-in  state  from  the  ex¬ 
act  equations  of  motion.  The  slow  equations  of  motion 
are  derived  in  Sec.  HIB,  and  the  simplified  slow  equa¬ 
tions  of  motion  with  linearized  detuning  factor  are  given 
in  Sec.  Ill  C.  The  asymptotic  behavior  in  the  Fresnel  and 
lock-in  state  as  well  as  the  appropriate  initial  conditions 
to  be  used  in  the  subsequent  sections  are  presented  in  Sec. 
IV,  while  Sec.  V  contains  a  discussion  of  possible  ways  to 
cross  a  resonance  without  locking  into  it.  Resonance  dia¬ 
grams  for  nonzero  initial  perpendicular  velocity  are 
displayed  in  Sec.  VI,  and  the  multiple  crossing  of  the 
same  resonance  is  demonstrated  in  Sec.  VII.  Finally,  Sec. 
VIII  contains  the  summary  and  conclusions. 

IL  MODEL  WITH  A  VERTICAL-FIELD  ERROR 

Imperfections  in  the  coils  that  generate  the  betatron 
field  could  result  in  a  field  error.  A  typical  example  is 
given  in  Fig.  1,  which  shows  the  VF  error  per  kiloampere 
of  the  current  circulating  in  the  coils  as  a  function  of  the 
toroidal  angle,  at  r  — 100  cm.  This  error  is  due  to  a  small 
straight  section  in  each  coil  that  generates  the  betatron 
field  in  the  vicinity  of  the  power  feeds.  Table  I  provides 
the  Fourier  decomposition  of  the  error.  The  values  are 
the  actual  error  amplitudes  (in  G)  for  a  toroidal  field 
2100=4650  G  as  each  particular  resonance  is  reached  dur¬ 
ing  acceleration. 

Obviously,  near  a  resonance,  only  the  mode  associated 
with  that  resonance  is  acting  on  the  ring.  The  contribu¬ 


FIG.  1.  Vertical  field  error  per  kiloampere  of  currant  in  the 
coils  that  generate  the  betatron  field,  as  a  function  of  the 
toroidal  angle  0,  at  r*100cm,  x  ”0.0  cm. 


tion  of  all  the  other  modes,  being  far  away  from  the  reso¬ 
nance,  averages  out  to  zero  due  to  their  fast  oscillatory 
behavior.  Therefore  the  VF  error  will  be  expressed  in 
terms  of  the  particular  /  mode  associated  with  the  reso¬ 
nance  under  study,  i.e., 


6B,=6B,0Kr0— -anUd+e0) , 
ro 


S *,->80,0 


l+K, 


r—rn 


rO 


sin(/0+0o)  , 


(la) 

(lb) 


TABLE  I.  Fourier  decomposition  of  VF  error.  Actual  values 
of  the  VF  error  at  each  /mode  for  B,  »■ 4650  Pare  listed. _ 


Fourier 

mode 

Fourier 

amplitude 

cos  (Fourier 
amplitude) 

sin  (Fourier 
amplitude) 

1 

108.2698 

81.6151 

71.1430 

2 

1.2152 

0.3749 

1.1559 

3 

8.8142 

-6.5489 

5.8994 

4 

0.9985 

0.0905 

0.9944 

5 

1.0148 

-0.3835 

-0.9395 

6 

0.5915 

-0.5915 

0.0000 

7 

0.3350 

-0.0856 

03238 

8 

0.3188 

0.0884 

—0.3063 

9 

0.3226 

—03428 

-02124 

10 

0.0759 

0.0640 

0.0407 

11 

0.1301 

0.0868 

—0.0970 

12 

0.0243 

-00243 

0.0000 

13 

0.0373 

OQ264 

0X264 

14 

0.0112 

00088 

-0X069 

15 

0.0062 

-00045 

0X042 

16 

0.0034 

00008 

0X033 

17 

0.0010 

-00010 

—0X002 

18 

0.0012 

-0.0012 

oxooo 

19 

0.0002 

-00002 

0X000 

20 

0.0000 

0.0000 

0X000 
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8r9=sej0— ct»ae+e0) .  (lc) 

r0 


In  Eqs.  (1),  &£&  do,  and  Krf  are  the  amplitude,  the 
phase,  and  the  gradient  in  the  radial  direction  of  the  / 
mode  and  r0  is  the  major  radius  around  which  the 
analysis  is  carried  out.  It  should  be  noticed  that  Eqs. 
(la)-(lc)  satisfy  Maxwell’s  equations  to  first  order  in 
toroidal  correlations. 

The  magnetic  fields  acting  on  the  ring  in  the  MBA  are 
the  betatron,  the  toroidal,  and  the  stellarator  field.  For 
simplicity,  the  stellarator  field  is  omitted  in  the  present 
analysis.  At  high  energies  its  contribution  to  the 
confinement  of  the  ring  is  diminished  and  abundant  com¬ 
puter  runs  have  shown  that  the  main  results  presented 
here  are  not  altered  in  the  presence  of  the  stellarator  field 
except  for  resonances  /  —km,  where  m  is  the  field  period 
of  the  stellarator  and  k  — 1,2, ....  In  the  analysis,  the 
betatron  field  is  approximated  by 


ro 


B{”=B 


xO 


l—n 


r-'o 

r0 


(2a) 

(2b) 


where  n  is  the  field  index  and  B^  the  field  on  the  minor 
axis.  Similarly,  the  toroidal  magnetic  field  is  given  by 


Bg~Bg Q~  ,  (3) 

where  Bgg  is  the  field  at  r**r0. 

Since  the  VF  error  is  a  sinusoidal  function  of  the 
toroidal  angle  0,  it  is  convenient  to  express  the  equations 
of  motion  in  terms  of  the  independent  variable  6  rather 
than  time.  In  their  transformed  state,  the  equations  of 
motion  become 


r*+ 


,32a +JL w_!£±r 

70*  70,  2  1+f 

r0(ft,+/ftz) 


rPef 


(1+P)2+1+P,  (4) 


where  the  complex  variable  £= [(r — r0)+iz]/r0, 
§’=d^/dd,  i*  is  the  complex  conjugate  of  f,  and  fl  is 
the  cyclotron  frequency,  i.e.,  ft=|ei B/mc.  The  position 
of  the  ring  centroid  is  given  by 


r—r0 

p= — > 
r0 


(5a) 

(5b) 


The  quantity  yBg  can  be  expressed  as 

,  - -  !,/2 

Y0e= 


Y2- 1 


1  + 


1 


(1 +P)2 


rr 


(6) 


where  y  is  the  relativistic  factor  and  its  derivative  with 
respect  to  6  is  equal  to 


r  pQx 
Y&tf 


(1+P) 


1  £+£L 


2  1+P 


(7) 


The  accelerating  electric  field  is  given  by 

Eg=  —  —roBz0,  (8) 

where  B^  is  the  time  derivative  of  the  betatron  field  at 
r =r0.  Using  the  rate  of  change  of  time  that  is  given  by 
t' = ( r0  /c0g)(  1+P),  it  can  be  shown  that 


r '= 


[o 

c 


2 

ftrfd+P) 


(9) 


and 

"0) 


In  the  equations  given  above  ft,  and  ft*  include  both  the 
betatron  field  and  the  VF  error.  Notice  that  Eq.  (4)  is  a 
second-order  nonlinear  differential  equation  of  the  com¬ 
plex  quantity  £.  In  terms  of  £,  the  position  of  the  ring 
centroid  is  given  by  Eqs.  (5),  while  its  normalized  velocity 
components  vr,vz  are 


yP« 

Y 


— — t . 
1+P5 


(11) 


Obviously,  the  exact  set  of  nonlinear  equations  given 
above  is  very  complicated  and  difficult  to  handle.  How¬ 
ever,  for  a  ring  that  has  a  bounce  motion  with  a  small 
amplitude,  i.e.,  for  small  mismatch,  and  for  large  /-mode 
values,  it  is  easy  to  show  that  near  the  resonance 
|£|~|f|//  and  therefore  |£|  is  much  smaller  than  |£*|. 
In  this  case,  it  is  appropriate  to  linearize  Eq.  (4)  with 
respect  to  £  and  £*.  Under  such  conditions,  Eq.  (4) 
simplifies  to 


r+*r +*.$=/, , 


(12) 


where 


/,=A+ 


i(i+A)<r+r'>+*H<£+r>- 


— v'— in  — 


(rflftf 


r'-j(i-nc)(£r+rr>-i(rr+£r> 


-  +£C(£+r )— 8C[  1  +£+(  1 +K +|(r +r')r > 

li  n 

i+rr’ 


<r^e)  1 


y2_l 


(13a) 


2046 


D.  DIALERS,  S.  J.  MARSH.  AND  C.  A.  KAPETANAKOS 


47 


A* 

C* 

SC 

f- 


.  _£o£^*o_ 
<r0*> ic  ’ 

T  r0^Q»O 

1-Xr.L 
2  i+rr ' 


A»l-C  , 
A2=(l-n)C-j  . 


(13b) 

(13c) 

(13d) 

(13e) 

(13f) 

(13() 

(13b) 


When  the  mismatch  tens  A  is  small,  then  C*1  and 
Jf2as|— n.  Since  the  term  JT2£*  in  / ,  will  be  treated  as  a 
perturbation  in  the  derivation  of  the  slow  equations  of 
motion,  K2  must  be  small.  Therefore  we  assume  that  n  is 
close  to  Abo,  since  we  consider  only  values  of 
||*|  <0.2,  before  the  resonance  is  crossed,  terms  propor¬ 
tional  to  |£'|2|£|  are  omitted  when  compared  to  one.  The 
simplified  Eq.  (12)  is  complemented  by  the  derivatives 
with  respect  to  0  of  y  and  r^Cl^/c,  which  are  given  by 


Y ~ 


c 


*z0 


1+itc 

2 


and 


(14a) 


rofljo 

c 


h 

c 


2 


n 


’20 


__2L_ 
<Y0»)  i 


(14b) 


Results  from  the  numerical  integration  of  Eq.  (12)  and 
the  exact  Eq.  (4)  are  in  very  good  agreement,  provided 
the  initial  values  of  |£|  <0.30X10“2  and  ||'|<0.2. 
Therefore  Eq.  (12)  will  be  used  in  the  derivation  of  the 
slow  equations  by  averaging  out  the  fast  cyclotron  oscil¬ 
latory  motion. 


m.  DYNAMIC  BEHAVIOR  NEAR  A  RESONANCE: 
FRESNEL  AND  LOCK-IN  REGIMES 


The  results  from  the  numerical  integration  of  the  exact 
equations  of  motion,  i.e^  Eq.  (4),  as  a  resonance  is  crossed 
during  acceleration  indicate  the  following  consistent  be¬ 
havior  there  is  a  threshold  value  of  the  VP  error  ampli¬ 
tude  &Bt o,  below  which  the  perpendicular  velocity  fiL  of 
the  gyrating  electrons  increases  by  a  certain  amount  as 
the  resonance  is  crossed  and  then  it  remains  (datively 
constant,  after  the  resonance  has  been  crossed.  Above 
the  threshold  value,  (JL  keeps  incresaing  with  time  while 
rfo  remains,  on  the  average,  constant,  and  the  resonance 
is  never  crossed,  Le.,  the  ring  is  locked  into  the  reso¬ 
nance.  A  typical  example  of  this  behavior  is  shown  in 
Fig.  2  for  the  parameters  listed  in  Table  II.  The  thresh¬ 
old  value  of  &Bm 0  is  between  0.19  and  0.193  O.  Figures 
2(a)  and  2(c)  show  versus  time  below  and  above  thresh¬ 
old,  while  Figs.  2(b)  and  2(d)  show  the  corresponding  yfi9 
versus  time. 

It  is  rather  difficult  to  find  from  the  exact  equations  of 
motion  the  source  of  the  dynamic  behavior  shown  in  Fig. 
2.  Thu  behavior  can  be  explained  by  the  slow  equations 
of  motion  derived  in  Sec.  IIIB. 

To  derive  the  slow  equations  of  motion  the  instantane- 


Fresnel  Regime 


Lock-in  Regime 


Time  (/usee) 


0  2  4  6  8 

Time  (/usee) 


FIG.  2.  Pi  and  yPt  vs  time  obtained  from 
the  exact  equations  of  motion  [Eq.  (4)],  in  the 
Fresnel  and  lock-in  regimes  and  dose  to  the 
threshold,  for  die  parameters  in  Table  1L 
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TABLE  II.  Parameter!  of  the  runs  shown  in  Figs.  2-6. 


Parameter 

Value 

Toms  major  radius  r0 

100  cm 

Toroidal  magnetic  field  BK 

2771  G 

Vertical  magnetic  field  B, 0 

303  G 

Field  index  n 

0.5 

Rate  of  change  of  vertical  field  B, 0 

2  G/pacc 

Resonance  mode  / 

9 

Amplitude  of  VF  error  &BK 

0.190,0.195  G 

Constant  phase  of  VF  error  $> 

0.0 

Gradient  of  VF  error  K# 

0.0 

Initial  normalized  toroidal  momentum  yfit 

17.922 

Initial  normalized  vertical  velocity 

0.0 

Initial  phase  of  vertical  velocity  <?<> 

0.0 

Initial  radial  displacement  r— r0 

0.0  cm 

Initial  vertical  displacement  z 

0.0  cm 

Integration  time  tf 

8  jiaec 

ous  position  of  the  particle  £  is  decomposed  into  two 
components.  The  first  is  associated  with  the  bounce 
motion  and  the  second  with  the  cyclotron  or  fast  motion, 
i.e.,  £=£4+£<;,  where 

ie =|i*’exp(—  ivc0),  and  vt,  and  vc  are  the  two  charac¬ 
teristic  frequencies  of  the  system.  Specifically,  vb  ”v_ 


and 


<I«b) 


It  is  apparent  from  Eqs.  (16)  that  it  is  possible  to  extract 
the  bounce  and  (slow)  cyclotron  motion  in  the  rotating 
frame  by  inverting  Eqs.  (16).  Specifically, 


v±: 


*2* 


b 

2 

1/2 

tf 

II 

*4J) 

£ — 

2 

+JC, 

• 

(15) 

ve-v*  | 

The  complex  amplitudes  I**  and  £*/’  are,  in  general, 
slowly  varying  quantities,  provided  that  the  perturbation 
is  not  very  large.  Since  these  two  amplitudes  vary  slowly, 
the  corresponding  derivatives  with  respect  to  6  are  equal 
to  £i  =  —  /vj£k  and  £  =  F^expf  — (/0+0o)],  provided 
that  vc  at/.  The  amplitude  Fj*’  is  a  slowly  varying  quanti¬ 
ty  because  has  been  expressed  in  a  frame  that  rotates 
with  angular  velocity  lc/r0.  As  a  consequence  of 
|  Fj,r|  « |£*|,  the  position  of  the  cyclotron  mode  is  given 
by  £f  *  -( l/ivc  )F^1)exp[ -iU8+60)]. 

From  the  previous  discussion,  the  complex  position  £ 
and  its  derivative  £*  can  be  expressed  as  follows: 


and 


rrizi _  Vc  ,.  ,  ut  <ue+e0) 

vc  vb 


(17a) 


(17b) 


£=£»—( l/ive)Fj"e  i>,e+S*)- 


(16a) 


Figures  3(a)  and  3(b)  show  the  real  and  imaginary  com¬ 
ponents  of  /Vif>  for  the  parameters  listed  in  Table  II. 
For  these  same  parameters,  the  actual  orbit  in  the  r-z 
plane,  during  the  first  2  /use c,  is  given  in  Kg.  4(a),  while 
Kg.  4(b)  gives  the  bounce  motion  associated  with  the  ac¬ 
tual  orbit,  as  computed  from  Eq.  (17a). 

The  method  that  is  used  in  this  section  to  obtain  the 
equations  of  motion  of  the  slowly  varying  quantities  asso- 


Fresnel  Regime 


Lock-in  Regime 


*r 


fir 


FIG.  3.  Normalized  perpendicular  velocity 
in  velocity  space  and  in  the  rotating  frame  [Eq. 
(17b)]  obtained  from  the  exact  equations  of 
motion  in  the  Fresnel  and  lock-in  regimes  (for 
the  same  parameters  as  in  Fig.  2). 
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r  — r0  (cm)  r-r0(cm) 


FIG.  4.  (a)  Exact  orbit  mad  (b)  bounce 
motion  orbit  obtained  from  the  exact  equa¬ 
tions  of  motion  during  the  first  2  paec,  aad  for 
the  same  parameters  as  m  Figs.  2  and  3. 


dated  with  the  cyclotron  and  bounce  motions  has  been 
devised  by  Bogoliubov  and  Mitropolaky  [8]  and  is  a  per¬ 
turbation  approach  to  the  problem.  Before  this  method 
win  be  applied,  the  simplified  Eq.  (12)  should  be  written 
in  a  suitable  form.  For  this  purpose  we  express  £,£*  in 
terms  of  the  quantities  §b,  Ve  as  follows: 


r 

where 


■ 

? - «V_$6  +  Kf 


h  \\h  )2  \l/1 

_  b0  ,  bo  ,  „ 

v±~—±  |“2]  +1Cl0]  ’ 

,  _  r0^9D 

0  (rft) <f  ' 

r 

0  (rftV  ’ 


iC,o*C0-i , 

_i_.[i±!air.  n 

trW o  r2-i 

In  Eq.  (19e),  F0  is  the  zero  order,  slowly  varying  quan¬ 
tity  associated  with  Ve  [see  Eq.  (26a)].  In  addition,  v±  are 
definitely  slowly  varying  quantities,  since  they  depend  on 

W- 

The  equations  of  motion  of  Vc  and  £»  are 

/+s/+iV-r*  K.  • 


?.+<»-{»— V<1—  f+V+iy’-S,~K 


where 


/=Ao+j(l+Ao)(r+r')r-8Cosin(/0+do) . 

6/=a-ao+ 

-±<i-nc)<$r+rr>-i<rr+£r>  r-(*i +«c<*+r> 

-6C[^+(l+iC^)r-,-T^+r')r]an(^+0o)-(8C-8Co)sin(/0+6o)  • 

A<)—  1  C0  , 

bC  r°m* 

0  (r&V  ’ 


and  b0,C0,fi:,o  have  already  been  defined. 

To  implement  the  perturbation  theory,  we  introduce 
the  parameter  f,  which  indicates  the  relative  smallness  of 
the  various  terms.  In  terms  of  c,  Eqs.  (20)  can  te  written 
as  follows: 

V'+ilVe =e[/f-((v+-/)Fc  ]  ,  (23a) 


£i+i'ev_£4=e/t  , 


where 


'[/+«/] . 
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/»=- 


-  v_ 


t/+5/]  ■ 


(24b) 


Assuming  that  the  field  error  5B,0«Bz0,  |A0j«l, 
and  since  / » I  K0|  and  v+  *»/,  the  right-hand  side  of  Eqs. 
(23)  is  at  least  of  order  e.  In  addition,  since  I  v_  |  « l,  the 
term  iv_£k  in  Eq.  (23b)  is  of  order  e.  The  terms  that  are 
proportional  to  the  derivatives  of  v±  have  been  omitted 
because  they  are  of  higher  order. 

Furthermore,  for  high  /-mode  numbers  |£j  « |£*|  and 
in  light  of  Eqs.  (18),  in  terms  of  e,  §  and  t?  can  be  written 
as  follows: 


r=-«v_^e+Fc  . 


(23a) 


(25b) 


The  perturbation  method  is  applied  on  Eqs.  (23)  and  (23) 
by  setting 

Vc  =  V0e~iUe+9o>+eVl($0,&,V0,V$,d)+  •••  ,  (26a) 

&  =£o+*£i(£o.lo.  V0ro.M+  •  •  •  .  (26b) 

y'0=eA1(i0,is,y0,yo  )+e2A2(£0,£s,y0,ys )+  •  •  • , 


fio-tf|(&.«S. >0. ^0  )+^2(fo«. ^0. *o  )+ 


(26c) 


(26d) 


where  F0,£0  are  the  slowly  varying  quantities  associated 
with  Kc,£b,  respectively.  Then,  the  slowly  varying  quan¬ 
tities  A„A 2, ...  and  B,,B2, ...  are  determined  by  in¬ 
serting  the  equations  above  into  Eqs.  (23)  and  eliminating 
the  terms  that  lead  to  secular  terms  for  each  order  of  the 
perturbation  parameter  e. 

The  computation  is  carried  out  to  second  order  in  e 
and  it  is  tedious  but  straightforward  and  will  not  be  given 
here.  To  that  order,  the  quantities  K,,f ,,  are  equal  to 


y,= 


1 


v+— v_  it 


v+-v_  2/ 


V4(l+Ao)|K0|2+-j-6C0* 


-•id+VKfc 


(27a) 


+  ^(l+Ao)Kge  2,(W+V 


(27b) 


Also,  to  second  order  in  e,  the  slow  equations  for  K0  and 

loare 

Fq+i(v+— /)K0=s/‘,)  . 


and 

r0+«v_i0=/r . 

where 


(28a) 


(28b) 


/c  ='•— 


v+  —  v_ 


and 


/-^Fo-v.loFo+hoSodo+lo)^-  v-{Zo~&y0 

<r0a> 0  2 

+  ^[fon-t^ol2)-Ao(l  +  2f0-Ao(l  +  }|F0|2))]K0 


6C0 


1+^0+U+^)|o+tI^oI2-tfo- 


5C0 


1 


8v+  l  +  |Ko 


12  ”0 


(29a) 


r<*)=. 


v+-v_ 


A0+i|K0|2-(60v_+A0-HF0|2)^0- 


nC0 


1 20 


6C0 

2v+ 


1+iAo+fo- 


I_£io|o_ 
2  l  +  |Fnl2 


F0l2+<Ao+|F0|2)fo 


6C„ 


ss 


{Vo+Vo^KroVS — f-;0v0 


(29b) 


The  quantities  for  £0  and  are  given  in  Eqs.  (13e) 
and  (13h)  with  |f*j2  replaced  by  |K0i2  and  C  replaced  by 
C0.  The  slow  Eqs.  (28)  and  (29)  should  be  complemented 
by  the  derivatives  of  y  and  r0Sla/c.  Keeping  only  the 
zero  order  nonoscillatory  parts  in  Eqs.  (14a)  and  (14b),  we 
obtain 


ro 

2 

, ,  £o+£o 

r'» 

c 

^lO 

r  ^ 

and 


c 


2 


Y 

o 


i+ 


2 


(31) 


Solutions  of  the  slow  equations  are  shown  in  Fig.  3  for 
the  same  input  parameters  (see  Table  II)  used  in  the  solu¬ 
tion  of  the  exact  Eq.  (4).  Figures  3(a)  and  3(c)  show  the 
zero  order  /3i0,s(y/3tf)0|K0|/y  versus  time,  below  and 


Csl' o 
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FIG.  5.  ft  and  yP*  **  time  obtained  from 
the  slow  equations  of  motion  [Eqs.  (28)  and 
(29)],  in  the  Fresnel  and  lock-in  regimes  and 
close  to  the  threshold,  for  the  parameters  in 
Table  H. 


Time  (nsec)  Time  (yusec) 


Fresnel  Regime  Lock-in  Regime 


Time  (n sec)  Time  (/*sec) 


FIG.  6.  Detuning  factor  vs  time  and  nor¬ 
malized  perpendicular  velocity  in  velocity 
space  obtained  from  the  slow  equations  of 
motion  in  the  Fresnel  and  lock-in  regimes  (for 
the  same  parameters  as  in  Fig.  5). 
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above  threshold,  while  Figs.  3(b)  and  3(d)  show  the  corre¬ 
sponding  zero  order  (y0#)o  versus  time.  Figure  6  shows 
the  detuning  factor  w=ve  —I  and  the  real  and  imaginary 
parts  of  (y/3j)0K0/y,  below  and  above  threshold.  By 
comparing  Figs.  3  and  6  to  Figs.  2  and  3  it  is  apparent 
that  the  slow  equations  predict  accurately  PL  and  Y&e> 
when  the  initial  perpendicular  velocity  is  zero.  Above 
threshold  the  detuning  factor  locks  into  the  resonance, 
with  only  a  small  variation  around  zero.  A  plot  of  £0  is 
not  given,  since  it  is  exactly  the  same  as  that  in  Fig.  4(b). 
Obviously,  the  numerical  integration  of  the  slow  equa¬ 
tions  is  much  faster  than  that  of  the  exact  Eq.  (4)  or  (12), 
since  the  oscillatory  terms  have  been  averaged  out. 

C  Slow  eqaatkms  of  motion 
with  Uneaiiaed  detains  factor 

The  slow  equations  of  Sec.  Ill  B  are  still  too  lengthy  to 
provide  insight  into  the  origin  of  the  threshold  behavior. 
When  8Bz0\V0\/lBz0«  1,  the  last  term  in  Eq.  (29b)  can 
be  neglected  and  the  equation  for  the  bounce  motion 
simplifies  to  the  equation 


from  Eqs.  (19e)  and  (34)  that 


(r0A>=tr*-i-ltfol2]l/2  •  «5) 

A  straightforward  transformation  of  Eq.  (33)  from  the 
V0  to  the  U0  variable  leads  to  the  slow  equation  for  U0, 
namely 


U'0+i 


,  co 

1  l^ol2  ] 

V+-/+7- - 

2v+ 

^  2  (y^)2 

Un  —  —iB, 


0  > 


(36) 


where 


Bo 


1  'pSflzo 

2  c 


(37) 


Equation  (36)  indicates  that  the  detuning  factor 
w = v+ — /  should  be  redefined  by  adding  to  it  the  small 
correction  term 


C0 


1  lt/pl2 

2  (yB0) o 


&+IV_ 


l  +  -r-<*oV-+VHF0|2) 

A  10 


*a> - ^iFof-MAo+lFol2)^ 


So 


-/“•(A o+jlKol2),  (32) 

A  io 

where  we  have  used  the  fact  that  |v_|  «v+,  and  the  re¬ 
lation  v„v+  =  —Ki0.  Equation  (32)  indicates  that  the 
equilibrium  position  of  the  bounce  motion  is  proportional 
to  the  generalized  mismatch  Ao+jIFq!2-  Without  excep¬ 
tion  the  computer  runs  have  shown  that  during  the  cross¬ 
ing  of  the  resonance  the  equilibrium  position  of  the 
bounce  motion  hardly  changes  when  the  gradient  factor 
*,o=0.  That  is  not  the  case  when  K, o#0.  Therefore,  if 
both  the  initial  mismatch  and  the  initial  bounce  position 
£0  are  zero,  the  latter  quantity  remains  very  small.  Under 
these  conditions,  the  slow  equation  for  V0  simplifies  to 
the  equation 


V'o  +« 


v+-/  +  ^(Ao-j|K0|2) 


SC, 


(33) 


where  terms  proportional  to  A&  |  V0\*,  and  Aj  F0|2  or 
higher  have  been  omitted. 

To  simplify  further  Eq.  (33),  it  is  convenient  to  intro¬ 
duce  the  quantity  U0  by  means  of  the  relation 


Vn~ 


un 


[y2— 1  — |U0|2],/2  ‘ 


(34) 


Since,  to  zero  order,  V0  is  equal  to 
[(0,-H0z)/08]exp[t'(/0+0o)],  U0  is,  to  the  same  order, 
equal  to  y(0r+i'0z)exp[i(/0+0o)],  and  it  is  easy  to  show 


Above  threshold,  the  small  correction  term  is  important 
because  it  compensates  for  the  small  time-dependent  con¬ 
tribution  of  Kl0  in  v+  [cf.  Eq.  (19a)].  If  the  small  correc¬ 
tion  term  is  omitted  in  either  Eq.  (36)  or  (33),  then,  above 
threshold,  the  average  value  of  (y£0)o  does  not  remain 
constant  but  increases  with  6.  This  is  contrary  to  the 
solution  of  either  Eqs.  (28)  and  (29)  or  the  exact  Eq.  (4)  or 
(12). 

When  the  mismatch  Ao+yl  K0|2«0  and  the  initial  |q  is 
also  zero,  then  £0«0  and  the  relativistic  factor  y  is  equal 
to  y =yo+y'0  [cf.  Eq.  (30)],  where  y„  and  y'  are  the  ini¬ 
tial  values  of  y  and  the  acceleration  rate  [assumed  to  be  a 
constant,  and  given  by  Eq.  (30)  with  £0=°]>  respectively. 
Assuming  that  y'0«yoand  ||170|2—  |Uool2|  «1,  where 
U0 o  is  the  initial  value  of  U0,  the  detuning  factor  can  be 
linearized  with  respect  to  y'0  and  1 1/0|2—  I  Uool2,  namely 


w=io0— a0+|8[|Uol2—  lUool2] , 
where 


w0=v+0-l+ 


'00 


2v 


+0 


Aoo- 


1  Ittool2 

2  Wlo 


a—v 


YoY 


+i 


S=v+, 


v+i=- 


(y0®)oo 

l 

<r0«)oo 

boo 


1  +  - 


b  oo 
2 


+*.oo 

(r^)oo=[rS-i-l^ml2],/2  • 


^00 

2 


r 


Tzr 


(38) 

(39a) 

(39b) 

(39c) 

(39d) 

(39e) 


and  v+0,h00,c00,A00,A’1oo  are  the  initial  values  of 
v+,b0»co>*o**io>  respectively.  The  dependence  of  Kl0 
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FIG.  7.  fil  and  y(3g  vs  time  obtained  from  the  slow  equations 
of  motion  without  acceleration,  for  the  parameters  in  Table  IQ. 


on  0  and  on  (y/39)0  has  been  neglected,  since  v+  is  weakly 
dependent  on  jfI0  when  h0«/»l.  Also,  since 
Ao«- jU/0l2/(y/?9)o,  C0asl,  and  8»//(r0«)oo.  tbe 
small  correction  term  that  is  added  to  the  detuning  factor 
in  Eq.  (36)  provides  such  a  small  contribution  to  8,  of  or¬ 
der  1  /l2,  that  it  has  been  neglected.  Therefore  the  slow 
equation  for  U0  with  linearized  detuning  factor  is 

C/i+i[wo-«0+i8(|lfo|2-|lfoo|l)]t/o=-iflo. 

(40) 

This  equation  predicts  the  same  temporal  behavior  for 
Pi  and  Y00  as  the  original  slow  Eqs.  (28)  and  (29).  The 
cause  of  this  behavior  is  the  nonlinear  term  proportional 
to  I  C/0|2 —  |  t/ool2  (it  will  be  shown  shortly  that  when 
8=0,  the  solution  is  the  Fresnel  integral,  which  is  bound¬ 
ed).  We  conclude  that  the  existence  of  the  Fresnel  and 
lock-in  regimes  in  the  exact  Eq.  (4)  or  in  Eq.  (12)  is  due  to 
the  dependence  of  the  term  r0tin/yP^:  upon  yPa  and  the 
fact  that  Y&e  depends  nonlinearly  on  the  perpendicular 
velocity. 


It  is  interesting  to  examine  the  case  when  there  is  no 
acceleration  (a=0),  the  particles  are  at  exact  resonance 
(u>0=0)  and  the  initial  perpendicular  velocity  is  zero 
(ll/ool2— 0).  Then  Eq.  (40)  becomes 


I/i+«jS|t/0|2I/o  =  -i*o  . 


(41) 


and  it  can  be  solved  exactly.  For  that  purpose,  define 
A  =  |  C/0|2.  Then,  separating  the  real  and  imaginary  parts 
of  Eq.  (41),  it  is  easy  to  show  that 


Uor  =  ~J^A2’  (42a) 

=  -  (42b) 


and  from  the  definition  of  A  it  follows  that 

11/2 


A'= 


^d2  _  a  3 

42»0  ,6  ^ 


(43) 


The  exact  solution  of  this  differential  equation  is 

r&A _ dx _ 

■'0  [x(l-x)(x2+x  +  l)]1/2  “  0  ’ 


(44) 


where  A.=(6/82?0)l/3.  The  integral  can  also  be  expressed 
in  terms  of  the  elliptic  integral  of  the  first  kind  [9] 
F(q>,k ),  i.e.. 


2  arccot — r — 

*— * 

1 

31/* 

kA  ! 

1/2 


V2-V3 


=3,/42 Bok0  . 
(45) 


For  very  small  or  very  large  values  of  the  argument  of  the 
arccot,  the  approximate  solution  is 
12/3 


A=(y&)2= 


SB  n 


tan2M0 


v^+tan2/!^ 


(46) 


where  fi=3l/4KB0.  The  solution  of  Eq.  (43)  is  bounded. 
When  fi8«  1,  A  ss(B0d)2  and  PL  is  proportional  to  6, 
which  is  the  usual  linear  secular  solution.  But  the  non¬ 
linear  dependence  of  yPe  on  PL  forces  the  solution  to  be 
bounded.  Figure  7  shows  Pi  and  yP$  versus  time  for  the 
parameters  listed  in  Table  III,  by  integrating  either  the 


TABLE  III.  Parameters  of  the  run  shown  in  Fig.  7. 

Parameter 

Value 

Toms  major  radius  r0 

100  cm 

Toroidal  magnetic  field  Bm 

2771  G 

Initial  generalized  mismatch  Ao+0.3|Pol2 

0.0 

Field  index  n 

0.5 

Rate  of  change  of  vertical  field 

0.0  G/ftaec 

Resonance  mode  / 

9 

Amplitude  of  VF  error  SB# 

0.3  G 

Constant  phase  of  VF  error  60 

0.0 

Gradient  of  VF  error  K& 

0.0 

Initial  normalized  toroidal  momentum  yPt 

18.1753 

Initial  normalized  vertical  velocity  f}k 

0.0 

Initial  phase  of  vertical  velocity  ^ 

0.0 

Initial  normalized  radial  bounce  displacement 

0.0 

Initial  normalized  vertical  bounce  displacement 

0.0 

Integration  time  tf 

8  n sec 
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slow  Eq.  (40)  or  (36),  or  Eqs.  (28)  and  (29).  Integration  of 
the  exact  Eq.  (4)  for  the  same  parameters  also  gives  iden¬ 
tical  results.  The  peak  value  of  and  the  period 
(ir/ft)r0/c  as  computed  from  the  approximate  Eq.  (46) 
are  0.0757  and  1.247  nsec,  respectively,  in  good  agree¬ 
ment  with  Fig.  7. 

In  conclusion,  our  analysis  indicates  that  there  is  a 
completely  different  behavior  near  a  resonance  with  or 
without  acceleration.  Even  at  exact  resonance,  0L  is  al¬ 
ways  bounded  without  acceleration,  but  it  is  unbounded 
with  acceleration  and  in  the  presence  of  a  large  field  er¬ 
ror. 


initial  condition  of  Eq.  (50),  and  also  of  Eq.  (40),  by 
means  of  the  initial  variable  Ux,  i.e.. 


I/qo  —  &aoe 


Hv>l/2a) 


Bo_ 

w0 


(51) 


where  &00  =  (6/2a1/2)~’£/00  and  &&  is  the  value  in  Eq. 
(47)  around  which  the  detuning  factor  is  linearized.  Then 
Eq.  (50)  becomes 


Un=eiiw2/2a> 


&fl0-4r/v'v«ww 

v  a  J  “ 


(52) 


IV.  ASYMPTOTIC  BEHAVIOR 
IN  THE  FRESNEL  AND  LOCK-IN  REGIMES 


In  order  to  study  the  asymptotic  behavior  of  Eq.  (40),  it 
is  convenient  to  transform  it  into  dimensionless  form. 
For  this  purpose,  when  a  >  0,  we  introduce  the  quantities 
< r=y/ad ,  a0—w0v^a,  #==(6/2 a3/2)l/2B0,  and 

00—(b/2ain)Uo- 
Then,  Eq.  (40)  becomes 

^-H[oo-o  +  |0o|2H0rol2]^ - »'*.  W7> 

where  is  not  equal  to  the  initial  value  of  00  and  will 
be  defined  shortly.  Let  ^thr  be  the  threshold  value  of  t. 
When  £«£thr,  i.e.,  when  B\b/(2ain)  «f^lr,  the  change 
in  00  associated  with  the  crossing  of  the  resonance  is 
small,  i.e.,  ||£)0|2— |  &ool2l « 1,  and  Eq.  (47)  simplifies  to 


d0 o 
da 


+■  i(<r0— a)00=  —it . 


(48) 


and  is  independent  of  Tq,  but  it  does  depend  on  the  initial 
phase  of  ffoo-  Equation  (52)  indicates  that  as  6  tends  to 
minus  infinity,  ||£70|2  —  l^ool2l  tends  to  zero.  Therefore 
|  L/qq  1  is  the  appropriate  constant  around  which  the  de¬ 
tuning  factor  should  be  linearized,  and  u>0,a,6  become 
functions  of  0^  (and  not  of  C/qq).  Because  |£70|  tends  to 
I  £?«,!  as  6— ►  —  oo  we  shall  call  0^  the  asymptotic  initial 
value  of  U0.  When  0»1  (or  |u>|/v/o»l),  the  asymp¬ 
totic  value  of  |  C70 1  is 

.  (53) 

Therefore,  when  U^^O,  the  final  value  of  I  Ef0 1  could 
be  smaller  than  its  asymptotic  initial  value  l&gj.  When 
On  =0,  the  asymptotic  value  of  is 

A(9»1)-VS75^?  .  (54) 

where  \y'6\  «Yo-  Since  the  width  of  the  Fresnel  integral 
is  Acr=2irI/2,  we  conclude  that  the  time  At  it  takes  for 
the  resonance  to  be  crossed  is 


The  crossing  of  the  resonance  occurs  at  a— a q,  i.e.,  at 
90—w0/a.  The  solution  of  this  equation  is 


(55) 


«l/2X<r-<r0)2 


— rtlX2)<rg 


-Hl/2)o*d(r. 


(49) 


i.e.,  the  particular  solution  can  be  written  in  terms  of  the 
Fresnel  integral.  When  o0»l,  the  asymptotic  expres¬ 
sion  of  the  Fresnel  integral  leads  to  the  approximate  solu¬ 
tion 


Uo  #ei(#!/2a, 


B0 

Uoo  +  — 

w0 

B0 


-Hu>l/2a) 


-iA°rf-w/V~ae-«i™ fjdr 


(50) 


where  the  solution  has  been  transformed  to  the  original 
variables  and  w—wQ—a9.  U0  is  very  sensitive  to  the 
phase  u>o/2a,  when  Uqo+Bq/wq1#).  Since  a«l,  a 
small  change  in  the  initial  time  interval  r0=(r0/c  hc0/a 
from  the  resonance  [e.g.,  a  small  change  in  the  initial 
value  of  (yPg)o]  will  cause  a  very  different  behavior  of 
|  <70|  versus  time.  To  alleviate  this  problem,  we  define  the 


Therefore  the  final  j9x  and  A t  are  inversely  proportional 
to  the  square  root  of  the  acceleration  rate  in  the  Fresnel 
regime,  provided  t «fthr  Figure  8  shows  f?°]  and  (y/3e)0 
versus  time  for  the  parameters  of  Table  II,  except  that 
SffK)=0.l  G,  i.e.,  far  away  from  the  threshold.  Notice 
the  smooth  variation  of  0j°’  during  the  first  microsecond 
and  compare  to  the  oscillatory  behavior  that  occurs  in 
Fig.  5(a).  The  difference  is  due  to  the  choice  of  the  initial 
condition.  In  Fig.  8(a),  ^00=0,  while  in  Fig.  5(a), 
£7(50=0.  When  u>  >0  and  |w|/Va»l,  i.e.,  well  before 
the  resonance  crossing,  the  asymptotic  value  of  £70,  as 
given  by  Eq.  (52),  is 

U0-D00eilw2/2a)-—  .  (56) 

w 

When  C7oo=0,  we  have  |£70|  =  —B0/\w\,  which  explains 
the  smooth  variation  of  0jO>  in  Fig.  8(a). 

We  have  shown  above  that  if  the  initial  condition, 
given  by  Eq.  (51),  is  chosen  the  solution  of  Eq.  (40),  in  ei¬ 
ther  the  Fresnel  or  the  lock-in  regime,  is  independent  of 
the  initial  time  interval  r0  from  the  resonance,  when 
w0/v/a»  1.  This  is  no  longer  true  if  the  initial  condi¬ 
tion  given  by  Eq.  (51)  is  chosen  for  the  solution  of  Eq. 
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FIG.  8.  Pi  and  yPa  vs  time  from  the  slow  equations  of  motion 
in  the  Fresnel  regime  far  away  from  the  threshold,  i.e.,  for  the 
parameters  of  Table  II,  except  that  Sfirt=0. 1  G  [the  initial  con¬ 
dition  is  given  by  Eq.  (SI),  with  0oo -0]. 


(36),  which  has  a  nonlinear  detuning  factor  w.  The  non¬ 
linear  dependence  of  w  on  8  causes  the  solution  to  depend 
on  r0.  To  second  order  in  0,  the  detuning  factor  is  given 
by 

m=mo-a0+|a202+j8[|Cfo|2-|&oo|2]  ,  (57) 

where  u>0,a,6  have  already  been  defined,  0^  will  be 
redefined  shortly,  and 


a:= 


3- 


i 

Yo 


'oo 


YoY 


(7^9)00 


-a  . 


(58) 


When  w/Va»  1,  i.e.,  well  before  the  resonance  cross¬ 
ing,  the  term  proportional  to  6  can  be  neglected  in  Eq. 
(57),  and  the  asymptotic  solution  of  Eq.  (40)  is 


f  r6 

B0 

—  1  f  w  dd 

000  +  — 

1  Jo 

u>0 

Bo 

w 


- ,  (59a) 


where 

w=w0—  a0+la2O2  . 

Inverting  Eq.  (59b),  we  get  (since  a202  « 1 ) 
w—w0  a2  , 

0— - 1* - — ~(u)  —  Wq)2  , 


la2 


(59b) 


(60) 


and,  therefore. 


f6wdd= 

J  n 


1+ 


a2w0 

6a2 


Wq 

la 


l  +  —|(u;0— iw) 
a 1 


w 


2 

2a 


(61) 


Instead  of  Eq.  (51),  where  a2=0,  if  we  redefine  the  initial 
condition  by  the  relation 


rr  _  f-T  H\+a2w0/6a1)u>l/2a  B p 

Uoo-uaoe 

wn 


(62) 


then  Eq.  (59a)  becomes 

0o~0oo«,,l+,aj/o2,lU,o"<2/3,“!,“5/2a-—  •  (63) 

w 

Notice  that  U0  depends  on  w0  and,  therefore,  on 
However,  if  a2w0/a2«  1,  then  the  dependence  is  weak 
and  the  solution  of  Eq.  (36)  with  the  initial  condition 
given  by  Eq.  (62)  is  also  weakly  dependent  on  Tq.  Equa¬ 
tion  (63)  indicates  that  as  6  tends  to  minus  infinity, 
il£/ol2-l0ool2l  tends  to  zero,  and,  therefore,  is  the 
appropriate  parameter  around  which  the  detuning  factor 
should  be  expanded.  Also,  w0,a,a2,6  are  functions  of 
&00-  As  before,  we  call  0oo  the  asymptotic  initial  value 
of  U0.  From  this  point  on,  the  solutions  of  Eqs.  (28)  and 
(29)  are  obtained  using  the  initial  condition  computed 
from  Eq.  (62).  If  such  an  approach  is  not  followed,  each 
small  change  in  the  initial  parameters,  e.g.,  (yPe^oo>Bmt 
etc.,  would  produce  a  different  U0  which  could  be  either 
in  the  Fresnel  or  the  lock-in  regime,  to  the  extent  that 
one  might  get  the  impression  that  the  behavior  is  ran¬ 
dom. 

An  analytic  expression  of  fJj01  on  6,  above  threshold, 
can  be  easily  obtained  assuming  that  (yP9) 0  remains  al¬ 
most  constant.  This  assumption  is  justified  by  the  numer¬ 
ical  solution  of  either  Eqs.  (28)  and  (29)  or  Eq.  (36).  Re¬ 
sults  are  shown  in  Fig.  9(b)  for  the  same  parameters  listed 
in  Table  II,  except  that  BB^—OA  G.  In  contrast  to  the 
solutions  of  Eqs.  (28)  and  (29)  or  Eq.  (36),  Eq.  (40)  pre¬ 
dicts  that  (y/?0)o  initially  behaves  in  the  same  manner,  but 
gradually  increases  as  9  (or  time)  increases  to  very  large 
values.  The  exact  Eq.  (4)  or  (12)  gives  also  an  average 
Y00  that  Varies  as  in  Fig.  9(b).  Since  yPe  remains  con¬ 
stant,  on  the  average,  after  the  resonance  has  been 
reached,  we  conclude  that 

(yo+y'fl)2— 1  — |f/0l2=const  .  (64) 

If  the  initial  value  U oo=0,  then  at  6=60=w0/a,  we  haye 
t C/qI  «0  and  y=Yo+y'8o>  ^  Eq.  (64)  leads,  to  zero  or- 


FIG.  9.  Asymptotic  behavior  of  Pi  and  yPt  above  the  thresh¬ 
old  (lock-in  regime)  for  the  parameters  of  Table  II,  except  that 
6R,o=0.4G. 
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der  in  Pit  to  the  expression 


«■ 


,+£,9+9»i 


1  +  ^6 

’“r. 

r° 

( d-90 ) 


(65) 


When  y'0«Yo,  Pi  is  proportional  to  the  square  root  of 
time,  which  is  demonstrated  in  Fig.  9(a)  and  also  is 
proportional  to  the  square  root  of  the  acceleration  rate 
y'.  In  contrast,  below  threshold,  it  has  been  shown  that 
Pi  is  inversely  proportional  to  the  square  root  of  y*. 


V.  DYNAMIC  STABILIZATION 
AND  THRESHOLD  LAW 

There  are  at  least  three  possible  ways  to  cross  a  cyclo¬ 
tron  resonance  without  locking  into  it:  (a)  by  reducing  or 
eliminating  the  field  errors,  (b)  by  accelerating  fast 
through  the  resonance,  and  (c)  by  adding  a  small  time- 
dependent  toroidal  field  that  provides  dynamic  stabiliza¬ 
tion.  In  effect,  it  will  be  shown  that  the  dynamic  stabili¬ 
zation  is  equivalent  to  increasing  the  acceleration  rate. 
The  effectiveness  of  the  second  stabilizing  mechanism  is 
discussed  at  the  end  of  this  section.  Here,  we  analyze  the 
effectiveness  of  the  stabilizing  toroidal  field,  which  is  as¬ 
sumed  to  be  sinusoidal  with  amplitude  62?  jq,  and  period  r 
which  is  much  larger  than  the  time  A  t  is  takes  to  cross 
the  resonance.  The  total  toroidal  field  is  described  by 

2vU-td) 

Bm(t) — Bgo + 82?fl0&in  ,  (66) 

T 


FIG.  10.  Threshold  law  in  the  presence  of  a  stabilizing  tune- 
dependent  toroidal  magnetic  field,  i.e.,  6B,=6Bm»n(2vt  /r) 
and  zero  initial  perpendicular  velocity  (Om=0). 


rate,  the  larger  becomes  the  threshold  value.  Therefore  a 
small  time-dependent  toroidal  field  with  negative  time 
derivative  does  provide  dynamic  stabilization. 

The  threshold  law  is  obtained  by  determining  numeri¬ 
cally  the  threshold  value  of  t  in  the  dimensionless  Eq. 
(47)  in  the  special  case  when  —0.  Then  the  threshold 
law  is  expressed  by  the  relation 


where  td  is  the  time  delay.  Inserting  Eq.  (66)  into  Eqs. 
(13b)  and  (19b)  [with  the  initial  value  Bm{0)  in  b^]  and 
linearizing  the  detuning  factor  in  Eq.  (36),  the  parameters 
a,  a2  become 


a=v+, 


«2  = 


,  sn*> 

2irtd 

P  ^000(0) 008 

T 

(67a) 


„  (YPeiaa 

2  vtd 

rl  1 

T 

^■^=^=1.36.  (69) 

Figure  10  gives  the  threshold  values  of  62?^  as  a  function 
of  62?  go  for  different  acceleration  rates,  when  2?  00=2771 
G,  r=  50  nsec,  and  /  =9.  The  beneficial  effect  of  a  large 
acceleration  rate  or  a  small  time-dependent  toroidal  field 
becomes  obvious  from  this  figure.  Each  line  in  the  figure 
separates  the  Fresnel  from  the  lock-in  regimes  for  each 
different  value  of  the  acceleration  rate. 


where 


(67b)  VL  DYNAMIC  BEHAVIOR 

WITH  INITIAL  PERPENDICULAR  VELOCITY 


roY' 

(yP$) oo 


2w  ro  Yo 
t  c  (YPe) oo  ’ 


(68a) 

(68b) 


and  wQ,b,v+l  are  given  by  Eqs.  (39a),  (39c),  and  (39d). 
The  expansion  of  the  detuning  factor  in  Eq.  (36)  is  done 
around  and  not  around  the  initial  value  U^,  so  that 
all  the  parameters  given  above  depend  on  V^.  For  sim¬ 
plicity,  let  us  assume  that  td  =0.  If  the  toroidal  field  de¬ 
creases  as  the  resonance  is  being  crossed,  i.e.,  if  62?  g>  <0, 
then  according  to  Eq.  (67a)  a  becomes  larger.  This  is 
equivalent  to  replacing  y'  in  a  with  a  larger  effective 
value.  It  is  shown  shortly  that  the  larger  the  acceleration 


When  the  asymptotic  initial  value  of  U0  is  not  zero,  the 
display  of  the  dynamic  behavior  close  to  the  resonance 
becomes  more  difficult,  because  the  dynamics  depend  on 
the  initial  phase  as  well  as  on  the  initial  amplitude  of  £70. 
The  results  are  conveniently  presented  as  contour  plots 
(i.e.,  the  resonance  diagrams)  of  the  final  Pl=\U0\/y  in 
the  0i\O),<po  plane,  where  P°](0)  and  <p0  are  the  ampli¬ 
tude  and  phase  of  the  asymptotic  initial  value  Om/Yo- 
The  rest  of  the  parameters,  including  the  interval  of  in¬ 
tegration  over  8  or  time,  are  kept  constant.  Since  the 
final  Pi  becomes  large  in  the  lock-in  regime  while  it  is 
bounded  in  the  Fresnel  regime,  the  contours  are  very 
dense  at  the  boundary  between  the  two  regions. 

Figure  11  shows  the  two  regimes  for  the  parameters 
listed  in  Table  IV.  Although  the  results  shown  in  Fig.  1 1 
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TABLE  IV.  Parameters  of  the  run  shown  in  Figs.  1 1  and  12. 


Parameter 

Value 

Tonis  major  radius  r0 

100  cm 

Toroidal  magnetic  field  Bm 

2771  G 

Initial  generalized  mismatch  do+O.S!F0|2 

0.0 

Field  index  n 

0.5 

Rate  of  change  of  vertical  field  B& 

2,4  G/psec 

Resonance  mode  / 

9 

Amplitude  of  VF  error  8 B# 

0.195,0.3  G 

Constant  phase  of  VF  error  0O 

0.0 

Gradient  of  VF  error  K# 

0.0 

Amplitude  of  stabilizing  toroidal  field  SB  a 

0,-200  G 

Period  of  stabilizing  toroidal  field  r 

70  psec 

Time  delay  of  stabilizing  toroidal  field  td 

0.0  psec 

Initial  normalized  toroidal  momentum  yB» 

17.922 

Initial  normalized  radial  bounce  displacement  la. 

0.0,0.003,-0.003 

Initial  normalized  vertical  bounce  displacement 

0.0 

Integration  time  tf 

8  nsec 

have  been  obtained  by  integrating  Eqs.  (28)  and  (29),  Eq. 
(36)  or  (40)  gives  the  same  results,  provided  that  there  is 
negligible  bounce  motion.  In  Fig.  11(a),  SB#  has  been 
chosen  equal  to  0.19S  G,  which  is  very  close  to  the 
threshold  value  when  J9j°’(0).  By  increasing  the  field  er¬ 
ror  amplitude  from  0.195  to  0.3  G,  the  lock-in  regime 
dominates  for  small  initial  ^°\0)  for  the  entire  range  of 


initial  phase  angles  as  shown  in  Fig.  11(b).  By  turning  on 
the  stabilizing  field,  the  Fresnel  region  increases  at  the  ex¬ 
pense  of  the  lock-in  region.  Results  are  shown  in  Fig. 
1 1(c)  for  SB^Q.  195  G  and  6BW»  -200  G.  This  figure 
should  be  compared  with  Fig.  11(a)  that  has  the  same 
field  error  amplitude  but  not  stabilizing  field.  Finally,  in 
Fig.  11(d)  the  acceleration  rate  has  been  increased  from 


FIG.  1 1.  Resonance  diagrams,  i.e.,  contour  plots  of  the  final  f}lt  when  the  initial  amplitude  and  phase  of  the  normalized  perpendic¬ 
ular  velocity  Ogo/Yo  are  not  zero,  for  the  parameters  in  Table  IV,  and  in  (a)  6BzO=0. 195  G,  8Bt 0*0.0  G,  G/fi sec;  (b) 

5B^=0.3  G,  SBK  =0.0,  B, 0=2  G/faec;  (c)  8Rrt=0.195  G,  SBw  =  -200  G,  r=70  nsec,  B*=2  G/fiaec;  (d)  5Brt=0.195  G, 
SB  eo  =0.0  G,  B,o— 4  G/fisec. 
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S.0=2  to  4  G/fise c,  while  6.8*0 =0. G  and  8Be o=0. 
Again,  comparison  of  Fig.  11(d)  with  Fig.  11(a)  shows 
that  the  Fresnel  region  has  increased  at  the  expense  of 
the  lock-in  region.  When  the  electrons  in  the  ring  are 
uniformly  distributed  over  the  initial  phase  angle,  the  res¬ 
onance  diagrams  give,  for  each  initial  the  percen¬ 

tage  of  the  ring  that  crosses  the  resonance  and  the  per¬ 
centage  that  locks  into  it. 

In  all  the  results  presented  so  far,  the  equilibrium  posi¬ 
tion  of  the  bounce  motion  was  located  at  the  origin  of  the 
coordinate  system  [i.e.,  A00+|&0ol2/2(y8e)oo=:0]  and 
the  amplitude  of  the  bounce  motion  was  selected 
negligibly  small  (since  the  initial  Ho—0).  If  the  equi¬ 
librium  position  is  chosen  off  the  origin  [i.e., 
Aoo+I&ooi2  /2(y/8«)oo^O],  and  the  amplitude  of  the 
bounce  motion  is  negligibly  small,  by  judicially  choosing 
loo,  the  resonance  diagrams  remain  the  same  for  the  same 
set  of  parameters.  When  Aoo+|(?ool2/2(y0e)oo^O,  and 
in  the  special  case  of  a  field  index  n  =  },  the  parameters 
y'  and  r0/c  in  Eqs.  (68a)  and  (68b)  should  be  replaced  by 
(1+A,0)y'  and  (l+A,g)r0/c,  respectively,  where 
A,0=[Aoo+l^ool2/2(y^)oo]/ii:,oo-  Also,  the  initial 
bounce  position  must  be  equal  to  |oo=A10)  to  have 
bounce  motion  with  negligible  amplitude.  Finally,  the 
term 


0.18 

o' 

w  0.12 


0.06 

0 


<P0  (deg) 

FIG.  12.  Resonance  diagrams  for  the  same  parameters  as  in 
Fig.  1 1(a),  except  that  the  radius  of  the  bounce  motion  is  0.3  cm 
in  both  (a)  and  in  <b)  and  in  (a)  the  initial  position  of  the  bounce 
motion,  i.e.,  |oo=(0.3  cm,  0.0  cm);  in  (b)  |<»=( —  0.3  cm,  0.0 
cm). 
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should  be  added  to  the  detuning  factor  in  Eq.  (36),  and, 
therefore,  the  term  (v_0— 260o£(lo)A,o  should  be  added  to 
u>0  in  Eq.  (39a),  where  v_0  is  the  initial  value  of  the 
bounce  frequency. 

When  there  is  a  small  bounce  motion  superimposed  to 
the  cyclotron  motion  there  is  a  modest  change  of  the  res¬ 
onance  diagrams.  This  becomes  apparent  by  comparing 
Fig.  1 1(a)  with  Fig.  12.  These  figures  have  been  obtained 
from  Eqs.  (28)  and  (29)  with  the  same  prauneters,  except 
for  the  initial  bounce  position.  In  Fig.  11(a),  the  initial 
position  of  the  bounce  motion  is  at  the  origin,  while  in 
Fig.  12(a),  it  is  at  (0.30  cm,  0.0  cm)  and  in  Fig.  12(b)  it  is 
at  ( —0. 30  cm,  0.0  cm).  In  the  latter  two  cases,  the  ampli¬ 
tude  of  the  bounce  motion  is  0.30  cm. 


Vn.  MULTIPLE  CROSSING  OF  A  RESONANCE 

When  a  small  toroidal  field  with  sinusoidal  time  depen¬ 
dence  is  added  to  the  main  toroidal  field  Bn,  the  detun¬ 
ing  factor  may  become  zero  more  than  once,  as  time 
evolves,  for  the  same  resonance  mode  /.  This  is  defined  as 
a  multiple  crossing  of  the  rest*-*’.:  z  mode  l.  Results  are 
shown  in  Fig.  13.  These  rest  1  *ve  been  obtained  from 
Eqs.  (28)  and  (29)  for  the  param.i  ^rs  listed  in  Table  V  and 
611*0=0.35  G.  Figure  13(a)  shows  that  the  detuning  fac¬ 
tor  w  becomes  zero  five  times  and  a  Fresnel  jump  occurs 
each  time  the  resonance  mode  /  is  crossed.  It  is  not 
necessary  that  all  the  crossings  have  a  Fresnel  jump.  A 
lock  into  the  resonance  could  occur  at  some  crossing  if 
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FIG.  13.  vr  —  /,  y/J*  and  Bl  vs  time  during  a  multiple  cross¬ 
ing  of  the  resonance  /  =  8,  obtained  from  the  slow  equations  of 
motion  [Eqs.  (28)  and  (29)],  for  the  parameters  of  Table  V,  and 
5B,o=0.35  G. 
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TABLE  V.  Parameters  of  the  ran  shown  in  Fig.  7. 


Parameter 

Value 

Torus  major  radius  r0 

100  cm 

Toroidal  magnetic  field  BK 

2771  G 

Initial  generalized  mismatch  ft. 

0.0 

Held  index  n 

0.5 

Rate  of  change  of  vertical  field  ft 0 

0.8  G//xsec 

Resonance  mode  1 

8 

Amplitude  of  VF  error  Sfto 

0.35,1.0  G 

Constant  phase  of-VF  error  ft 

0.0 

Gradient  of  VF  error 

0.0 

Amplitude  of  stabilizing  toroidal  field  SBM 

-200  G 

Period  of  stabilizing  toroidal  field  r 

20  psec 

Time  delay  of  stabilizing  toroidal  field  >d 

0.0  Msec 

Initial  normalized  toroidal  momentum  yft 

19.875 

Initial  normalized  vertical  velocity  ft 

0.0 

Initial  phase  of  vertical  velocity  <po 

0.0 

Initial  normalized  radial  bounce  displacement 

0.0 

Initial  normalized  vertical  bounce  displacement  fa. 

0.0 

Integration  time  tf 

80  list  c 

the  asymptotic  initial  velocity  is  in  the  lock-in  regime  of 
the  resonance  diagram.  As  a  rule,  the  detuning  factor 
follows  the  time-dependent  toroidal  field.  Figure  13(b) 
shows  that  when  all  the  crossings  are  in  the  Fresnel  re¬ 
gime,  Y0e  follows  y  between  crossings,  while  Fig.  13(c) 
shows  that  there  are  five  Fresnel  jumps  in  ft.  In  contrast, 
when  the  ring  locks  into  the  resonance,  then  yP9  follows 
the  time-dependent  toroidal  field  while  w  remains  very 
small.  This  is  shown  in  Fig.  14,  obtained  by  integrating 
Eqs.  (28)  and  (29),  for  the  parameters  listed  in  Table  V 
and  6ft0=  1.0  G.  According  to  Fig.  14(a)  the  first  cross¬ 


ing  occurs  at  1  fi sec  and  the  ring  locks  into  the  resonance 
up  to  approximately  10  /xsec.  As  long  as  it  remains 
locked,  w  ~0,  while  yf}9  follows  the  time  varying  toroidal 
field  [Fig.  14(b)].  Figure  14(c)  shows  that  just  before  10 
fiat c,  ft  decreases  to  zero,  while  yft  increases  at  a  faster 
rate  than  y.  Since  at  this  time 
(y/3L)2=y2—l— (r0e)2~O»  a  continuously  rising  yft 
would  require  a  negative  (yft)\  which  is  an  unphysical 
situation.  Thus  the  ring  unlocks  from  the  resonance. 
The  same  cycle  is  repeated  up  to  43  fise c,  when  ft,  due  to 
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FIG.  14.  ve  —l,  yft,  and  ft  vs  time  during  a  multiple  cross¬ 
ing  of  the  resonance  /— 8  under  the  same  conditions  as  in  Fig. 
13,  except  that  8 fto=  1.0  G. 


FIG.  13.  vc —l,  yflt,  and  ft  vs  time  during  a  multiple  cross¬ 
ing  of  the  same  resonance  /= 8,  under  the  same  conditions  as  in 
Fig.  13,  but  obtained  by  integrating  the  exact  equations  of 
motion  [Eq.  (4)]. 
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the  rise  of  its  average  value,  cannot  become  zero.  After 
this  time,  y/3e  remains  locked  to  the  sinusoidal  variation 
of  the  field,  while  w  remains  almost  zero.  Therefore  the 
next  resonance  mode  l  + 1  is  never  reached,  in  spite  of 
the  fact  that  y  keeps  increasing.  The  energy  is 
transferred  to  ypL  rather  than  yp&.  The  exact  Eq.  (4)  or 
(5)  or  the  nonlinear  slow  Eq.  (36),  give  identical  results  to 
those  obtained  from  Eqs.  (28)  and  (29)  which  are  shown 
in  Fig.  14.  However,  this  is  not  the  case  with  Fig.  13. 
Results  from  the  integration  of  the  exact  Eq.  (4)  for  the 
parameters  listed  in  Table  V  and  62^=0.35  G  are  shown 
in  Fig.  15.  The  detuning  factor  and  yPg  in  Fig.  15(a)  and 
15(b)  are  very  similar  to  the  results  shown  in  Figs.  13(a) 
and  13(b).  However,  the  transverse  velocity  in  Fig.  15(c) 
is  similar  to  that  of  Fig.  13(c)  until  the  third  crossing 
occurs  at  19  /tsec.  The  difference  is  due  to  the  fact  that 
the  slow  Eqs.  (28)  and  (29)  are  approximate,  and  the 
phase  of  pL  computed  from  the  exact  and  the  slow  equa¬ 
tions  becomes  gradually  different  for  long  times.  There¬ 
fore,  for  long  times,  when  many  resonances  are  to  be 
crossed  or  multiple  crossing  occurs,  the  exact  Eq.  (4) 
should  be  used.  The  slow  equations  provide  a  valuable 
insight  in  the  dynamic  behavior  close  to  a  particular  reso¬ 
nance,  but  are  not  reliable  over  long  periods  of  time. 

Vni.  SUMMARY  AND  CONCLUSIONS 

Magnetic-field  errors  excite  resonances  that  the  elec¬ 
tron  ring  must  cross  during  acceleration.  In  the  presence 
of  a  VF  error,  there  is  a  threshold  value  of  the  field  error 
amplitude  that  separates  two  distinct  regimes.  Below 
threshold  (Fresnel  regime)  and  for  zero  initial  Um,  the 
perpendicular  velocity  increases  by  a  finite  amount  as  the 
resonance  is  crossed.  The  increase  as  well  as  the  time  it 
takes  to  cross  the  resonance  are  inversely  proportional  to 
the  square  root  of  the  acceleration  rate.  Above  threshold 
(lock-in  regime),  the  perpendicular  velocity  is  proportion¬ 
al  to  the  square  root  of  the  acceleration  rate  and  increases 
with  the  square  root  of  time,  while  y@g  remains  on  the 
average  constant,  and  the  detuning  factor  remains  ex¬ 
tremely  small.  Therefore  the  ring  locks  into  the  reso¬ 
nance.  The  dynamic  behavior  without  acceleration  is  en¬ 
tirely  different  even  at  exact  resonance.  The  perpendicu¬ 
lar  velocity  is  proportional  to  time  initially,  but,  due  to 
the  nonlinearities  in  the  equations  of  motion,  it  reaches  a 
maximum,  then  it  decreases  to  zero  and  repeats  periodi- 
'  ally  the  same  cycle.  Therefore  it  is  bounded. 

The  threshold  is  predicted  by  the  slow  equations  of 
motion  that  have  been  derived  by  averaging  out  the  fast 
cyclotron  motion.  The  origin  is  the  nonlinear  depen¬ 
dence  of  yPe  on  the  perpendicular  velocity  and  the  fact 
that  the  cyclotron  frequency  is  inversely  proportional  to 
yPg.  By  the  appropriate  choice  of  the  initial  conditions  it 
was  shown  that  the  solutions  of  the  slow  or  the  exact 
equations  of  motion  could  be  made  weakly  dependent  on 
the  initial  time  interval  from  the  resonance.  Possible 
ways  to  increase  the  threshold  have  been  discussed.  It 
has  been  shown,  that  the  threshold  value  of  the  VF  error 
amplitude  is  proportional  to  the  -i  power  of  the  accelera¬ 
tion  rate.  Dynamic  stabilization,  i.e.,  the  addition  of  a 
small  time-dependent  field  to  the  main  toroidal  field,  also 


provides  an  effective  increment  to  the  acceleration  rate,  if 
it  has  a  negative  time  derivative,  and,  therefore,  increases 
the  threshold.  When  the  initial  perpendicular  velocity  is 
not  zero,  the  dynamic  behavior  has  been  presented  by 
means  of  the  resonance  diagrams.  These  diagrams  pre¬ 
dict  that  a  small  bounce  motion  has  only  a  modest  effect 
on  the  Fresnel  and  lock-in  regimes.  Finally,  the  multiple 
crossing  of  the  same  resonance  has  been  analyzed  in  the 
presence  of  dynamic  stabilization  and  we  have  concluded 
that  for  long  periods  of  time  the  exact  equations  of 
motion  should  be  used. 

Following  the  successful  demonstration  of  acceleration 
in  the  NRL  device,  a  concerted  effort  was  made  to  locate 
and  eliminate  or  reduce  the  various  field  disturbances 
that  may  excite  the  cyclotron  resonance.  Reduction  in 
many  of  these  field  errors,  together  with  the  operation  of 
higher  toroidal  and  strong  focusing  fields  led  to  beam  en¬ 
ergies  in  excess  of  20  MeV,  while  the  trapped  current  was 
above  1  kA. 

In  addition,  three  different  cyclotron  resonance  stabili¬ 
zation  techniques  were  tested  in  the  NRL  modified  batat- 
ron:  enhancement  of  the  acceleration  rate,  dynamic  sta¬ 
bilization  or  tune  jumping,  and  avoidance  of  the  reso¬ 
nance. 

The  damage  done  to  the  beam  at  each  resonance  de¬ 
pends  on  the  speed  with  which  the  resonance  is  crossed. 
By  enhancing  the  acceleration  rate  the  resonance  is 
crossed  faster  and  thus  the  damage  inflicted  to  the  beam 
is  reduced.  To  achieve  higher  acceleration  rate,  the  verti¬ 
cal  field  coils  were  divided  into  two  halves  with  midplane 
symmetry  and  powered  in  parallel.  The  experimental  re¬ 
sults  show  a  striking  reduction  of  the  beam  losses  at 
/  =  12,  11,  and  10,  when  the  acceleration  rate  increased 
from  0.69  to  1.93  G/fiscc. 

The  crossing  of  the  resonance  can  be  also  speeded  up 
by  modulating  the  toroidal  magnetic  field  with  a  rapidly 
varying  ripple.  This  is  the  dynamic  stabilization  or  tune 
jumping  technique  and  requires  a  carefully  tailored  pulse 
to  be  effective  over  many  resonances.  These  results  have 
been  reported  [10]  previously  and  in  general  they  are  in 
agreement  with  the  predictions  of  Sec.  V  and  extensive 
computer  calculations. 

It  is  apparent  from  the  resonance  condition  that  when 
B  go  /Btf = const# integer,  the  cyclotron  resonance  is  not 
excited.  To  test  this  prediction,  a  linearly  rising  toroidal 
field  ramp  A Be  was  superimposed  on  the  main  toroidal 
field.  During  the  rise  time  of  the  ramp  (~  100  /tsec),  the 
ratio  2?  a,  +  AB  e  /B^ = const^integer.  The  experimental 
results  indicate  that  during  this  time  period  the  beam 
losses  are  completely  suppressed.  Although  very  power¬ 
ful,  the  resonance  avoidance  technique  by  keeping  the  ra¬ 
tio  2?  go  / 11*0 = const^  integer  is  not  practical  because  to 
be  effective  over  the  entire  spectrum  of  /  requires  very 
high  toroidal  field.  Among  the  three  stabilization  tech¬ 
niques  tested,  acceleration  of  the  beam  at  a  higher  ac¬ 
celeration  rate  appears  to  have  the  highest  practical  po¬ 
tential. 
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ABSTRACT 

Since  the  previously  reported  successful  demonstration  of  acceleration  of  electrons  to 
~  12  MeV,  higher  trapped  beam  current  and  longer  beam  lifetime  have  been  obtained.  The 
improved  confinement  has  led  to  a  higher  peak  energy  ~  18  MeV,  and  is  the  result  of  in¬ 
creasing  the  strong  focusing  and  toroidal  magnetic  fields,  reducing  magnetic  field  errors,  and 
optimising  the  betatron  flux  condition.  Modifications  to  the  electromagnet  buswork  are  in 
progress  to  further  reduce  field  errors,  and  a  fast  pulsed  magnet  system  to  provide  dynamic 
stabilisation  of  the  the  cyclotron  resonances  is  being  studied. 

1.  INTRODUCTION 

The  Modified  Betatron  Accelerator  is  a  compact  (major  radius =1  m),  cyclic,  high  current 
electron  accelerator  which  is  of  interest  for  several  civilian  and  military  applications.  The 
device  uses  a  toroidal  magnetic  field  B»  and  a  strong-focusing,  quadrupole  stellarator  field 
B,f  as  well  as  the  weak  focusing  conventional  betatron  field  Bt  to  confine  a  ring  of  electrons. 
The  electrons  are  injected  with  an  initial  energy  of  0.6-0.7  MeV  and  are  accelerated  to  peak 
energy  cs  18  MeV.  Ring  currents  of  ~  1.5  kA  are  trapped  near  the  minor  axis  following 
injection.  The  experimental  observations  indicate  that  the  ring  lifetime  is  apparently  limited 
by  the  excitation  of  the  cyclotron  orbital  resonances.1  Measurements  of  x-rays  emitted  when 
electrons  strike  the  wall  of  the  vacuum  chamber  show  that  electrons  are  lost  from  the  ring 
for  specific  values  of  the  ratio  of  the  magnetic  fields  BM/B$.  The  measured  amplitude  of  the 
magnetic  field  associated  with  the  circulating  electromagnetic  modes  inside  the  torus  reveal 
that  these  modes  are  several  orders  of  magnitude  too  weak  to  excite  the  cyclotron  instability3 
or  the  parametric  instability3  and  therefore,  cause  the  electron  loss.  Measurements  of  x-rays 
emitted  when  the  electrons  stri>'  he  beam  injector  that  protrudes  into  the  chamber,  w--! 
observations  of  the  Single  part.w.e',  classical  synchrotron  radiation4  suggest  that  electiv  e 
move  away  from  the  minor  axis  during  the  latter  part  of  the  acceleration. 

In  this  paper,  efforts  to  improve  confinement  and  extend  the  beam  lifetime  to  higher 
energy  are  reported.  The  steps  taken  include  the  following  measures.  The  B,f  and  Bt 
magnetic  fields  have  been  increased.  The  higher  B,j  reduces  the  sensitivity  of  the  beam 
centroid  and  individual  particles  to  a  mismatch  of  Ba  and  the  particle  energy,  and  the  higW 
B$  provides  better  confinement  of  the  beam  minor  radius.  Also  field  errors  that  may  excite  the 
cyclotron  resonance  have  been  reduced.  The  alignment  of  the  vacuum  chamber  and  magnetic 
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field  coils  has  been  improved  substantially,  and  the  stray  fields  associated  with  the  buswork 
feeding  currents  to  the  betatron  field  coils  have  been  analyzed  and  are  being  corrected.  In 
addition,  a  concept  to  dynamically  stabilise  the  cyclotron  resonances  is  being  studied. 

2.  THE  EXPERIMENTAL  APPARATUS 

A  plan  view  and  elevation  of  the  modified  betatron  are  shown  in  Figs.  1  and  2.  The 
applied  magnetic  fields,  Ba,  Be,  and  B,f,  are  generated  by  three  sets  of  pulsed  electromagnet 
coils.  The  Bx  and  B$  coils  are  supported  by  a  structure  made  of  polyester/fiberglas  composite 
and  stainless  steel,  and  is  nearly  magnetically  transparent.  The  B,f  coils  are  mounted  on  the 
toroidal  vacuum  chamber  which  is  made  of  graphite /epoxy  and  fiberglas /epoxy  composite. 
The  beam  is  generated  by  a  field  emission  diode  that  is  located  inside  the  vacuum  chamber. 
Power  for  the  coils  is  provided  by  capacitor  discharge.  The  risetimes  are  2.5  ms,  1.0  ms,  and 
2.4  ms  for  the  Ba,  B,f,  and  Be  fields,  respectively. 

The  Ba  magnets  comprise  18  air  core  circular  coils  having  a  total  series  inductance  of 
530/jH.  At  full  charge  (17  kV),  a  peak  field  of  2.1  kG  is  achieved  with  a  peak  current  22  45 
kA.  Two  pairs  of  trimmer  coils  and  a  parallel  shunt  inductance  across  the  two  Z?*~coils  closest 
to  the  midplane  provide  adjustment  of  the  field  index  n  and  flux  condition  £.  The  field  index 
is  defined  as  »  =  —  [ro/Bgo\dBM/dr  where  r0  and  B^o  are  the  major  radius  and  betatron  field 
at  the  minor  axis,  and  the  flux  condition  is  £  =  d(B)/dt/dBzo/di  where  d(B)/dt  is  the  time 
derivative  of  the  average  magnetic  field  linked  by  the  minor  axis. 

Twelve  rectangular  single  turn  coils  produce  Be.  These  coils  are  connected  in  series  and 
powered  by  a  33  mF  capacitor  bank.  At  the  peak  current  ss  210  kA,  Be  —  5.1  kG.  Because 
of  the  discreteness  of  the  coils,  the  Be  has  a  ~  1  %  ripple  inside  the  chamber. 

The  strong  focusing  field  is  generated  by  left  handed  windings  that  are  located  23.412  cm 
from  the  minor  axis  and  have  three  winding  periods  (six  field  periods)  around  the  major  axis. 
A  peak  current  >  25  kA  can  be  passed  through  the  windings.  Additional  details  have 
been  previously  reported  in  comprehensive  descriptions  of  the  modified  betatron  apparatus.5 

3.  OBSERVATION  OF  THE  CYCLOTRON  RESONANCES 

Since  the  first  observation  of  the  ‘spiked’  x-ray  waveform  produced  by  the  electrons 
accelerated  in  the  NRL  modified  betatron,  it  has  been  apparent  that  beam  loss  is  associated 
with  resonances.  These  resonances  result  when  an  eigenfrequency  u>±±  of  the  motion  in 
the  transverse  (r-z)  plane  is  equal  to  a  harmonic  of  the  frequency  of  revolution  around  the 
major  axis.  The  beam  motion  in  the  transverse  plane  is  characterized  by  four  modes6  which 
are  very  complex.  However,  when  (Be/ Ba)7  »  n,  (n$  is  the  self  field  index)  and  the 
current  in  the  strong  focusing  windings  is  low,  these  modes  are  considerably  simplified.  In 
this  case  there  are  the  cyclotron  modes,  w_+  =  —fie/ 7  and  w++  =  stla/'j  +  tie/ 7  (where 
tie  =  cBe/m,  tla  =  cBa/m ,  e  and  m  are  the  electron  charge  and  mass,  and  -7  is  the  relativistic 

energy  parameter),  the  ‘bounce’  frequency,  u _ ~  wg,  and  the  intermediate  frequency, 

w+_  —  stlu/~f  —  u>b  (where  s  =  6  is  the  number  of  strong  focusing  field  periods).  The 
cyclotron  resonance  condition  is  that  =  ltlM/ 7,  and  is  equivalent  to 

Be  _  2l3  —  1 
Ba  2  i 


where  t  —  ±1,  ±2.... 
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The  physical  mechanism  is  that  the  electrons  return  to  a  spatially  local! ixed  field  distur¬ 
bance  with  the  same  phase.  Thus,  the  motion  is  coherent,  and  the  perturbation  of  the  electron 
orbit  is  reinforced  each  time  the  disturbance  is  encountered.  With  sufficient  perturbation, 
electrons  strike  the  chamber  wall  where  they  produce  the  Bremsstrahlung. 

The  x-rays  are  observed  with  collimated  scintillator / photomultiplier  detectors  that  are 
housed  in  lead  shields.  Each  has  10  cm  thick  walls  and  a  0.5  m  long  collimating  pipe.  The 
detector  circuit  is  specially  constructed  with  sufficient  capacitance  across  the  dynodes  of  the 
photomultiplier  so  that  the  dynode  bias  voltage  and  the  detector  gain  do  not  ‘droop’  during 
the  ~  0.5  ms  duration  pulse.  To  limit  the  signal  amplitude,  the  detector  is  typically  located 
several  meters  from  the  torus  (e.g.,  10  m),  and  the  detector  aperture  is  limited  to  1  —  3 
cm.  The  x-ray  signal  produced  by  injection  electrons  which  are  not  trapped  is  clipped  by  an 
integrating  filter  that  has  an  RC-time  of  one  microsecond. 

The  x-ray  signal  is  shown  in  Fig.  3  along  with  the  values  of  t  for  which  eqn.  (1)  is 
satisfied.  It  is  seen  that  the  peaks  in  the  x-ray  waveform  agree  well  with  the  theory  for  the 
electron  cyclotron  resonances.  In  earlier  observations,  significant  excitation  of  resonances 
with  l  15  were  seen.  In  the  recent  experiments,  the  first  serious  resonance  encountered  is 
when  l  —  10  where  a  large  fraction  of  the  beam  is  lost.  Remarkably,  the  surviving  portion  of 
the  beam  remains  sufficiently  intact  so  that  subsequent  resonances  at  t  =  9  — ►  6  are  routinely 
observed.  For  the  data  shown  (shot  6933),  Be  =  4.3  kG,  /,/  a  25.4  kA,  and  the  1  =  9 
resonance  occurs  at  an  energy  of  14  MeV. 

To  determine  if  the  observed  resonances  could  be  the  result  of  coupling  between  the 
cyclotron  mode  and  the  TE\lp  modes  of  the  chamber,  attempts  were  made  to  measure  the 
poloidal  Bj,  and  toroidal  Be  fields  of  the  electromagnetic  modes  inside  the  torus.  Measure¬ 
ments  with  wideband  magnetic  probes  have  yielded  null  results;  the  peak  measured  field  is 
Be  <  3  x  10~B  G  at  580  MHz.  This  places  an  upper  bound  <  16  W  on  the  power  inside  the 
chamber.  Because  a  circulating  power  of  ~  1  MW  is  required  to  produce  a  magnetic  field 
of  a  few  Gauss,  the  cyclotron  instability3  and  the  parametric  instability3  can  be  excluded  as 
the  cause  of  beam  loss. 

Instead,  the  most  likely  explanation  is  that  the  electron  cyclotron  resonance  is  driven  by 
field  errors.  Numerical  modelling  has  shown  that  threshold  field  errors  for  the  excitation  of 
these  resonances  are  on  the  order  of  1  %  of  the  Be  or  Bx  fields.7*8 

For  example,  when  the  beam  encounters  a  ‘bump’  in  Bx  as  the  l  =  9  resonance  is 
encountered,  the  transverse  velocity  increases.  This  is  shown  in  Fig.  4  where  the  upper  frame 
shows  the  beam  centroid  fix  (transverse  velocity  divided  by  the  speed  of  light)  as  a  function 
of  time  for  two  cases  that  have  slightly  different  amplitude  ‘blimps’  in  Bx.  In  case  #1,  the 
amplitude  of  the  field  disturbance  is  5.30  G,  for  case  #2,  it  is  5.44  G.  It  is  seen  that  case  #1  is 
stable,  but  case  #2  is  not.  In  the  lower  frame  of  Fig.  4,  ~ffi$  (a  forward  momentum)  is  shown 
as  a  function  of  time.  For  case  #1  the  acceleration  of  the  beam  continues,  but  for  case  #2, 
7 fie  remains  close  to  the  value  at  resonance,  i.e.,  the  beam  remains  stuck  at  the  resonance. 
(Note  that  the  strong  focusing  field  was  omitted  in  this  particular  simulation  because  of  its 
small  effect  at  high  energy,  7  —  18.) 

4.  MAGNETIC  FIELD  ERRORS 

During  the  past  several  months,  a  concerted  effort  has  been  made  to  locate  and  eliminate 
the  field  disturbances  that  may  excite  the  cyclotron  resonance.  The  sources  of  field  errors  that 
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have  been  investigated  include  the  following,  (1)  coil  misalignment,  (2)  coil  discreteness,  (3) 
eddy  currents  induced  in  the  modified  betatron  support  structure  and  nearby  components, 
(4)  porthole  induced  eddy  current  and  image  errors  in  the  toroidal  vacuum  chamber,  and  (5) 
contributions  from  the  buswork  and  current  feeds  of  the  coils.  Many  of  these  field  errors  were 
identified  during  the  initial  design  of  the  modified  betatron  apparatus  when  it  was  recognised 
that  field  errors  posed  a  potential  problem.  During  the  last  year,  improved  measurement  and 
correction  techniques  have  resulted  in  a  substantial  reduction  in  many  of  these  errors.  The 
steps  to  measure  and  reduce  the  errors  are  described  below. 

The  errors  produced  by  misalignment  of  the  toroidal  field  (TF)  and  vertical  (betatron) 
field  (VF)  coils  have  been  the  most  straightforward  to  reduce.  This  is  because  the  coils  were 
manufactured  to  a  ‘true  position’  tolerance  of  ±1.5  mm,  which  includes  the  small,  measured 
variation  of  coil  insulation  thickness.  The  initial  installation  was  performed  to  an  accuracy 
of  approximately  ±3  mm.  However,  because  coil  supports  and  shims  loosened  over  several 
thousand  shots,  some  of  the  VF  coils  were  found  to  have  a  radial  shift  approaching  1  cm  and 
be  tilted  out  of  the  horizontal  plane  by  an  angle  of  several  milliradtaM.  For  individual  coil 
misalignments,  such  radial  displacements  produce  t  =  1  errors  of  a  few  tenths  of  a  Gauss,  and 
the  tilt  produces  comparable  1  =  2  errors.  With  several  VF  coils  misaligned,  higher  mode 
errors  can  result. 

In  the  case  of  the  TF  coils,  the  principal  error  is  from  misalignment  out  of  the  vertical 
plane.  Because  the  inner  vertical  segment  of  each  TF  coil  is  tightly  constrained  within  a 
vertical  groove  in  an  accurately  machined  phenolic  cylinder  at  the  center  of  the  machine  (the 
‘spline’,  see  Fig.  2),  these  inner  ‘legs’  of  the  TF  coil  set  are  parallel  with  the  central  axis  of  the 
structure.  However,  it  was  found  that  the  rubber  shock  absorbing  pads  on  which  rest  each 
corner  of  the  lower  deck  had  partially  collapsed.  This  resulted  in  a  tilt  angle  to  the  central 
axis  of  ~  5  mrad.  Furthermore,  the  TF  coils  are  subject  to  a  tilting  force  in  the  ±0-direction 
because  of  their  radial  currents  interacting  with  the  vertical  betatron  field  Bx.  Although  the 
radial  segments  of  each  TF  coil  were  held  by  sturdy  clamps  mounted  on  the  structurally  stiff 
‘decks,’  these  clamps  could  not  originally  be  located  far  enough  radially  outboard  to  prevent 
deformation  of  the  coil  out  of  the  vertical  plane.  Thus,  several  TF  coils  had  become  tilted 
by  as  much  as  7  mrad.  Calculations  with  the  computer  program  EFFI°  have  shown  that  this 
tilt  generates  a  several  Gauss  vertical  field  at  the  minor  axis. 

To  correct  these  misalignments,  the  decks  were  jacked  into  a  level  position  as  surveyed 
using  a  Sokkisha/Lietz  optical  transit  level.  The  structure  was  regrouted  and  tightened. 
Additional  VF  and  TF  coil  clamps  were  installed  to  permit  higher  field  operation  and  to 
provide  redundancy  to  prevent  future  coil  misalignment  as  individual  clamps  occasionally 
looeen.  With  these  modifications,  the  coils  were  repositioned  to  within  ±1.5  mm.  The 
chamber  was  then  positioned  and  clamped  in  place  to  a  similar  tolerance. 

Although  the  1  =  12  resonance  does  not  appear  to  pose  a  significant  problem,  an  effort 
was  made  to  reduce  the  errors  produced  by  coil  discreteness  that  correspond  to  the  Be  field 
lines  bulging  radially  outward  between  the  12  TF  coils.  An  EFFI  calculation  predicts  the  B$ 
variation  was  ~  1  %  in  a  region  within  10  cm  of  the  minor  axis.  Thus,  error  fields  of  several 
tens  of  Gauss  were  present.  To  reduce  these  ‘bumpy  torus’  bulges,  a  diamagnetic  coil  was 
placed  directly  under  each  TF  coil.  These  12  correction  coils  consisted  of  two  turns  of  #2 
AWG  wire  wrapped  poloidally  around  the  outside  of  the  chamber.  By  connecting  each  coil 
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in  series  with  an  appropriate  inductance,  the  circuit  inductance  L  and  resistance  R  could  be 
selected.  In  practice,  the  series  inductance  comprised  ten  turns  of  wire  placed  in  the  r-i  plane 
below  the  lower  deck  where  no  fringing  or  return  flux  of  the  main  coil  sets  would  be  linked. 
The  wire  gauge  determined  the  resistance.  By  adjusting  the  L/R  magnetic  diffusion  time,  B$ 
inside  the  chamber  could  be  slightly  reduced  under  each  coil  so  that  the  /  =  12  bumps  in  B$ 
are  nearly  eliminated. 

A  third  source  of  error  fields  was  found  in  the  eddy  currents  induced  in  the  structural 
elements  of  the  decks.  The  decks  are  made  of  non-xnagnetic  (304  alloy),  stainless  steel  plates 
embedded  in  polyester-glass  extruded  structural  shapes.  Although  in  the  original  design,  the 
radial  spokes  and  perimeter  edge  beams  were  to  have  breaks  in  the  steel  plates  so  that  eddy 
currents  would  be  avoided,  some  of  these  breaks  were  omitted  or  shorted  during  construction. 
Rogowski  coil  measurements  of  the  eddy  currents  revealed  that  BM  induced  up  to  1.6  kA  in 
the  radial  spokes  and  ~  25  kA  in  the  edge  beams  f  Such  currents  produce  error  fields  ~  2.5 
G  and  ~  15  G,  respectively,  at  the  chamber.  The  remedy  was  to  place  an  insulating  sleeve 
around  bolts  at  the  ends  of  the  members  to  interrupt  the  eddy  currents. 

The  errors  produced  by  currents  and  images  in  the  vacuum  chamber  proved  far  more 
difficult  to  reduce.  The  carbon/epoxy /glass  composite  chamber  consists  of  12  sectors,  11  of 
which  have  a  20  cm  diameter  porthole  and  two  2.5  cm  diameter  diagnostic  ports.  A  sector  is 
shown  schematically  in  Fig.  5.  To  obtain  a  magnetic  diffusion  time  ( L/R  ~  8/xs)  for  the  BM 
field  to  penetrate  the  chamber  wall,  a  phosphor-bronze  screen  is  embedded  in  the  wall  of  the 
chamber.  Thin  gold  plated  inconel  flanges  and  electrical  gauze  gaskets  connect  the  screens  of 
adjacent  sectors  so  that  beam  induced  image  currents  in  the  wall  and  screen  can  flow  in  the 
toroidal  direction.  The  Bn  eddy  currents  also  flow  in  the  toroidal  direction. 

Errors  arise  because  of  the  perturbation  of  these  wall  currents  by  the  portholes.  An 
estimate  of  the  magnetic  field  error  is  obtained  by  modelling  the  diversion  of  the  chamber 
current  around  the  porthole  as  two  semicircular  arcs  and  a  straight  current  segment.  Using 
EFFI  and  estimating  the  fraction  of  current  that  is  diverted,  (typically  ~  1  kA),  it  is  found 
that  errors  ~  25  G  can  result  when  BM  ~  600  G.  The  existence  of  these  errors  was  confirmed 
by  measurements  made  with  a  pair  of  effectively  identical  small  probe  coils  having  ~  2  cm 
diameter,  N=600  turns,  and  a  turn-area  product  of  0.2  turn-m2.  The  probe  signals  were 
integrated  with  matched  integrators  with  a  time  constant,  RC=20.5  ms.  Placing  one  probe 
near  a  porthole  and  the  other  near  the  end  of  a  sector,  the  error  field  was  monitored  as  the 
differential  signal.  Field  errors  ~  33  G  at  r  =  110  cm  were  measured  when  Bz  ~  600  G. 

Partial  correction  of  the  porthole  errors  was  accomplished  by  placing  a  disk  of  phosphor- 
bronze  screen  mounted  on  a  supporting  insert  frame  into  each  port  and  connecting  it  via 
gauze  gasketing  to  sheet  metal  tabs  soldered  to  the  screen  in  the  chamber  wall.  This  reduced 
the  errors  by  50  %.  To  reduce  the  field  disturbances  by  ~  80  %,  brass  and  stainless  steel  wires 
oriented  in  the  0-direction  were  soldered  to  the  edges  of  the  screen.  Each  porthole  insert  was 
customized  to  obtain  a  satisfactory  reduction  in  the  the  error  field.  The  errors,  now  ~  5  G 
are  shown  in  Fig.  5. 

A  still  uncorrected  set  of  field  errors  is  produced  by  the  buswork  current  feeds  to  the 
VF  coils.  Although  the  buswork  is  coaxial  and  contributes  little  to  the  field,  the  transition 
from  coax  to  the  hoops  comprising  the  VF  coils  produces  an  error  of  several  percent.  This 
error  results  because  the  transition  segments  of  the  current  feeds  are  not  circular  arcs  at  the 
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radius  of  the  coil  but  are  instead  straight  chorda.  Over  these  chords,  the  current  flows  at  a 
radial  position  that  is  displaced  as  much  as  5  cm  inward  from  the  correct  position.  An  EFFI 
calculation  of  these  errors  is  shown  in  Fig.  6.  New  buswork  leads  (see  Fig.  2,  ‘risers*)  that 
are  circular  arcs  should  eliminate  these  errors.  Presently,  such  leads  are  under  development. 

5.  EXPERIMENTAL  RESULTS 

Of  the  modifications  described  above,  three  have  resulted  in  improved  beam  confinement 
and  higher  peak  energy.  These  are  the  optimization  of  £,  the  reduction  of  the  field  errors 
associated  with  the  portholes  of  the  vacuum  chamber,  and  the  increase  in  Bg  and  B,j.  The 
effect  of  stronger  B$  is  to  provide  better  confinement  of  the  beam  minor  radius  and  leads  to 
higher  trapped  beam  current.  The  higher  B,f  reduces  the  sensitivity  of  the  beam  centroid 
position  to  energy.  However,  the  two  fields  cannot  be  varied  arbitrarily  because  they  affect 
the  trapping  of  the  beam.  During  the  first  revolution  of  the  beam  around  the  major  axis, 
the  beam  must  drift  a  sufficient  distance  poloidally  so  that  the  electrons  do  not  strike  the 
injection  diode.  This  drift  depends  on  the  the  stellarator  field  index  r)at  which  is  a  measure 
of  the  strong  focusing  forces.  The  stellarator  field  index  rjst  is  proportional  to  I^/^Bg).  It 
is  found  that  a  relatively  narrow  range  of  I^/Bg  leads  to  efficient  trapping. 

Over  the  past  year,  the  operating  value  of  the  Bg  field  has  been  increased  from  ~  3  kG 
to  ~  5.1  kG.  With  this  increase,  a  trapped  beam  current  in  excess  of  1.5  kA  is  typical  for  an 
optimal  value  of  ifj/faBg).  Moreover,  the  value  of  Bx  is  now  larger  for  which  is  reached  a 
given  ratio  Bg/ Bx  corresponding  to  a  particular  £-value  resonance.  Thus,  a  serious  encounter 
with  the  /  <  10  resonance  still  occurs,  but  this  is  at  an  electron  energy  ~  14  MeV  (instead 
of  ~  11). 

Another  manifestation  of  the  improved  confinement  is  the  reduction  in  x-rays  produced 
by  electrons  striking  the  injection  diode  long  after  injection  during  the  acceleration  pulse 
and  prior  to  the  x-ray  pulses  produced  as  the  beam  strikes  the  wall  because  of  the  disruptive 
resonances.  At  the  lower  values  of  Bg,  x-rays  from  the  diode  are  routinely  observed.  However, 
at  the  higher  Bg,  some  shots  yield  a  very  small  pulse  of  diode  x-rays  which  indicates  that  few 
electrons  are  lost  before  the  principal  resonances  occur. 

Experiments  were  also  performed  to  determine  the  flux  condition  (£)  which  resulted  in 
the  longest  beam  lifetime.  As  the  electrons  are  accelerated,  an  incorrect  £  can  shift  the 
equilibrium  position  to  the  chamber  wall  or  into  the  injection  diode  that  protrudes  into  the 
chamber.  Furthermore,  when  the  beam  is  not  near  the  minor  axis,  resonances  may  also  be 
excited  by  the  strong  focusing  field. 

Flux  adjustment  is  obtained  with  a  combination  of  the  trimmer  coils  which  are  powered 
by  shunting  some  of  the  current  flowing  to  the  main  VF  coil  set  through  a  parallel  circuit 
branch  with  a  large  inductance  that  has  no  mutual  inductance  coupling  to  the  VF  coils,  and 
by  removing  some  of  the  larger  radius  VF  coils  from  the  circuit.  Table  I  displays  some  of 
the  configurations  used  in  the  experiment.  Given  are  the  minimum  and  maximum  values  of 
the  index  within  10  cm  of  the  minor  axis  as  predicted  by  EFFI  calculations.  Simultaneous 
measurement  of  the  loop  voltage  (oc  d(B)  / dt)  and  dBx / dt  at  the  minor  axis  indicate  that  the 
EFFI  calculation  leads  to  an  overestimate  for  £  by  17  %.  This  discrepancy  might  result  from 
the  neglect  of  flux  exclusion  by  the  conductors  of  various  coils  and  structural  elements.  The 
table  gives  the  measured  values  of  '£. 
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TABLE  I.  Various  B^-field  Configurations 

# 

e 

configuration 

15.3 

0.41-0.64 

1.7 

all  trimmers  at  15  %  Ivj 

17.7 

0.42-0.71 

1.9 

w/o  VF±9,  no  trimmers 

17.6 

0.59-0.88 

2.0 

w/o  VF±9,  all  trimmers  15  %  Ivf 

17.3 

0.42-0.64 

2.0 

w/o  VF±9,  no  trimmers 

where  /„/  is  the  series  current  through  the  VF  coils. 

Using  the  configurations  listed  in  Table  I,  it  was  found  that  £  =  1.9  is  best.  This  is 
illustrated  in  Fig.  7,  where  the  x-ray  signal  versus  time  is  shown  for  two  flux  conditions, 
£  =  1.9  and  2.0.  In  both  cases,  the  field  amplitudes  and  the  trapped  current  ~  1.5  kA  were 
the  same.  It  was  found  that  beam  trapping  is  not  very  sensitive  to  the  flux  condition,  but 
confinement  is.  If  the  flux  condition  is  not  optimal,  the  beam  is  expected  to  move  away  from 
the  minor  axis  during  acceleration.  The  observed  temporal  reduction  in  the  synchrotron 
radiation  emitted  by  the  beam,4  and  the  x-rays  emitted  as  beam  scrapes  the  injector  are 
consistent  with  such  an  excursion. 

While  the  beam  lifetime  has  proven  to  be  sensitive  to  the  amplitudes  of  the  fields  and  to 
the  flux  condition,  only  a  modest  increase  in  lifetime  has  resulted  from  the  efforts  to  reduce 
field  errors.  Thus,  although  several  field  disturbances  have  been  greatly  reduced,  e.g.,  the 
errors  produced  by  the  chamber  portholes,  it  appears  that  significant  perturbations  remain. 

0.  DISCUSSION 

Avoidance  of  unstable  excitation  of  the  cyclotron  resonances  will  likely  require  reduction 
of  all  field  errors  below  threshold  values.  To  further  improve  the  field  configuraton  towards 
this  goal,  new  buswork  connections  to  the  VF  coils  are  under  construction.  However,  it  is 
uncertain  whether  these  improvements  will  be  sufficient  remedies  to  avoid  the  resonances. 
Therefore,  in  addition  to  continuing  the  refinement  of  the  fields,  a  scheme  for  dynamic  stabi¬ 
lization  of  the  resonances  is  being  investigated.8 

The  basic  concept  of  dynamic  stabilization  is  to  avoid  locking  the  beam  into  a  resonance 
by  applying  a  temporal  modulation  of  Bg.  The  modulation  is  switched  on  just  prior  to  the 
beam’s  encounter  with  the  disruptive  resonance.  The  concept  is  being  studied  analytically 
and  numerically.  The  engineering  development  of  the  hardware  to  produce  the  modulation 
field  is  underway. 
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Fig.  1.  Plan  view  of  the  NRL  modified  betatron. 
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Fig.  2.  Elevation  of  the  modified  betatron  showing  the  vertical  betatron  field 
(VF)  coils,  toroidal  field  (TF)  coils,  stellarator  windings,  and  some  structural 
components. 
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Fig.  4.  Results  of  numerical  modelling  the  beam  centroid  motion  in  a  modified 
betatron  without  strong  focusing  as  the  t  —  9  resonance  is  encountered  in  the 
presence  of  a  ‘bump’  6BZ in  Bz.  Case  #1  is  stable,  6BZ  =  5.30  G;  case  #2  is 
unstable,  6BZ  =  5.44  G. 
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Field  Disturbances  from  the  Forts 


Fig.  5.  The  portholes  of  the  vacuum  chamber  produce  disturbances  in  the  Bz 
field,  (upper)  Plan  view  of  one  of  the  12  chamber  sectors,  (lower)  The  field 
disturbances  vs.  toroidal  angle.  Note  the  small  error  near  the  injector  {0  =  0) 
and  a  sector  with  no  large  port  (0  —  4.2  rad). 
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Fig.  6.  The  field  disturbances  resulting  from  the  bus  connections  to  the  VF  coils. 
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Fig.  7.  Comparison  of  x-ray  signals  for  two  different  flux  conditions. 
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Excitation  of  the  l  =  12  Cyclotron  Resonance  in  the  NRL 
Modified  Betatron  Accelerator* 

L.  K.  Len,a)  T.  Smith, P.  Loschialpo,  J.  Mathew,  S.  J.  Marsh, b)  D.  Dialetis,c) 

J.  Golden, J.H.  Chang  and  C.  A.  Kapetanakos 

Plasma  Physics  Division,  Naval  Research  Laboratory,  Washington,  DC  20375-5000 

The  basic  periodicity  in  the  NRL  device  is  twelve-fold.  There  are  twelve  toroidal 
field  coils,  twelve  sectors,  and  so  on.  For  a  long  time,  the  £  =  12  resonance 
was  the  dominant  resonance  in  the  experiment.  To  test  the  importance  of  the 
£  =  12  resonance,  we  have  intentionally  introduced  an  £  =  12  field  error  using 
twelve  resonant  coils.  By  activating  these  coils  when  the  resonance  is  observed, 
the  duration  of  x-rays  produced  by  beam  loss  was  reduced  from  900  /is  to  5.5 
fis,  while  the  amplitude  of  the  signal  increased  from  0.5  to  ~40  volts.  The  full 
width  of  the  x-ray  pulse  at  half  maximum  is  inversely  proportional  to  the  current 
through  the  resonant  coils  and  proportional  to  the  risetime  of  the  pulse.  Work  is 
in  progress  with  a  set  of  twelve  internal  coils  that  have  a  risetime  of  300  -  400 
ns.  The  results  with  these  coils  have  confirmed  the  importance  of  the  £  =  12 
resonance.  In  addition,  it  has  been  shown  experimentally  that  by  adding  a  A Bg 
such  that  the  ratio  of  the  total  toroidal  magnetic  field  to  the  vertical  field  is 
not  an  integer,  the  cyclotron  resonance  is  not  excited.  These  experiments  have 
extended  the  beam  lifetime  by  more  than  100  fis,  which  is  approximately  equal 
to  the  risetime  of  the  applied  ABg  pulse.  In  the  presence  of  such  a  pulse,  the 
beam  lifetime  is  1  ms  and  the  electron  beam  energy  is  22  MeV,  while  the  trapped 
current  is  in  excess  of  1  kA. 

I.  INTRODUCTION 

The  lifetime  of  the  electron  beam  in  the  NRL  modified  betatron  accelerator  has  been 
limited  by  the  excitation  of  the  cyclotron  resonances.1  These  resonances  occur  whenever 
the  condition  (Bgo/BZ0)  =  (2£2  -l)/2£  is  satisfied,  with  £  taking  integer  values.2,3  Here  Bg0 
and  Bzo  are  the  toroidal  and  vertical  magnetic  fields  on  the  minor  axis  of  the  chamber.  In 
this  paper,  we  present  results  from  severed  experiments  related  to  the  excitation  of  electron 
cyclotron  resonances.  The  first  experiment  deeds  specifically  with  the  £  —  12  resonemce  and 
the  second  addresses  the  spatial  distribution  of  the  beam  losses.  In  the  third  experiment, 
a  time  rising  A Bg  has  been  added  to  the  main  Bg  field.  This  has  effectively  resulted  in  a 
total  Bgr  that  maintains  the  condition  of  Bgj/Bz  =  constant  ^  integer  over  the  risetime 
of  the  ABg  pulse,  and  thus  the  beam  does  not  cross  any  resonance. 

II.  EXPERIMENTAL  APPARATUS 

Detailed  description  of  the  NRL  modified  betatron  accelerator  can  be  found  in  pre¬ 
vious  publications1'4-7  where  various  experimental  results,  including  observation  of  the 
electron  cyclotron  resonances  were  reported.  There  are  three  main  external  magnetic 
fields  that  provide  confinement  to  the  high  current  beam,  namely,  the  toroidal  ( Bg ),  the 
strong  focusing  ( Bsj ),  and  the  vertical  (Bz)  fields.  They  are  generated  by  pulsed,  aircore 
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electromagnets  and  have  rise  times  equal  to  2.3  ms,  1.0  ms,  and  2.6  ms  respectively.  The 
peak  value  of  B$  is  ~5  kG  and  that  of  Bz  is  ~2  kG.  The  strong  focusing  windings  can  be 
operated  at  peak  currents  as  high  as  ~30  kA. 

Two  sets  of  resonant  coils  have  been  used  in  the  experiments  reported  in  this  paper. 
A  set  of  12  single-turn  coils  are  installed  on  the  outside  of  the  vacuum  chamber  (external 
resonant  coils).  They  are  approximately  equally  spaced  around  the  toroidal  chamber.  The 
drivers  for  these  coils  can  be  configured  to  generate  A B$  with  risetime  of  12  and  5  /is.  To 
generate  a  faster  resonant  pulse,  these  coils  have  been  replaced  with  12  single-turn  internal 
coils  that  are  located  accurately  at  the  joints  between  sectors  as  shown  in  Fig.  1.  The 
internal  coils  are  wound  on  a  blue  nylon  housing  and  encapsulated  with  epoxy. 


FIG.  1.  Scheraetic  view  of  the  resonant  coils  with  respect  to  the  vacuum  chamber  sectors. 


In  the  experiment  with  Bgx/Bz  =  constant  ^  integer,  the  number  of  external  coils 
was  increased  to  24  in  order  to  produce  a  smoother  A B$.  In  addition,  the  pulsed  power 
driver  was  modified  to  increase  the  quarter  period  risetime  to  ~100  /is. 
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Beam  injection  is  initiated  near  the  peak  of  the  toroidal  and  strong  focusing  fields. 
The  injector  diode  is  located  inside  the  vacuum  chamber  8.6  cm  from  the  minor  axis. 
When  the  ratio  of  B#  to  Bz  is  nearly  12,  the  resonant  coils  are  energized  to  produce  the 
A B$  disturbance.  Diagnostics  includes  the  following:  Magnetic  field  probes  to  measure 
Bg  and  Bz,  three  NPM-54  x-ray  detectors  that  monitor  the  x-rays  generated  when  the 
beam  strikes  the  chamber  wall,  a  Rogowski  belt  to  measure  the  electron  beam  current  and 
optical  fibers  that  are  located  on  the  outside  of  the  vacuum  chamber.  The  light  emitted 
when  the  energetic  electrons  strike  these  fibers  is  monitored  with  photomultiplier  tubes. 
This  technique  has  allowed  us  to  determine  accurately  the  beam  dump  positions. 

III.  EXPERIMENTAL  RESULTS 

In  the  modified  betatron  the  electron  beam  performs  a  complicated  motion  following 
injection.  To  avoid  hitting  the  diode  or/and  the  wall  as  the  beam  spirals  onto  the  minor 
axis  during  the  trapping  process,  it  is  necessary  to  select  the  operating  parameters  carefully 
to  maximize  the  begun  trapping  efficiency.  The  signals  from  the  x-ray  detectors  looking  at 
the  diode  and  the  lead  shielding  around  the  Rogowski  belt  are  used  in  conjunction  with 
the  beam  current  monitor  as  a  guide  to  arrive  at  the  optimum  field  settings.  The  beam 
lifetime  is  inferred  from  the  x-ray  signal  such  as  that  shown  in  Fig.  2.  The  main  peak  at 
800  /is  corresponds  to  an  energy  of  20  MeV  while  the  last  peak  at  1300  ns  is  28  MeV. 


For  a  long  time,  the  C  =  12  resonance  has  been  the  dominant  cause  of  beam  loss.  Even 
after  a  careful  realignment  of  the  field  coils,  vacuum  chamber,  the  injector,  the  supporting 
deck  structures  and  reductions  of  other  possible  field  errors,  the  £  =  12  resonance  remains 
significant.  It  is  the  first  major  resonance  encountered  as  can  be  seen  in  Fig.  2. 

The  C  =  12  resonance  is  of  special  interest  because  the  NRL  device  has  a  twelve-fold 
periodicity.  There  are  twelve  sectors  in  the  vacuum  chamber  and  twelve  toroidal  field  coils. 
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FIG.  3.  X-ray  signal  when  the  resonant  coils  are  activated  at  1=12.  (a)  Fall  trace;  (b)  Expanded 

trace. 

To  enhance  this  resonance,  we  have  installed  twelve  resonant  coils  to  generate  a  periodic 
field  perturbation. 

Initially,  a  set  of  twelve  resonant  coils  was  installed  on  the  outside  of  the  chamber 
(external  coils).  These  coils  are  initiated  at  r  =  430  (is ,  i.e.,  when  the  t  =  12  condition  is 
reached.  A  A B$  pulse  with  a  quarter  period  risetime  of  12  \i s  and  amplitude  of  200  G  is 
generated  on  the  minor  axis  when  the  current  in  the  coils  is  9  kA.  As  it  is  apparent  from 
Figs.  2  and  3(a),  the  width  of  the  x-ray  signed  (a  measure  of  rate  of  beam  loss)  is  reduced 
from  approximately  900  (is  to  8  (is,  i.e.,  by  more  than  two  orders  of  magnitude  while  its 
amplitude  has  increase  by  a  factor  of  twenty.  The  width  of  the  x-ray  signed  varies  inversely 
to  the  current  in  the  resonant  coils  as  shown  in  Fig.  4.  The  loss  rate  is  also  dependent  on 
the  risetime  of  the  resonant  coil  pulse. 

By  connecting  the  coils  in  paredlel  instead  of  in  series,  the  risetime  was  reduced  to  5 
(is,  and  even  shorter  risetime  pulses  have  been  produced  with  a  set  of  internal  coils.  The 
interned  coils  are  powered  by  new  drivers  with  a  risetime  of  400  ns.  Being  faster  and  nearer 
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coils. 


to  the  sector  flanges,  the  internal  coils  require  substantially  higher  voltage  and  current  to 
produce  the  required  field  perturbations.  The  results  from  this  experiment  are  shown  in 
Fig.  5. 

To  determine  the  spatial  distribution  of  beam  losses  when  the  resonant  coils  sire  ener¬ 
gized,  several  400-/tm-diameter  optical  fibers  were  mounted  on  the  outside  of  the  vacuum 
chamber.  By  the  time  the  £  =  12  resonance  is  crossed,  the  electrons  have  acquired  suf¬ 
ficient  energy  to  penetrate  the  chamber.  The  light  generated  when  the  electrons  strike 
the  fiber  is  monitored  with  a  photomultiplier  tube.  The  results  from  scanning  around  the 
torus  at  10°  intervals  are  shown  in  Fig.  6.  Only  six  peaks  instead  of  the  expected  twelve 
axe  observed.  This  is  most  likely  due  to  the  beating  between  the  £  =  12  and  £  =  6  mode 
that  is  excited  by  the  six  field  periods  of  the  stellarator  windings.  Computer  simulation 
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shows  that  the  strong  focusing  modulates  the  £  =  12  peaks  in  such  a  way  that  only  every 
other  strikes  the  wall  as  shown  in  Fig.  7.  It  is  still  not  clear  at  this  time  why  three  of  the 
peaks  are  higher  than  the  rest.  Experiments  are  in  progress  to  clarify  this  issue. 


PIG.  6.  Distribution  of  beam  loss  on  the  inner  wall  around  the  torus. 


Toroidof  Vis*  of  Orbits 


e  (deq) 


FIG.  7.  Results  from  computer  simulation.  Rc  is  the  major  radius. 


Finally,  we  present  the  results  from  an  experiment  in  which  a  time-rising  A  Be  is  used 
to  extend  the  beam  lifetime.  It  is  well  known  that  when  Be/Bz  =  2£2/(2£— 1)  ~  £  =  integer 
(for  the  £  values  relevant  to  our  observation),  resonances  are  excited  and  beam  losses  are 
observed.  Therfore,  by  using  an  applied  A Be  to  maintain  B$t/Bz  =  constant  ^  integer, 
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where  Ber  =  Be  +  &B$,  crossing  of  resonances  can  be  avoided.  A  set  of  24  single-turn 
external  coils,  powered  by  a  larger  capacitor  bank  generates  the  A  Be  ramp.  Results  from 
the  experiment  are  shown  in  Fig.  8  where  the  A  Be  was  introduced  at  r  =  800ps.  Beam 
loss  is  suppressed  for  100  ps,  which  is  the  risetime  of  the  applied  Be- 


Time  (/zs) 

FIG.  8.  X-ray  signal  lor  the  case  where  a  ABe  has  been  added  to  extend  the  peak  at  830  (is  to  950 

(IS. 
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Studies  of  the  integer  cyclotron  resonances 
in  a  modified  betatron  accelerator* 

I.  INTRODUCTION 

The  cyclotron  resonance  is  due  to  the  coupling,  caused  by  a  field  error (s),  of  the 
cyclotron  motions  associated  with  the  toroidal  and  vertical  fields.  The  field  erTor(s)  that 
excites  the  resonance  can  be  either  vertical  A BM  or  axial  (toroidal)  AB$.  In  the  case 
of  a  vertical  field  error  and  in  the  absence  of  acceleration  and  strong  focusing  field,  the 
normalized  transverse  velocity  (3±  and  thus  the  L armor  radius  of  the  transverse  motion  of 
the  gyrating  particles  grows  linearly  with  time1,  provided  that  nonlinear  effects  associated 
with  the  particle  velocity  are  neglected.  When  such  effects  are  taken  into  account,  fix 
exhibits  cycloidal  behavior.2 

In  the  presence  of  an  accelerating  field  and  a  large  vertical  field  error,  0±  increases 
proportionally  to  the  square  root  of  time,  while  7/?®  saturates,  i.e.,  the  electrons  lock-in 
to  a  specific  resonance  (lock-in  state).  When  the  amplitude  of  A Bz  is  below  a  threshold, 
0x  exhibits  Fresnel  behavior,  i.e.,  0x  grows  quickly  for  approximately  1  /zsec  and  then 
saturates  until  the  beam  reaches  the  next  resonance.3 

In  the  case  of  an  axial  field  error  and  in  the  absence  of  acceleration,  0±  grows  expo¬ 
nentially  with  time  only  for  a  very  short  period.  Since  0±  increases  at  the  expense  of  0g, 
the  particles  are  kicked  off  resonance.  Thus,  fix  varies  cycloidally  with  time.  Similarly,  in 
the  presence  of  an  accelerating  field  0±  behaves  as  in  the  case  of  the  vertical  field  error. 

The  previous  discussion  is  based  on  the  assumption  that  the  strong  focusing  field  is 
zero.  In  addition  to  introducing  new  characteristic  modes,  the  strong  focusing  field  makes 
the  expression  for  the  regular  cyclotron  mode  more  complicated.3  However,  it  can  be  shown 
that  for  the  parameters  of  the  NRL  device  and  provided  l  1,  the  strong  focusing  has 
only  minor  effect  on  the  cyclotron  resonance.  This  is  also  supported  by  extensive  computer 
calculations. 
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In  this  paper,  we  present  results  from  several  experiments  related  to  the  excitation  of 
cyclotron  resonances,  for  both  vertical  and  toroidal  field  errors.  The  last  Section  addresses 
possible  remedies  for  the  suppression  of  the  cyclotron  resonances  in  the  modified  betatron 
accelerator. 

H.  EXPERIMENTAL  APPARATUS 

Detailed  description  of  the  NRL  modified  betatron  accelerator  can  be  found  in  pre¬ 
vious  publications4-6,  where  various  experimental  results,  including  observation  of  the 
electron  cyclotron  resonances  were  reported.  There  are  three  main  external  magnetic 
fields  that  provide  confinement  to  the  high  current  beam,  namely,  the  toroidal  {Be),  the 
strong  focusing  (£,/),  and  the  vertical  (Bz)  fields.  They  are  generated  by  pulsed,  aircore 
electromagnets  with  risetimes  equal  to  2.3  ms,  1.0  ms,  and  2.6  ms  respectively.  The  peak 
value  of  Be  is  —  5  kG  and  that  of  Bz  is  ~2  kG.  The  strong  focusing  windings  can  be 
operated  at  peak  currents  as  high  as  ~30  kA.  A  photograph  of  the  experiment  is  shown 
in  Fig.  1. 

in.  EXPERIMENTAL  RESULTS 

In  a  modified  betatron  with  strong  focusing  windings  there  are  four  characteristic 
transverse  modes3  w±;fc.  Integer  resonances  occur  when  the  frequency  of  these  modes,  in 
the  laboratory  frame,  over  the  relativistic  cyclotron  frequency  of  the  vertical  field  fi,o/7 
on  the  minor  axis  is  an  integer,  i.e.,  when 

(i W^)=*'  wherek  =  ±1’2  •  (1) 

The  four  characteristic  modes  w±±  are  in  general  very  complex.  However,  for  modest 
beam  and  strong  focusing  currents,  as  those  in  the  NRL  device  and  when  Bg/Bz  »  1  the 
modes  are  considerably  simplified.  Under  these  conditions  the  mode  that  is  responsible  for 
the  cyclotron  resonance  becomes  w_+  »  Hgo/7,  where  flg0  is  the  cyclotron  frequency  that 
corresponds  to  the  toroidal  magnetic  field.  Under  these  conditions  Eq.  (1)  takes  the  very 
simple  form  Beo / i?*o  ~  l ,  where  l  =  1,2  . . .,  and  Be o  and  Bt o  are  the  toroidal  and  vertical 
fields  on  the  minor  axis.  Therefore,  the  cyclotron  resonance  is  due  to  the  coupling,  caused 
by  a  field  error (s),  of  the  cyclotron  motions  associated  with  the  toroidal  and  vertical  fields. 


The  x-rays  are  monitored  by  three  collimated  x-ray  detectors  (scintillator-photo- 
multiplier  tube)  that  are  housed  inside  lead  boxes.  In  the  results  shown  in  Fig.  2,  the 
x-rays  enter  the  scintillator  through  a  1.94  cm-dia.  tube  and  the  detector  is  located  10.8 
m  from  the  vacuum  chamber.  As  a  rule,  the  shape  of  the  x-ray  signal  recorded  by  all  three 
detectors  is  spiky  and  the  peaks  always  occur  at  the  same  value  of  2?eo/£«o»  independently 
of  the  current  flowing  in  the  stellar ator  windings. 

In  addition  to  the  x-ray  pulse,  Fig.  2  shows  the  ratio  of  B$o/Bmo  at  the  peaks  of  the 
signal.  The  solid  circles  are  from  the  experiment  and  the  crosses  are  from  the  resonance 
condition  B*o/£*o  =  (2£2  -  l)/2£,  £  =  1,2 ...  of  the  cyclotron  resonance.  For  £=  8,9  and 
10,  experiment  and  theory  are  in  good  agreement.  However,  for  the  remaining  £  values 
there  is  noticeable  divergence  between  the  theoretical  predictions  and  the  experiment. 

The  theory  of  the  cyclotron  resonance  has  been  developed  under  the  assumption  that 
the  beam  is  located  on  the  minor  axis.  However,  the  experimental  observations  indicate 
that  the  electron  ring  starts  to  move  off  axis  after  200-300  psec.  Recently,  the  theory  of 
the  cyclotron  resonance  has  been  extended  to  a  beam  that  is  located  on  the  midplane  but 
off  the  minor  axis.  For  such  a  beam  the  resonance  conditions  becomes 

Tpfloo  _  2£2  —  1  ,~\ 

n/3e  2£  ’ 

where  ro  is  the  major  radius,  and  /?$  is  the  normalized  toroidal  velocity.  The  agreement 
between  the  experimental  results  and  the  theory  is  improved  when  the  radial  motion  of 
the  beam  is  taken  into  account. 

It  is  apparent  from  the  resonant  condition  that  when  Bgoj Bxo=  constant  #  integer, 
the  cyclotron  resonance  is  not  excited.  To  test  this  supposition,  we  have  installed  24 
single-turn  coils  on  the  outside  of  the  vacuum  chamber,  as  shown  in  Fig.  3.  These  coils 
are  powered  by  a  capacitor  bank  and  have  a  risetime  of  approximately  100  /usee.  During 
this  time  period  the  coils  generate  a  toroidal  field  ramp  that  increases  linearly  with  time 
and  the  total  toroidal  field  increases  in  synchronism  with  the  betatron  field.  Results  from 
the  experiment  are  shown  in  Fig.  4,  when  the  coils  are  energized  at  800  Msec.  Beam  losses 
are  suppressed  for  100  nsec,  i.e.,  as  long  as  the  condition  £?0o/£*o  ¥*  integer  is  satisfied. 

The  damage  done  to  the  beam  at  each  resonance  depends  on  the  speed  with  which  the 
resonance  is  crossed.  By  modulating  the  toroidal  field  with  a  rapidly  varying  ripple  the 
resonance  is  crossed  quickly  and  thus  the  damage  inflicted  to  the  beam  is  reduced.  This 


b  the  dynamic  stabilisation  or  tune  jumping  technique  and  requires  a  carefully  tailored 
pulse  to  be  effective  over  many  resonances. 

Results  from  the  numerical  integration  of  orbit  equations  are  shown  in  Fig.  5.  The 
left  column  shows  the  transverse  velocity  fi±,  axial  velocity  fie  and  the  product  *7/3#  as  a 
function  of  time  when  the  coils  that  produce  the  ripple  are  not  energised.  As  the  beam 
crosses  the  1=10  resonance,  its  transverse  velocity  increases  by  a  few  percent  while  at  £=  9, 
fix  reaches  18%.  At  the  same  time  fie  decreases.  Even  more  importantly,  the  product  ~ifie 
saturates  at  £=10,  i.e.,  all  the  energy  from  the  accelerating  fields  goes  to  fix  instead  of  fie. 
This  interesting  phenomenon  b  due  to  nonlinear  effects  and  will  be  called  “lock-in”  state. 
The  corresponding  results  with  the  stabilizing  coib  on  are  shown  in  the  right  column  of 
Fig.  5.  At  both  £=10  and  £= 9  the  transverse  velocity  of  the  beam  increases  modestly  but 
7 fie  does  not  saturate. 

Results  from  the  experiment  are  shown  in  Fig.  6.  The  toroidal  field  modulation  b 
produced  by  the  24  coib  that  are  mounted  on  the  exterior  surface  of  the  vacuum  chamber, 
two  coib  on  each  sector.  The  period  of  the  under  damped  LRC  circuit  b  70  /isec.  The 
decay  of  the  current  waveform  b  mainly  due  to  the  resbtance  of  the  vacuum  chamber  that 
plays  the  role  of  the  secondary. 

Figure  6a  shows  the  x-ray  waveform  in  the  absence  of  modulation.  The  corresponding 
x-ray  waveform  when  the  coib  are  energized  at  430  ftsec  and  the  first  peak  of  the  mod¬ 
ulation  is  positive  is  shown  in  Fig.  6b.  It  b  apparent  that  the  x-ray  signal  b  modulated 
with  the  period  of  the  A  Be  field  and  the  two  modulations  are  in  phase.  An  interesting 
feature  of  these  results  is  the  drastic  reduction  of  the  x-ray  signal  following  the  initiation  of 
the  A  Be  ripple.  Typically,  the  x-ray  signal  goes  to  zero,  temporarily,  when  the  amplitude 
of  AJ Be  exceeds  a  threshold.  When  the  polarity  of  the  A  Be  field  b  reversed,  the  x-ray 
waveform  exhibits  similar  characterbtics  as  in  the  case  of  positive  first  peak  and  b  shown 
in  Fig.  6c.  However,  in  contrast  with  the  previous  case,  the  beam  losses  a.'e  accelerated 
immediately  after  the  initiation  of  the  A  Be  ripple. 

The  experimental  results  appear  to  be  in  agreement  with  the  theoretical  predictions 
and  the  computer  calculations  shown  in  Fig.  5.  When  the  beam  b  in  the  lock-in  state 
and  the  amplitude  of  the  modulation  b  not  large  enough,  7 fie  remains  locked  and  tracks 
the  modulation,  as  required  by  the  resonance  condition  of  Eq.  (1).  For  positive  first 
peak,  7 fie  increases  and  thus  fix  b  reduced.  The  smaller  Larmor  radius  results  in  reduced 
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particle  losses.  For  negative  first  peak,  is  reduced  and  thus  fit  increases.  The  larger 
L armor  radius  drives  the  electrons  to  the  wall  and  the  x-ray  signal  increases.  It  should 
be  emphasised,  however,  that  the  above  interpretation  of  the  experimental  results  is  not 
unique.  There  is  at  least  one  more  model  that  is  consistent  with  the  results. 

The  basic  periodicity  in  the  NRL  device  is  twelve-fold.  There  are  twelve  toroidal  field 
coils,  twelve  sectors,  and  so  on.  For  a  long  time,  the  £=12  resonance  was  the  dominant 
resonance  in  the  experiment.  To  test  the  importance  of  the  £=12  resonance,  we  have 
intentionally  introduced  an  £=12  axial  field  error  using  twelve  resonant  coils. 

Initially,  the  set  of  twelve  resonant  coils  was  installed  on  the  outside  of  the  chamber 
(external  coils).  These  coils  are  initiated  at  r=430  /*s,  i.e.,  when  the  £=12  condition  is 
reached.  A  A B$  pulse  with  a  quarter  period  risetime  of  12  /isec  and  amplitude  of  200  G  is 
generated  on  the  minor  axis  when  the  current  in  the  coils  is  9  kA.  Figure  7a  shows  the  x-ray 
pulse  when  the  resonant  coils  are  off  and  Fig.  7b  when  the  coils  are  on.  It  is  apparent  from 
these  results  that  the  width  of  the  x-ray  signal  is  reduced  from  approximately  900  /xsec  to 
8  /tsec,  i.e.,  by  more  than  two  orders  of  magnitude  while  its  amplitude  has  increased  by 
a  factor  of  thirty.  The  width  of  the  x-ray  signal  varies  inversely  with  the  current  in  the 
resonant  coils  as  shown  in  Fig.  8  and  also  depends  on  the  risetime  of  the  resonant  coil 
pulse. 

By  connecting  the  coils  in  parallel  instead  of  in  series,  the  risetime  was  reduced  to  5 
fisec,  and  even  shorter  risetime  pulses  have  been  produced  with  a  set  of  internal  coils.  The 
internal  coils  axe  wound  on  a  blue  nylon  housing  and  encapsulated  with  epoxy  (Fig.  9)  and 
are  powered  by  new  drivers  with  a  risetime  of  400  ns.  Being  faster  and  nearer  to  the  sector 
flanges,  the  internal  coils  require  substantially  higher  voltage  and  current  to  produce  the 
required  field  perturbations.  The  dependence  of  the  x-ray  pulse  width  on  the  risetime  of 
the  current  pulse  is  shown  in  Fig.  10. 

To  determine  the  spatial  distribution  of  beam  losses  when  the  resonant  coils  are  ener¬ 
gized,  several  400-/xm-diameter  optical  fibers  were  mounted  on  the  outside  of  the  vacuum 
chamber.  By  the  time  the  £=12  resonance  is  crossed,  the  electrons  have  acquired  sufficient 
energy  to  penetrate  the  chamber.  The  light  generated  when  the  electrons  strike  the  fiber 
is  monitored  with  a  photomultiplier  tube.  The  results  from  scanning  around  the  torus 
at  10°  intervals  are  shown  in  Fig.  11.  Only  six  peaks  instead  of  the  expected  twelve  are 
observed.  This  is  most  likely  due  to  the  beating  between  the  £=12  and  £= 6  mode  that 


is  excited  by  the  six  field  periods  of  the  stellar&tor  windings.  Computer  simulation  shows 
that  the  strong  focusing  modulates  the  1=12  peaks  in  such  a  way  that  only  every  other 
peak  strikes  the  wall  as  shown  in  Fig.  12.  It  is  still  not  clear  at  this  time  why  three  of  the 
peaks  are  higher  than  the  rest. 

Under  normal  operating  conditions  the  current  that  produces  the  strong  focusing  field 
is  passively  crowbarred  and  the  fields  decay  with  a  long  time  constant  L/R,  where  L  is 
mainly  the  inductance  of  a  ballast  inductor  that  is  in  series  with  the  windings.  To  test  the 
effect  of  the  strong  focusing  field  on  the  distribution  of  beam  loss,  the  ballast  inductor  was 
removed  and  the  circuits  were  actively  crowbarred.  The  shape  of  the  pulse  is  a  half  sine 
with  a  half  period  of  ~  650  /usee.  The  beam  is  injected  near  the  peak  of  the  pulse.  Thus, 
the  strong  focusing  field  is  practically  zero  when  the  resonant  coils  are  energized.  Under 
these  conditions  most  of  the  beam  is  lost  at  a  single  toroidal  position  near  6  =  90°.  These 
experiments  are  currently  in  progress. 

IV.  REMEDY 

Although  the  effective  accelerating  gradient  in  the  present  device  is  large,  its  actual 
accelerating  gradient  is  low  (~  150V/ m).  As  a  result  the  electrons  have  to  perform  a  large 
number  of  revolutions  around  the  major  axis  in  order  to  obtain  the  desired  peak  energy  of 
20  MeV.  Thus,  the  existing  modified  betatron  is  sensitive  to  field  errors.  Possible  remedies 
for  the  problem  of  the  cyclotron  resonances  are  listed  in  Table  I.  Computer  calculations 
show  that  at  the  contemplated  acceleration  rate  of  300  G//usec  for  the  advanced  devices 
the  cyclotron  resonance  is  not  excited,  provided  that  the  various  fields  have  been  designed 
with  an  accuracy  better  than  0.1%. 
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Table  I 


Possible  remedies  for  the 
Remedy 


Design  the  device  carefully  to  avoid 
field  errors 

Carry  out  accurate  mapping  of  fields 
(~  0.1%).  Use  trim  coils  to  eliminate 
field  errors. 

Keep  ratio  Bg/ Ba  —  const.  ?£  integer 
during  acceleration. 

When  dBM/dt  is  large  the  cyclotron 
resonance  is  not  excited. 

Modulate  Bg  field  to  cross  resonances 
quickly  and  thus  to  reduce  damage. 
(Dynamic  Stabilization  or  tune  jump¬ 
ing)- 


cyclotron  resonance 

Comments 

Increase  cost. 

Tedious  and  time  consuming.  Stan¬ 
dard  technique  in  accelerators. 

Powerful  approach.  Requires  high  Bg. 

In  comteplated  advanced  devices  dBs/dt 
300  G/fisec.  Thus,  the  cyclotron  reso¬ 
nance  will  not  be  excited. 

Requires  carefully  tailored  pulse  to  be 
effective  over  many  resonances. 
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Fig.  1.  Photograph  of 
the  NRL  modified 
betatron  accelerator. 


Fig.  2.  X-ray  pulse 
and  ratio  of 
Beo/Bgo  at  the  peaks 
of  the  x-ray  signal. 


Fig.  3.  External 
resonant  coils. 
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Fig.  4.  X-ray  signal.  Between  800-900  ps 
Bfio/Bgo—  constant  ^  integer 
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Fig.  5.  Results  from  the 
numerical  integration 
of  orbit  equations 
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Fig.  6.  X-ray  signals 
vs.  time  at  reduced 
toroidal  field. 
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Fig.  7.  X-ray  signal  with  the  resonant  coils  off  (a) 

and  when  the  coils  are  activated:  (b)  full  trace;  (c)  expanded. 
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Fig.  8.  Width  (at  halfmax.) 
of  the  x-ray  pulse  vs. 
resonant  coil  current 
at  t- 12.  Peak  A B0  =  28 G/kA 


Fig.  9.  Internal  coils 
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Fig.  10.  Width  (at  half  max.) 
of  the  x-ray  pulse  vs. 
current  risetime. 
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Fig.  11.  Distribution  of 
beam  losses. 


Fig.  12.  Computer  results  that  show 
the  radial  displacement  of  the  beam 
from  the  minor  axis  vs.  toroidal  angle. 
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Reduction  of  3coo/2  Emission  from  Laser-Produced 
Plasmas  with  Broad  Bandwidth, 

Induced  Spatial  Incoherence  at  0.53  |im 


Reduction  of  3<o0/2  emission  from  laser-produced  plasmas  with  broad 
bandwidth,  induced  spatial  incoherence  at  0.53  fxm 
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Measurements  of  the  3o0/2  emission  from  laser-irradiated  targets  at  0.S3  fsra  were  made  at 
three  angles  over  a  wide  range  of  laser  bandwidths  with  and  without  induced  spatial 
incoherence  (ISI)  echelons.  The  30^/2  emission  was  found  to  be  correlated  with  hard  x  rays 
but  not  Raman  spectra,  suggesting  that  the  3a>0/2  radiation  was  due  to  two-plasmon  decay. 

Reduction  of  both  3a>0/2  emission  and  the  accompanying  hard  x  rays  by  ISI  required  five  to 
ten  times  larger  bandwidths  than  needed  to  suppress  stimulated  Raman  scattering  and 
stimulated  Brillouin  scattering. 


I.  INTRODUCTION 

Induced  spatial  incoherence  (ISI)  was  first  proposed  as 
a  beam  smoothing  technique  to  provide  the  highly  uniform 
illumination  required  for  direct-drive  laser  fusion.1'2  ISI  has 
been  found,  however,  not  only  to  provide  uniform  illumina¬ 
tion  but  also  to  suppress  a  number  of  deleterious  plasma 
instabilities  associated  with  the  reflection  and  absorption  of 
the  incident  laser  energy  such  as  stimulated  Raman  scatter¬ 
ing  (SRS)  and  stimulated  Brillouin  scattering  (SBS).2"5  In 
this  paper,  we  present  the  first  detailed  experimental  study  of 
the  effect  of  ISI  on  the  two-plasmon  decay  instability  as  in¬ 
ferred  from  three-halves  harmonic  (3o0/2)  emission  corre¬ 
lated  with  x-ray  measurements. 

The  importance  of  beam  smoothing  for  direct-drive  la¬ 
ser  fusion  has  been  widely  recognized  especially  with  respect 
to  minimizing  initial  perturbations  that  can  lead  to  hydrody¬ 
namic  instabilities  and  reducing  filaments tion  that  may  en¬ 
hance  parametric  instabilities.  There  are  now  a  number  of 
other  optical  beam-smoothing  techniques  in  addition  to 
ISI — random  phase  plates  (RPP),6  lens  arrays,7  smoothing 
by  spectral  dispersion  (SSD),*  and  echelon-free  ISI.9,10  All 
of  the  extant  beam-smoothing  techniques  achieve  much  im¬ 
proved  illumination  uniformity  over  generic  unsmoothed  la¬ 
ser  beams.  There  are  differences,  however,  between  the  var¬ 
ious  techniques  in  the  extent  and  nature  of  the  laser 
bandwidth.  The  degree  of  laser  bandwidth  required  to 
achieve  substantial  decreases  in  potentially  catastrophic  la¬ 
ser-plasma  instabilities  may  be  an  important  criterion  deter¬ 
mining  the  use  of  one  or  the  other  of  the  above-mentioned 
beam-smoothing  techniques.  The  RPP  approach  to  beam 
smoothing  does  not  utilize  broad  laser  bandwidth.  The  lens 
array  technique  does  not  rely  on  broad  laser  bandwidth,  but 
it  does  not  preclude  its  use.  ISI,  SSD,  and  echelon-free  ISI, 
on  the  other  hand,  all  rely  heavily  on  broadened  laser  band- 
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width.  They  differ  in  the  mechanism  by  which  the  band¬ 
width  is  generated  and  possibly  in  the  technological  feasibil¬ 
ity  of  achieving  a  given  degree  of  bandwidth. 

Recent  experiments  on  the  backscattered  fractions  of 
stimulated  Raman  and  Brillouin  scattering  have  attributed  a 
measured  25-fold  reduction  in  instability  levels  with  ISI  as 
compared  with  RPP  to  corresponding  decreases  in  the  fila- 
mentation  instability. 1 1  In  the  experiments  described  herein, 
ISI  was  observed  to  reduce  the  3a0/2  and  hard  x  rays  asso¬ 
ciated  with  the  two-plasmon  instability.  However,  the  de¬ 
tails  of  the  effects  oflSI  on  the  two-plasmon  decay  instability 
were  very  different  from  that  observed  with  SBS  and  SRS.  At 
the  largest  bandwidth  used  here  (Ai  =  10  A  at  0.53  fsm  or 
ts10n.Tr  =  1.2X  1013  sec"  ’),  SBS  and  SRS  were  completely 
suppressed  by  ISI  under  our  experimental  conditions  and 
neatly  reduced  at  an  intermediate  bandwidth  (AA=  1 
A) — a  factor  of  10  times  smaller.  In  contrast,  the  30^/2 
emission  was  observed  to  be  reduced,  but  not  completely 
suppressed,  only  by  using  ISI  with  the  broadest  bandwidths. 
These  results  suggest  that  the  mechanism  by  which  ISI  af¬ 
fects  the  two-plasmon  decay  instability  may  be  different 
than  that  for  SBS  and  SRS. 

In  the  two-plasmon  decay  instability,  an  incident  laser 
photon  at  frequency  <u0  undergoes  a  parametric  decay  at  the 
quarter-critical  density  surface  into  two  electron  plasma 
waves  or  plasmons  each  at  a  frequency  approximately  equal 
to  a0/2.  Three-halves  harmonic  emission  occurs  when  an 
(o0/2  plasm  on  interacts  with  an  a0  photon  in  the  vicinity  of 
the  quarter-critical  surface  giving  a  photon  at  the  3*>0/2  fre¬ 
quency.  Three-halves  harmonic  emission  from  laser-irra¬ 
diated  targets  has  been  extensively  studied  both  theoretical- 
ly,J'“  and  experimentally.1 7*2*  The  importance  of  the 
two-plasmon  decay  to  inertial  fusion  lies  in  the  fact  that  elec¬ 
trons,  accelerated  to  high  energies  by  electron  plasma  waves, 
can  preheat  the  target  thus  preventing  efficient  pellet  com¬ 
pression. 

The  threshold  for  two-plasmon  decay  instability  in  a 
spatially  inhomogeneous  plasma  is  given  by 
{va/v,  )2*b£  > a.  where  vt  is  the  electron  oscillatory  veloc- 
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ity,  V'  is  the  electron  thermal  velocity,  k0  is  the  wave  number 
of  the  pump,  L  is  the  density  scale  length,  and  a  =  2  to  a  =  4 
depending  on  the  value  of  a  parameter  0  = 
Hydrodynamic  simulations  of  the  effect  of  the  laser-target 
interactions  under  our  conditions  give  typical  density  scale 
lengths  for  0.S3  p m  irradiation  of  approximately  ISO  pm  at 
quarter-critical  density  and  temperatures  of  900  eV.i,  i0 
These  parameters  give  as 3  and  an  intensity  threshold  for 
absolute  two-plasmon  decay  in  the  green  of  1.3X  10u 
W/cm2.  The  collisional  threshold  for  the  two-plasmon  insta¬ 
bility  is  given  by  the  condition  that  the  growth  rate 
Yo  zzk0vo/4  exceed  v„  /2  where  v„  is  the  electron-ion  colli¬ 
sion  frequency.  Assuming  an  electron  density  at  the  quarter- 
critical  density  surface  of  1.5  X  1021  cm  ~  \  an  electron  tem¬ 
perature  of 900  eV  and  a  st  5,  the  intensity  threshold  for 

the  collisional  two-plasmon  instability  is  1.3  X  10u  W/cm2 
— essentially  the  same  as  the  threshold  calculated  above  for  a 
spatially  inhomogeneous  plasma.  The  present  experiment 
was  carried  out  at  time-integrated  average  intensities  be¬ 
tween  2.5  X  1013  and  2.5 X 1014  W/cm2,  above  both  the  esti¬ 
mated  collisional  and  spatially  inhomogeneous  two-plas¬ 
mon  decay  thresholds. 

II.  EXPERIMENTAL  SETUP 

The  experiment  was  performed  with  two  beams  of  the 
Pharos  III  Nd-glass  laser  with  // 11  focusing  lenses.  Both 
beams  were  frequency  converted  to  the  green  at  527  nm.31 
The  laser  pulse  duration  was  2  nsec  (FWHM)  and  the  ener¬ 
gy  was  varied  from  10  to  250  J  on  target  One  beam  con¬ 
tained  ISI  echelons,  the  other  did  not.  The  ISI  beam  smooth¬ 
ing  used  in  the  present  experiment  utilized  a  set  of 
orthogonal  transmissive  and  reflective  echelons  for  spatial 
incoherence  and  broad  laser  bandwidth  for  temporal  inco¬ 
herence.1,2  The  echelons  break  the  20  cm  diameter  laser 
beam  into  approximately  300  1  X0.8  cm  beamlets.  Optical 
delays  on  the  order  of  2  psec  were  introduced  into  each  adja¬ 
cent  beamlet  by  incrementing  the  optical  path  length  in  each 
step  of  the  echelon.  If  the  laser  bandwidth  Aa>  is  sufficiently 
large  that  the  laser  coherence  time  re  =  2v/£ua  is  shorter 
than  the  optical  delays  introduced  by  the  ISI  echelons,  then 
the  resulting  focal  distribution  on  target  will  be  smooth  on 
time  scales  long  compared  to  the  laser  coherence  time. 

Measurements  of  3<u0/2  radiation  from  the  target  were 
taken  with  the  ISI  echelons  in  place  at  four  distinct  laser 
bandwidths  covering  a  range  of  three  orders  of  magnitude. 
At  the  broadest  two  bandwidths,  AX  =  10  and  5  A,  the  laser 
coherence  times  rc  satisfied  the  criteria  (rf< 2  psec)  for 
beam  smoothing  with  our  echelons.  At  the  intermediate 
bandwidth  cases,  AX  =  1  A,  rf  is  approximately  five  times 
greater  than  the  minimum  optical  delay  between  beamlets 
introduced  by  the  ISI  echelons,  but  some  residual  beam 
smoothing  does  occur.  Finally  in  the  extreme  narrow  band¬ 
width  case,  in  which  the  laser  pulse  is  time-bandwidth  limit¬ 
ed,  the  laser  bandwidth  is  AA  =  0.01  A.  The  laser  coherence 
time  rc  here  is  approximately  500  times  greater  than  the 
minimum  optical  delay  introduced  by  the  ISI  echelons  and 
the  resulting  beam  intensity  profile  on  target  is  highly  non- 
uniform. 

The  experimental  configuration  of  both  beams,  target, 


x-ray  detectors,  and  harmonic  emission  detectors  is  shown 
in  Fig.  1 .  Each  beam  was  incident  on  a  flat  200 p m  thick  CH 
target  at  an  angle  of  4*  to  the  normal.  Measurements  of 
3<w0/2  emission  were  also  taken  at  the  same  four  bandwidths 
for  targets  irradiated  by  a  beam  without  ISI  echelons.  Three 
fiber-optic  collectors  each  with  a  6  cm  focal  length  lens  were 
situated  at  a  distance  of  50  cm  from  the  target  location  at 
1 80*.  1 50*,  and  1 30*  collection  angles  with  respect  to  the  tar¬ 
get  normal.  Quartz  fibers  from  each  fiber-optic  collection 
position  were  input  into  a  J  m  spectrograph  whose  output 
was  matched  to  an  optical  multichannel  analyzer  (OMA) 
with  a  two-dimensional  intensified  vidicon  array  operating 
in  a  time-integrating  mode.  Neutral  density  filters  as  well  as 
selected  bandpass  interference  filters  were  used  in  front  of 
the  collection  optics.  The  magnitude  of  the  3<w0/2  signal  for 
each  collection  angle  was  obtained  by  integrating  the  OMA 
detector  signal  over  both  the  red-  and  blue-shifted  wave¬ 
length  components.  Finally,  the  Raman  backscatter  at  the 
1 80*  collection  angle  was  measured  with  an  array  of  fast  sili¬ 
con  photodiodes  with  50  nm  bandwidth  interference  filters 
centered  at  650,  750,  850,  and  950  nm. 

III.  EXPERIMENTAL  RESULTS 
A.  Differences  In  3o»o/2  spectra 

Two  time-integrated  3<o0/2  spectra  at  the  150*  collec¬ 
tion  angle  are  shown  in  Fig.  2  for  targets  irradiated  at  broad 
bandwidth  and  narrow  bandwidth  (AA  =  10 and  0.01  A)  at 
intensity  approximately  equal  to  7.5  X1013  W/cm2.  The 
peak  of  the  3o>0/2  emission  in  the  spectrum  with  the  narrow 
bandwidth  laser  is  almost  two  orders  of  magnitude  greater 
than  in  the  spectrum  obtained  with  broad  bandwidth.  In 
addition,  the  measurements  show  a  significant  difference  in 
the  relative  amplitudes  of  the  red  and  blue  components  of  the 
3w0/2  spectrum.  The  3&>0/2  spectrum  from  the  narrow 
bandwidth  case  contains  a  blue  component  with  a  magni¬ 
tude  less  than  10%  that  of  the  red  component,  whereas  in  the 


with  fitters 

FIG.  I.  Experimental  arrangement  for  ia„/2  ISI  interaction  experiment 
showing  two  beams,  with  and  without  ISI  echelons,  and  position  of  the  fi¬ 
ber-optic  3a*,/2  collectors,  spectrograph,  and  OMA  as  well  as  the  x-ray 
detector  assembly. 
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FIG.  2.  (a)  Tune^ntegratcd  spectra  of  the  34*0/2  emiMioa  at  tbe  lSCT obser¬ 
vation  angle  for  two  shots  with  ISI  echelons:  one,  at  narrow  bandwidth  0-01 
A,  Ihe  other,  broad  bandwidth  10  A.  (b)  The  tame  spectra,  narrow  band¬ 
width  0.01  A  ( - ),  and  broad  bandwidth  10  A  ( — ),  shown  nonnalized 

to  their  maximum  values.  The  wavelength  correspondinf  to  the  3nt>/2  fre¬ 
quency  is  indicated  as  lA>/3. 


broad  bandwidth  case  the  blue  component  is  over  50%  the 
amplitude  of  the  red  component.  Although  the  effect  of 
broad  bandwidth  ISI  is  to  reduce  the  overall  level  of  emis¬ 
sion,  the  red  component  carrying  most  of  the  energy  seems 
to  be  damped  more  strongly  than  the  blue  component.  The 
wavelength  shift  from  the  nominal  2A0/3  value  for  the  red 
and  blue  components  is  virtually  the  same  for  the  two  shots. 

B.  Relative  amplitudes  of  the3e>a/2  emission 

The  use  of  broad  bandwidth  ISI  results  in  a  significant 
reduction  in  the  overall  level  of  the  3ru0  /2  radiation.  Figure  3 
shows  the  effect  of  bandwidth  variation  in  conjunction  with 
ISI  echelons  on  the  overall  level  of  the  3o>0/2  emission  ob¬ 
served  at  the  18CT  and  150*  collection  angles.  The  incident 
laser  intensity  was  determined  by  fitting  densitometer  line- 
outs  of  the  equivalent  focal  plane  distribution  to  the  ideal  ISI 
intensity  profile  /  =  I0  sine2  (2 vx/d)  and  then  calculating 
the  average  intensity  within  the  full  width  at  half-maximum 
where  d  is  the  diffraction  envelope  width.  The  use  of  broad 
laser  bandwidth  (AA  =  10  and  5  A)  reduced  not  only  the 
amplitude  of  the  3<v0  /2  emission  as  compared  with  the  inter¬ 
mediate  ( AA  =  1  A)  and  narrow  bandwidth  (AA=  0.01  A) 
cases,  but  also  the  rate  of  increase  of  the  amplitude  with 
increasing  average  laser  intensity.  Data  points  in  Fig.  3  indi- 


FIG.  3.  Tune-  and  spectrally  integrated  3*^/2  signal  for  ben  with  ISI 
echelons  at  four  bandwidth*  for  two  collection  angle*:  circles  and  square* 
denote  1MT,  diamonds  and  triangle*  denote  ISO". 


cated  by  upward  arrows  may  be  below  the  actual  values  by  as 
much  as  a  factor  of  2  due  to  detector  saturation,  however, 
this  does  not  alter  the  qualitative  picture  described  above. 

In  the  limit  of  bandwidth  Atu  much  greater  than  the 
growth  rate  y  (Ao>>y),  Thomson’s  theoretical  treatment  of 
bandwidth  effects  on  parametric  instabilities  predicts  that 
reductions  in  growth  rates  by  a  Actor  y/A ta  can  be 
achieved.11  Although  Thomson’s  theory  includes  temporal 
bandwidth  only  whereas  ISI  involves  both  spatial  and  tem¬ 
poral  incoherence,  it  is  interesting  to  examine  the  predicted 
effects  of  bandwidth  alone.  The  maximum  two-plasmon  de¬ 
cay  growth  rate  is  given  by  y  ■*  *oi»#/4. 11-15  At  the  param¬ 
eters  of  the  present  experiment,  the  maximum  growth  rate  at 
incident  laser  intensities  of  1 X  10u  W/cm1  is  y  **  5.7  X 10'1 
sec-  1  compared  with  values  of  bandwidth  of  3.45 X 1011 
sec-'  for  the  AA* 5  A  case  and  6.68X1011  sec-1  for  the 
AA  —  10  A  case.  At  the  irradiancesofthe  experiment  report¬ 
ed  here,  the  growth  rate  of  the  two-plasmon  decay  instability 
is  roughly  comparable  or  only  slightly  less  than  the  largest 
laser  band  widths — a  region  where  present  theories  of  the 
effects  of  bandwidth  on  parametric  instabilities  do  not  strict- 
ly  apply. 

Experiments  have  been  reported  showing  suppression  of 
3o\,/2  emission  in  filamentary  channels  using  broad  band¬ 
width  (30  A),  low  energy  ( 10  J)  and  short  pulses  at  1.06 
ft m.15  In  that  study,  however,  time-integrated  laser  intensity 
distributions  at  an  equivalent  focal  plane  appear  highly  non- 
uniform  for  narrow  bandwidth  and  smooth  at  broad  band¬ 
width  suggesting  that  the  combination  of  low /  #  optics  and 
chromatic  aberration  of  the  final  focusing  tens  may  have 
smoothed  the  laser  profile  in  a  manner  analogous  to  ISI.  It  is 
therefore  unclear  whether  the  reported  suppression  of  the 
harmonic  emission  in  that  experiment  can  be  attributed  to 
bandwidth  or  beam-smoothing  effects.  Similarly,  in  the  pres¬ 
ent  experiment,  it  is  not  possible  to  clearly  distinguish 
between  bandwidth  and  beam-smoothing  effects  because  of 
the  large  illumination  non  uniformities  present  in  both  the 
ISI-echelon  beam  at  narrow  bandwidth  and  the  no-eebdon 
beam  at  all  band  widths.  Nonetheless  it  is  interesting  to  ex¬ 
amine  the  intensity  dependence  of  the  3o>0/2  emission  at  the 
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four  bandwidths  for  a  laser  with  no  ISI  echelons. 

A  comparison  of  results  at  the  four  bandwidths  with  a 
regular  beam  (no  echelons)  is  shown  in  Fig.  4  for  the  130* 
collection  angle.  The  laser  intensity  given  here  is  the  average 
value  over  the  flat-top  portion  of  the  intensity  pattern  at  the 
equivalent  focal  plane.  The  three-halves  harmonic  emission 
levels  in  Fig.  4  show  little  difference  between  the  four  band- 
widths.  At  the  lower  intensities  in  particular,  where  the  ratio 
of  growth  rate  to  bandwidth  is  the  smallest,  and  the  largest 
finite  bandwidth  effect  might  be  expected,  virtually  no  dif¬ 
ference  between  broad  and  narrow  bandwidths  in  the  3o>0/2 
emission  is  observed  on  the  no-echelon  beam.  The  slopes  and 
amplitudes  for  the  3a0/2  emission  across  all  four  band- 
widths  for  the  no-echelon  beam  are  comparable  to  the  inter¬ 
mediate  and  narrow  bandwidth  with  the  ISI-echelon  beam. 
In  the  presence  of  large  illumination  nonuniformities  char¬ 
acteristic  of  the  no-echelon  beam,  broad  bandwidth  alone 
does  not  reduce  the  level  of  the  underlying  two-plasm  on  de¬ 
cay  instability.  As  in  Fig.  3  above,  data  points  in  Fig.  4  indi¬ 
cated  by  upward  arrows  may  be  below  the  actual  values  by  as 
much  as  a  factor  of  2  due  to  detector  saturation. 

C.  Raman  and  hard  x-ray  data 

An  array  of  photodiode  detectors  with  narrow  band  in¬ 
terference  filters  as  well  as  time-integrated  spectroscopy 
were  used  to  monitor  Raman  spectra  in  the  region  6500  to 
9500  A.  The  peak  Raman  signal  was  obtained  near  the  750 
run  wavelength.  Copious  Raman  emission  was  observed  for 
both  the  no-echelon  beam  at  all  bandwidths  and  the  ISI- 
echelon  beam  at  the  narrowest  bandwidth  A/l  m  0.01  A.  Fin¬ 
ally,  time-  and  space-integrated  hard  x-ray  measurements 
were  also  made  using  a  set  of  silicon  p-i-n  diodes  and  scintil¬ 
lator/photomultiplier  detectors  with  broadband  k-edge  fil¬ 
tering  techniques.  The  hard  x-ray  signals  were  fit  to  a  Max¬ 
wellian  energy  distribution  and  the  energy  in  hot  electrons 
determined  accordingly  following  the  procedure  outlined  by 
Keck  et  al.33  Figure  5  shows  the  correlation  between  the  x- 
ray  data  and  the  3a>0/2  data  at  130*  at  the  broad  bandwidth 
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FIG.  4.  Comparison  of  time-  and  spectrally  integrated  3*^/2  signal  for  the 
beam  without  echelons  at  four  bandwidth*  for  the  collection  angle  of  I  XT 
with  raped  to  the  target  aamaL 
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FIG.  5.  Correlation  between  tine-  and  apace-integrated  bard  x-ray  mea¬ 
surements  ( ratio  of  hot  electron  energy  to  the  incident  later  energy )  and  the 
1  JOT  collection  angle  3a%/2  data  at  broad  bandwidth  ( 10  A)  and  narrow 
bandwidth  ( 1  A)  for  the  ISI-echelon  beam. 


( 10  A)  and  the  intermediate  bandwidth  (1  A)  for  the  ISI- 
echelon  beam. 

Hard  x  rays  produced  by  suprathennal  electrons  under¬ 
going  collisions  with  the  cooler  background  plasma  can  be  a 
signature  of  either  Raman  or  two-plasmon  decay.31  In  con¬ 
trast  to  the  x-ray  data  and  the  3a>0/2  data,  the  Raman  spec¬ 
tra  was  nearly  completely  suppressed  at  the  AA  =  1 A  band¬ 
width  in  agreement  with  earlier  reported  results.  Figure  6 
compares  the  Raman  backscatter  near  750  nm  and  the 
3&Q  H.  emission  backscatter  for  an  ensemble  of  shots  with 
incident  laser  intensity  from  7.5 XJO13  to  1.40X1014 
W/cm2.  There  is  significant  reduction  of  Raman  at  narrow 
bandwidth  ( 1  A)  in  contrast  with  the  3o>0/2  radiation  which 
did  not  exhibit  any  substantial  reduction  in  emission  ampli¬ 
tude  except  at  full  laser  bandwidth  ( 10  A).  A  similar  band¬ 
width  effect  to  that  observed  with  Raman  was  also  seen  with 
Brillouin.5  Although  three-halves  harmonic  radi¬ 
ation  can  be  generated  from  Raman  occurring  at  nc/4  as  well 
as  two-plasmon  decay,  the  lower  threshold  and  the  cbarac- 
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FIG.  6.  Comparison  of  Raman  and  3a*,/2  signal  levels  at  four  bandwidths 
for  an  ensemble  of  shots  with  incident  intensity  I  between  7.5  x  10"  and 
1.40XI0'4  W/cnr  showing  significant  reduction  of  Raman  at  narrow 
bandwidth  ( 1 A )  compared  with  3as>/2.  which  did  not  exhibit  any  substan¬ 
tial  reduction  in  emission  amplitude  except  at  full  laser  bandwidth  (10A) 


1482 


Phys.  Fluids  B.  Vol.  3.  No.  8.  June  1991 


Paysareraf 


1482 


teristic  red  and  blue  spectral  components  of  the  emission 
observed  in  the  present  experiment  suggest  that  the  two- 
plasmon  decay  is  responsible  for  the  observed  3a0/2  emis¬ 
sion.17  The  anticorrelation  between  the  x-ray  and  Raman 
data  for  the  A/l  =  1  A  bandwidth  is  additional  evidence  that 
two-plasmon  decay  at  quarter-critical  is  indeed  the  instabil¬ 
ity  responsible  for  the  x  rays  as  well  as  the  3<u0/2  emission.  It 
is  interesting  to  note  that  the  maximum  theoretical  growth 
rate  for  Raman  is  comparable  to  two-plasmon  decay.  If  tem¬ 
poral  bandwidth  alone  were  important  for  both  instabilities, 
one  might  expect  instability  amplitude  reduction  for  both  at 
the  same  bandwidth.  The  observed  difference  in  bandwidth 
effect  on  Raman  and  3 <a0  /2  emission  shown  in  Fig.  6  may  be 
due  to  differences  in  intensity  thresholds  for  the  two  Instabi¬ 
lities  as  well  as  differences  in  the  nature  of  the  instabilities 
(absolute  versus  convective).  A  recent  paper  by  Guzdar  et 
al.  on  the  effect  of  ISI  on  absolute  Raman  has  suggested  that 
the  effect  of  bandwidth  variation  may  affect  absolute  instabi¬ 
lities  differently  than  convective  instabilities.34  This  issue  is 
further  complicated  by  the  observation  made  with  un¬ 
smoothed  lasers  that  Raman  occurring  well  below  quarter- 
critical  density  may  be  an  absolute  instability  associated 
with  density  fluctuations  in  the  plasma.33  At  present  there  is 
no  well-established  theory  that  can  explain  these  phenome¬ 
na. 


IV.  SUMMARY  AND  CONCLUSIONS 

Theoretical  and  numerical  studies  indicate  that  ISI  can 
suppress  fi lamentation  at  0.33  fim  for  intensities  comparable 
to  those  in  the  present  experiment.30  In  both  the  present  and 
previous  experiments  at  the  intermediate  ( 1  A)  bandwidth, 
the  reduction  of  SRS  and  SBS  has  been  attributed  at  least  in 
part  to  the  predicted  decrease  in  fi  lamentation  with  ISI.3’3  In 
the  case  of  two-plasmon  decay,  however,  neither  the  3<o0/2 
emission  nor  the  hard  x  rays  are  reduced  until  the  bandwidth 
is  increased  an  additional  factor  of  3  to  10  times  (AA  =  5  and 
1 0  A ) ,  hence  it  is  possible  that  the  reduction  of  the  instability 
is  due  as  much  to  direct  bandwidth  effects  on  the  instability 
as  to  the  absence  of  filamentation.  The  experimental  obser¬ 
vation  that  larger  bandwidth  is  required  to  suppress  two- 
plasmon  decay  than  SRS  or  SBS  is  in  qualitative  agreement 
with  a  recent  theoretical  analysis  of  the  direct  effect  of  ISI  on 
parametric  instabilities,  especially  at  the  quarter-critical 
density  surface.3*  The  strong  correlation  between  the  x-ray 
data  and  the  3<u0/2  emission  further  suggests  that  the  ob¬ 
served  reduction  in  the  three-halves  harmonic  emission  is 
related  to  reduction  in  the  underlying  two-plasmon  decay 
instability  rather  than  the  harmonic  generation  process. 

In  conclusion,  we  have  made  the  first  detailed  study  of 
the  two-plasmon  decay  instability  as  inferred  from  3<u0/2 
and  hard  x-ray  emission  with  and  without  ISI  echelons  over 
a  range  of  bandwidths  at  intensities  relevant  to  laser  fusion. 
The  use  of  ISI  echelons  at  broad  bandwidths  leads  to  signifi¬ 
cant  decreases  in  the  level  of  emission  as  compared  with  both 
no-echelon  beams  and  echelon  beams  with  intermediate  and 
narrow  laser  bandwidths.  In  contrast  to  SRS  and  SBS,  how¬ 
ever,  two-plasmon  decay  is  not  completely  suppressed  by 
broad  bandwidth  and  ISI.  As  in  the  previous  ISI  interaction 


experiments,  it  is  not  clear  whether  the  observed  reduction  in 
plasma  instabilities  with  ISI  is  due  to  a  decrease  in  filamenta- 
tion  or  whether  there  is  an  additional  effect  due  to  band¬ 
width.  The  difference  between  two-plasmon  and  other  pre¬ 
viously  observed  laser-plasma  instabilities  discussed  above, 
however,  suggests  that  very  large  bandwidth  may  be  impor¬ 
tant  for  interaction  physics  with  any  beam-smoothing  tech¬ 
nique. 

ACKNOWLEDGMENTS 

The  authors  are  pleased  to  acknowledge  useful  discus¬ 
sions  with  and  assistance  from  Dr.  S.  E.  Bodner,  Dr.  R. 
Lehmberg,  Dr.  A.  J.  Schmitt,  Dr.  P.  N.  Guzdar,  and  Dr.  A. 
N.  Mostovych.  Technical  assistance  from  L.  Daniels,  J. 
Ford,  N.  Nocerino,  M.  Rogawski,  MD,  and  J.  L.  Gavreau  is 
gratefully  acknowledged. 

This  work  was  supported  by  the  U.S.  Department  of 
Energy. 


1 R.  H.  Lehmberg  and  S.  P.  Obenschain.  Opt  Commun.  46, 27  ( 1983). 

2  R.  H.  Lehmberg,  A.  J.  Schmitt  and  S.  E.  Bodner,  J.  AppL  Phys.  62, 2680 
(1987). 

2 S.  P.  Obenschain,  J.  Gran,  M.  J.  Herbst  K.  J.  Kearney,  C.  K.  Mania,  E 
A.  McLean,  A.  N.  Mostovych,  J.  A.  Samper.  R.  R.  Whitlock,  S.  E 
Bodner,  J.  H.  Gardner,  and  R.  H.  Lehmberg,  Phys.  Rev.  Lett  56, 2807 
(1986). 

*S.  P.  Obenschain,  C.  J.  Pawley.  A.  N.  Mostovych,  J.  A.  Stamper,  J.  H. 
Gardner,  A.  J.  Schmitt  and  S.  E.  Bodner,  Phys.  Rev.  Lett  62,  768 
(1989). 

‘  A.N.  Mostovych,  S.  P.  Obenschain,  3.  H.  Gardner,  J.  Gran,  K.  J.  Kear¬ 
ney,  G  K.  Mania,  E.  A.  McLean,  and  G  J.  Pawley,  Phys.  Rev.  Lett  99, 
1193  (1987). 

‘  Y.  Kato,  K.  Mima,  N.  Miyanaga,  S.  Aringa,  Y.  Kitagawa.  M.  Nebraska, 
and  G  Yamania.  Phys.  Rev.  Lett.  53.  1057  ( 1984). 

7X.  Deng,  X  Liang,  Z  Chen.  W.  Yu.  and  R.  Ma.  Appl.  Opt  29,  377 
(1986). 

*  S.  Skupsky,  R.  W.  Short  T.  Kessler,  R.  S.  Craxtoc,  S.  Letzring,  and  J.  M. 
Souses,  J.  Appl.  Phys.  66, 3456  ( 1989). 

'R.  H.  Lehmberg  and  3.  Goldhar,  Fusion  Technol.  11, 532  ( 1987). 

“D.  Veron,  H.  Ayrat  G  Goudeard.  D.  Hutson,  J.  Lauriou,  O.  Martin,  B. 
Meyer,  M.  Roctaing,  and  G  Sauteret  Opt  Common.  65, 42  ( 1988). 

"  O.  Willi,  T.  Afshar,  and  S.  Coe.  Phys.  Fluid*  B  2, 1318  ( 1990). 

11 G  S.  Liu  and  M.  N.  Rosenbluth,  Phys.  Fluids  19. 967  ( 1976). 

11 C.  S.  Liu,  in  Advances  in  Plasma  Physics,  edited  by  A.  Simon  and  W.  B. 
Thompson  (Wiley,  New  York,  1976),  Vol.  6,  p.  176. 

'‘See  National  Technical  Information  Service  Document  No. 
DE8 301 1875.  [Lawrence  Livermore  National  Laboratory,  Laser  Pro¬ 
gram  Annual  Report  1981  (UCRL-50021-81)  pp.  4-49,  by  B.F.  Lasinski 
and  A.  B.  Langdon]  Copies  may  be  ordered  from  the  National  Technical 
Information  Service,  Springfield,  Virginia  22161.  The  price  is  $53.00  plus 
a  $3.00  handling  fee.  All  orders  must  be  prepaid. 

19  A.  Simon,  R.  W.  Short  E  A.  Williams,  and  T.  Dewandre,  Phys.  Fluids 
26,3107(1983). 

,4S.  J.  Kamunen,  Lasers  Part.  Beams  3,  157  (1985). 

17  A.  I.  Avrov,  V.  Yu.  Bycbenkov,  O.  N.  Krokhin,  V.  V.  Pustovalov,  A.  A. 
Rupasov,  V.  P.  Silin,  G.  V.  Skilzkov,  V.  T.  Tikhoncuk,  and  A.  S.  Shi- 
kanov,  Sov.  Phys.  JETP 45, 507  ( 1977). 

"  P.  D.  Carter,  S.  M.  L.  Sim,  H.  C.  Barr,  and  R.  G.  Evans,  Phys.  Rev.  Lett 
44, 1407  (1980). 

"H.  A.  Baldis and  C.  J.  Walsh,  Phys.  Fluids 26.  1364  ( 1983). 

20  L.  V.  Powers  and  R.  J.  Schnoeder,  Phys.  Rev.  A  29,  2298  ( 1984). 

21  R.  E  Turner,  D.  W.  Phillion,  B.  F.  Lasinski,  and  E  M.  Campbell,  Phys. 
Fluid*  27, 511  (1984). 

22  D.  M.  Villeneuve,  H.  A.  Baldis,  and  C.  J.  Walsh,  Phys  Fluids  28,  1454 
(1985). 

u  V.  Aboites.  T.  P.  Hughes,  E  McGoktrick.  S.  M.  L.  Stm.S.J.  Karttunen. 
and  R.  G.  Evans,  Phys.  Fluids 28. 2555  ( 1985). 


1483 


Phys.  Fluids  B.  Vol.  3,  No.  6,  June  1991 


Peyser  M  a!. 


1483 


!<  W.  Seka,  B.  B.  Afcyan,  R.  Bom,  L-  M.  Goldman,  E  W.  Short.  K.  Tanaka, 
and  T.  W.  Johnston,  Phys  Fluids  2*.  2570  ( 1985). 

15  L.  Zunqi,  T.  Weihan,  G.  Min.  M.  Guang,  P.  Chengming,  Y.  Wenyin,  and 
D.  Ximing,  Lasers  Part  Beams  4, 223  (1986). 

F.  Annranaff,  F.  Briand,  and  C  Uhaune.  Phys.  Fluids  30, 222 1  (1987). 
rP.  E.  Young,  B.  F.  lasmski.  W.  L  Kruer,  E  A.  Williams,  K.  G.  Esta¬ 
te  rook.  E.  M.  Campbell,  E  P.  Drake,  and  R  A.  Baldis,  Phys.  Rev.  Lett 
61,2766(1988). 

“P  E  Young, H.  A  Baldis, B.  A. Remington, and K. G, Estabrook. Phys. 

Fluids  B  2, 1228  (1990). 

"A.  J.  Schmitt,  Phys.  Fluids 31,  3079  ( 1988). 


10 J.  Gardner  (private communication). 

51 M.  S.  Pronko,  R.  H.  Lehmberg,  S.  Obenschain,  C.  J.  Pawley,  C.  K. 

Manka,  and  E  Echardt,  IEEE  J.  Quantum  Electron.  QE-26, 337  ( 1990). 
”  J.  J.  Thomson,  Nud.  Fusion  IS,  237  (1975). 

“R.L  Keck,  L  M.  Goldman,  M.  G  Richardson,  W.  Seka.  and  K.  Tanaka, 
Phys.  Fluids  27.  2762  ( 1984). 

“P.  N.  Guzdar,  W.  Tan,  Y.  C.  Lee,  and  C.  S.  Liu,  Phys  Fluids  B  3,  776 
(1991). 

“E  P.  Drake,  E  A  Williams,  P.  E  Young,  K.  Estabrook.  and  W.  L. 

Kruer,  Phys  Rev.  Lett-  60, 1018  (1988). 

“EL  Berger,  Phys  Rev.  Lett.  65,  1207(1990). 


1484 


Phys.  Fluids  B,  Vot.  3.  No.  6.  June  1991 


Peyser  etal. 


1484 


Appendix  GG 

Electron-Ion  Hybrid  Instability  in  Laser-Produced  Plasma 
Expansion  Across  Biagnetic  Fields 


Electron-ion  hybrid  instability  in  laser-produced  plasma  expansions  across 
magnetic  fields 
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High-intensity  laser  irradiation  of  hollow  glass  cylinders  immersed  in  a  magnetic  field  results 
in  plasma  expansions  strongly  collimated  in  the  direction  transverse  to  both  the  initial 
flow  and  the  magnetic  field,  but  jetlike  in  the  direction  parallel  to  the  initial  flow.  Magnetic 
fields  from  B=0  kG  to  27=10  kG  produced  plasmas  with  markedly  different 
geometrical  features.  Fast  framing  camera  photographs  show  the  plasmas  propagating  across 
magnetic  field  lines  and  undergoing  structuring  indicative  of  transverse  velocity  shear- 
driven  instabilities.  Comparison  is  made  between  the  observed  instability  characteristics  and 
predictions  of  Rayleigh-Taylor,  classical  Kelvin-Helmholtz,  and  the  electron-ion 
hybrid  instabilities.  Only  the  electron-ion  hybrid  instability  is  consistent  with  the  experimental 
results. 


I.  INTRODUCTION 

The  propagation  and  stability  of  collimated  streams  or 
jets  of  plasmas  in  magnetic  fields  is  central  to  a  number  of 
important  physical  problems,  including  beam  heating  of 
magnetically  confined  thermonuclear  plasmas,1  the  inter¬ 
action  of  the  solar  wind  with  planetary  magnetospheres,2 
bipolar  flows  associated  with  young  stellar  objects,3  and  the 
formation  and  equilibrium  properties  of  extragalactic 
jets.4,5  Streaming  or  counterstreaming  plasma  flows  have 
velocity  shears  that  can  give  rise  to  a  number  of  plasma 
instabilities  such  as  the  Kelvin-Helmholtz  instability.6  The 
presence  of  velocity  shear  in  a  plasma  can  dominate  the 
flow  dynamics  and  the  evolution  of  structures  within  the 
plasma. 

In  this  paper,  we  report  laser-produced  plasmas  that 
propagate  across  magnetic  fields  and  undergo  dramatic 
structuring  instabilities.  Although  both  Rayleigh-Taylor 
(magnetic  interchange  instabilities)  and  Kelvin-Helm¬ 
holtz  instabilities  are  possible  in  the  present  experiment, 
their  growth  rates  are  much  lower  than  those  observed  in 
the  experiment.  A  modified  form  of  the  Kelvin-Helmholtz 
instability,  i.e.,  the  electron-ion  hybrid  instability,7  has  a 
growth  rate  consistent  with  the  observations.  Kelvin- 
Helmholtz  plasma  instabilities  have  been  observed  previ¬ 
ously  in  the  laboratory.*"11  However,  recent  experiments 
have  uncovered  short-scale-length  velocity-shear-driven 
lower-hybrid  instabilities  with  faster  growth  rates  in  laser- 
produced  plasmas.12  The  present  results  are  the  first  de¬ 
tailed  observations  of  large-scale-length  electron-ion  hy¬ 
brid  instabilities  in  a  laser-produced  plasma. 


'’Permanent  address:  Lawrence  Livermore  National  Laboratory,  Univer¬ 
sity  of  California,  Livermore,  California  94550. 


II.  EXPERIMENTAL  SETUP 

The  experiments  used  beams  from  the  Pharos  III  Nd- 
glass  laser13  operating  with  wavelength  1054  nm,  2  nsec 
pulses  [full  width  at  half-maximum  (FWHM)]  and  ener¬ 
gies  between  30  and  300  J.  The  intense  laser  pulse  is  fo¬ 
cused  onto  the  interior  wall  of  a  hollow  glass  cylinder  to 
intensities  ranging  from  5x  1011  to  5x  1012  W/cm2.  The 
cylinders  had  length  3  mm,  diameter  1  mm,  and  wall  thick¬ 
ness  50  jim.  The  cylinder  axis  is  oriented  at  approximately 
16*  from  the  incident  laser  beam  axis.  The  cylinder  interior 
wall  is  illuminated  in  an  elliptical  pattern  by  the  circular 
laser  focal  spot,  as  shown  in  Fig.  1(a).  Ablation  plasma  is 
produced  directly  in  the  laser-light-solid-target  interaction 
process  at  the  cylinder  wall.  Shadowgraphic  images  reveal 
that  the  ablation  plasma  emerges  from  the  cylinder  ends 
well  before  the  breakup  or  disassembly  of  the  cylinder. 
Thus,  the  cylinder  provides  some  degree  of  collimation  of 
the  plasma  emerging  symmetrically  from  both  ends.  The 
production  of  a  directed  plasma  expansion  by  interior  illu¬ 
mination  of  a  hollow  cylinder  is  a  novel  feature  of  the 
present  work.  The  extent  of  the  collimation  can  be  further 
enhanced  by  immersing  the  cylinder  in  a  magnetic  field,  as 
discu  id  below. 

The  expanding  plasma  is  observed  in  its  self-luminosity 
with  an  ultrafast  framing  camera — a  single-frame  Ken  tech 
instruments  gated  optical  imager  (GOI)  with  exposure 
times  between  200  psec  and  5  nsec.14"16  Most  of  the  pho¬ 
tographs  reported  here  were  obtained  with  1  or  2  nsec 
exposure  times,  which  were  sufficient  to  freeze  plasma  mo¬ 
tion  to  within  100-200  pm.  Some  images  were  acquired 
with  200  psec  exposures  to  verify  that  there  was  no  loss  of 
information  at  the  longer  exposures.  Plasma  expansion 
were  photographed  at  various  times  from  150  to  2000  nsec 
after  the  laser  pulse  struck  the  target.  The  GOI  was  cou¬ 
pled  to  a  Nikkor //5.6  zoom  telephoto  lens  ( 100-300  mm) 
and  the  focal  length  adjusted  to  give  different  magnifica- 
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FIG.  1.  Experimental  setup,  (a)  The  laser  strikes  the  interior  walls  of  a 
I  mm  diam.  3  mm  long  hollow  glass  cylinder  at  an  angle  of  approximately 
16*.  The  high-velocity  plasma  expands  outward  from  the  laser  focal  spot, 
undergoes  collisions  with  the  still-intact  cylinder,  and  is  ejected  out  of  the 
cylinder  ends,  (b)  The  laser  is  incident  onto  the  cylinder  located  at  the 
center  of  the  Helmholtz  coil.  The  principle  diagnostic  used  in  these  ex¬ 
periments  is  a  single-frame  ultrafast  framing  camera  or  gated  optical 
imager  (GOI). 


tions,  as  required.  The  spectral  response  of  the  GOI  was 
from  300  to  900  nm,  determined  by  the  S-25  photocathode. 
The  photographs  shown  below  were  obtained  by  coupling 
the  GOI  output  phosphor  to  high-speed,  high  dynamic 
range  Kodak  TMAX  P3200  negative  film  placed  on  top  of 
Polaroid  high-speed  Type  667  positive  film.  The  Polaroid 
exposure  was  used  as  a  guide  for  processing  of  the  Kodak 
negative  film. 

The  cylindrical  targets  were  located  at  the  center  of  a 
24  cm  diam  pair  of  coils  in  a  Helmholtz  configuration.  The 
coils  provided  a  uniform  central  magnetic  field  adjustable 
from  P=0  kG  to  B=  10  kG,  which  was  effectively  steady 
state  on  the  time  scale  of  the  experiment.  The  usual  view¬ 
ing  orientation  of  the  GOI  was  along  the  external  applied 
magnetic  field  direction  and  approximately  perpendicular 
to  both  the  incident  laser  beam  and  the  axis  of  the  cylin¬ 
drical  target.  This  orientation  allowed  study  of  the  cross¬ 
field  plasma  motion.  Data  were  also  taken  perpendicular  to 
the  magnetic  field  to  provide  a  view  of  the  plasma  expan¬ 
sion  along  the  field  lines. 

Optical  spectra  were  obtained  from  different  regions  of 
the  plasma  expansion  with  an  EGG  PARC  optical  multi¬ 
channel  analyzer  with  a  silicon-enhanced  intensified  linear 
array.  Both  time-integrated  and  time-resolved  data  were 
obtained.  Spectroscopic  measurements  made  100  nsec  or 
more  after  the  laser  was  incident  on  the  target  show  that 
the  dominant  line  emission  is  from  neutral  and  singly  ion¬ 
ized  silicon  atoms  placing  the  plasma  temperature  in  the 
8-16  eV  range.  Time-of-flight  ion  detectors  were  used  to 
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FIG  2.  GOI  image  of  plasma  expansion  into  the  zero  magnetic  field 
taken  S2S  nsec  after  the  laser  is  incident  on  the  target  with  a  2  nsec 
exposure.  The  position  of  the  cylindrical  target  and  Us  relative  scale  com¬ 
pared  with  the  plasma  expansion  is  shown.  The  plasma  expands  into  two 
hemispheres,  one  at  each  cylinder  end.  The  two  components  of  the  plasma 
velocity — the  slower  “shocked"  plasma  and  the  fast  ablation  plasma — are 
clearly  visible  in  the  GOI  image.  There  is  no  evidence  of  collimation. 


measure  the  plasma  expansion  velocity  distribution.  The 
orientation  of  the  glass  cylinder  targets,  laser  axis,  GOI  in 
the  parallel  viewing  configuration,  ion  time-of-flight  detec¬ 
tors,  and  external  magnetic  field  coils  is  shown  schemati¬ 
cally  in  Fig.  1(b). 

III.  PLASMA  EXPANSION  DATA 

In  the  absence  of  an  applied  magnetic  field,  the  plasma 
rapidly  expands  in  the  transverse  as  well  as  axial  direction. 
Figure  2  shows  a  photograph  of  the  plasma  expansion  with 
no  applied  magnetic  field.  The  photograph  was  taken  525 
nsec  after  the  laser  pulse  struck  the  target.  The  photograph 
reveals  that  there  are  two  major  plasma  components  of  the 
expansion  centered  along  the  cylinder  axis;  a  fast  compo¬ 
nent  with  velocity  5.5±0.5xl06  cm/sec  followed  by  a 
slower  component  with  velocity  2.2±0.5xl06  cm/sec. 
These  two  velocity  components  in  the  magnetic-field-free 
expansion  are  also  observed  as  a  clear  double-peaked  struc¬ 
ture  in  ion  time-of-flight  detector  signals. 

The  faster  plasma  is  most  likely  the  ablation  plasma 
from  the  original  laser-plasma  interaction  at  the  cylinder 
wall,  although  its  speed  is  a  factor  of  5  or  more  below  that 
expected  for  an  ablation  plasma  at  the  given  laser 
irradiance.17  A  decrease  in  the  ablation  plasma  velocity 
would  be  one  obvious  consequence  of  collisions  between 
the  expanding  plasma  and  the  cylinder  wall  opposite  to  the 
laser  focal  spot  in  the  first  5-10  nsec  after  the  beam  is 
incident  on  the  target.  The  slower  component  probably 
originates  from  the  denser,  shock-created  plasma  from  the 
inside  of  the  cylinder  wall  caused  by  the  intense  pressure 
pulse  (~1  Mbar)  occurring  during  the  laser-target  inter¬ 
action. 

When  a  magnetic  field  is  applied  perpendicular  to  the 
cylinder  axis,  however,  there  is  a  significant  reduction  in 
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FIG.  3.  GOI  photographs  of  plasma  expansion  into  high  (10  kG)  mag¬ 
netic  fields,  showing  the  long  narrow  jet  phenomena,  the  instability  in  the 
edge  regions  of  the  plasma,  and  the  bulk  plasma  expansion  across  the 
magnetic  field  (a)  taken  710  nsec  after  the  laser  is  incident  on  the  target 
with  2  nsec  exposure,  showing  early  development  of  the  jets  and  the  edge 
instability  (b)  taken  at  1130  nsec  with  shorter  200  psec  exposure  (c) 
taken  at  1585  nsec  with  2  nsec  exposure. 


the  plasma  flow  perpendicular  to  the  magnetic  field  and  the 
cylinder  axis.  Cross-magnetic  field  plasma  expansions  were 
observed  over  a  range  of  magnetic  fields  (0  kG  <  B  <  10 
kG),  times  (100-2000  nsec)  and  incident  laser  energies 
(30-300  J).  The  dynamics  of  the  expansions  are,  in  gen¬ 
eral,  insensitive  to  the  incident  laser  energy,  but  do  depend 
considerably  on  the  magnitude  of  the  magnetic  fields.  In 
the  case  of  the  10  kG  applied  magnetic  fields,  the  cross- 
field  velocity  along  the  cylinder  axis  is  about  four  times  the 
transverse  cross-field  velocity,  resulting  in  the  appearance 
of  a  highly  collimated  expansion. 

There  are  three  distinct  features  of  these  expansions, 
which  are  discussed  further  below:  first,  the  long  narrow 
jets  leading  the  fast  plasma  component  across  the  magnetic 
field  (in  the  high  magnetic  field  cases);  second,  the  prop¬ 
agation  of  the  buik  of  the  slow  plasma  at  constant  velocity 
across  the  magnetic  field;  and,  third,  and  instability  that 
appears  along  the  edges  of  the  bulk  plasma  expansion. 

A.  Plasma  expansion  across  high  (10  kG)  magnetic 
fields 

The  general  features  of  the  expansion  across  high  fields 
are  shown  in  Fig.  3.  In  these  photographs,  the  laser  is 
incident  on  the  target  from  the  left  and  the  magnetic  field 
is  pointed  out  of  the  plane  of  the  picture.  In  the  earliest 
frame  shown  (710  nsec),  Fig.  3(a),  the  long  narrow  jets 


are  well  formed  and  extend  a  distance  of  approximately  3.4 
cm  from  the  original  target  location  corresponding  to  a 
maximum  velocity  in  the  axial  direction  of  about  4.8  X  10* 
cm/sec.  Behind  the  jets,  the  center  of  mass  erf'  the  bulk 
plasma  expansion  (from  the  fast  component  of  the  plasma) 
is  moving  with  an  axial  velocity  of  about  2.5  X  106  cm/sec. 
There  are  undulations  with  a  wavelength  of  3-5  mm  on 
both  the  top  and  bottom  surfaces  of  the  bulk  plasma,  in¬ 
dicative  of  an  instability.  Figure  3(b),  taken  on  a  nearly 
identical  shot  to  that  shown  in  Fig.  3(a),  shows  the  devel¬ 
opment  of  the  expansion  at  t—  1050  nsec.  The  long  narrow 
jets  continue  to  travel  at  a  velocity  t>=4.8x  106  cm/sec. 
The  bulk  plasma  expansion,  which  has  an  axial  velocity  of 
about  2.2  x  106  cm/sec  also  has  maintained  its  speed.  The 
bulk  plasma  surface  instability  is  still  evident,  although  it 
has  not  evolved  significantly  from  200-300  nsec  earlier. 
Finally,  Fig.  3(c)  shows  a  similar  expansion  at  a  still  later 
time  (1585  nsec)  in  which  the  long  narrow  jets  are  still 
evident,  but  their  full  extent  is  not  visible  due  to  occlusion 
by  the  Helmholtz  magnetic  field  coils.  The  bulk  plasma 
expansion  on  this  shot  has  a  maximum  axial  velocity  of 
about  2.1  X 106  cm/sec.  The  original  edge  instability  has 
lost  its  distinctness  and  has  taken  on  the  form  of  a  wedge- 
or  diamond-shaped  structure.  Also  at  this  time,  an  even 
slower  plasma  component  can  be  seen  to  be  expanding 
from  the  original  target  location  at  a  velocity  of  about 
6.5  XlO5  cm/sec.  This  very  slow  plasma  component  is 
most  likely  residual  cylindrical  target  debris. 

B.  Plasma  expansion  across  moderate  (6  kG) 
magnetic  fields 

The  plasma  expansions  across  6  kG  magnetic  fields  are 
qualitatively  similar  to  the  higher  10  kG  case.  There  are 
subtle  but  interesting  differences,  however,  in  the  long  nar¬ 
row  jet  propagation  and  in  the  onset  time  and  character  of 
the  edge  instability.  Figure  4  shows  a  series  of  6  kG  expan¬ 
sion  photographs.  The  long  narrow  jets  are  clear  in  the 
earliest  of  the  sequence,  Fig.  4(a)  at  600  nsec,  but  the  jets 
are  less  pronounced  than  in  the  10  kG  case  at  this  time. 
The  aspect  ratio  or  collimation  of  the  plasma,  that  is  the 
length  to  width  ratio,  is  smaller  for  the  6  kG  expansions 
than  for  the  10  kG  cases.  In  contrast  to  the  expansions  at 
the  10  kG  case,  there  is  no  visible  evidence  of  the  edge 
instability  in  the  earliest  image.  At  1000  nsec,  however,  the 
edge  instability  is  pronounced,  as  shown  in  Fig.  4(b),  with 
a  wavelength  of  3-6  mm.  At  later  times  (1585  nsec),  the 
bulk  plasma  exhibit  the  same  wedge  or  diamond  structure 
as  in  the  higher  10  kG  case,  although  the  overall  degree  of 
lateral  constriction  appears  to  be  less  in  Fig.  4(c)  as  com¬ 
pared  with  Fig.  3(c). 

C.  Plasma  expansion  across  low  (<3  kG)  magnetic 
fields 

The  plasma  expansion  into  still  lower  magnetic  fields, 
specifically  3  kG  fields,  has  some  important  qualitative  as 
well  as  quantitative  differences  from  the  higher  field  expan¬ 
sions.  Figure  5  shows  a  series  of  3  kG  expansion  photo¬ 
graphs.  Long  narrow  jets,  which  were  a  pronounced  fea- 
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FIG.  4  GOI  photographs  of  plasma  expansion  into  a  6  kG  applied  mag¬ 
netic  field  all  with  2  nsec  exposures:  (a)  600  nsec:  (b)  1000nsec:tc)  1585 
nsec. 


ture  of  the  higher  field  expansions,  are  not  seen  at  low 
magnetic  fields.  Rather,  only  a  small  protuberance  appears 
along  the  cylinder  axis,  as  seen  in  Fig.  5(a).  The  velocity  of 
the  expansion  at  this  point,  about  5.3  X  106  cm/sec,  how¬ 
ever.  is  comparable  to  the  maximum  long  narrow  jet  ve¬ 
locities  seen  at  the  higher  magnetic  fields  and  the  ablation 
plasma  velocities  seen  at  zero  fields.  In  contrast  to  the 
higher  field  cases  in  which  the  magnetic  field  appears  to 
greatly  constrain  the  transverse  motion  of  the  bulk  plasma 
across  the  field,  at  low  fields  the  bulk  plasma  expansion 
velocity  of  5.0  X  106  cm/sec  is  more  characteristic  of  the 
maximum  velocities  seen  in  the  zero-field  fast-component 
expansion.  The  edge  instability  can  still  be  observed  in  the 
3  kG  expansions,  although  it  appears  at  later  times  ( 1200 
nsec)  and  with  reduced  amplitudes,  as  compared  to  higher 
field  expansions,  as  shown  in  Fig.  5(b).  Finally,  the  char¬ 
acteristic  late  time  wedge  or  diamond  shape  develops  by 
1800  nsec  as  shown  in  Fig.  5(c),  although  the  lower  trans¬ 
verse  coihmation  of  the  plasma  relative  to  the  higher  field 
cases  makes  these  structures  less  dramatic  in  appearance. 

Expansions  into  still  lower  (1  kG)  magnetic  fields 
show  no  evidence  of  jet  formation  or  instability,  yet  do 
show  some  effect  of  magnetic  collimation  as  illustrated  in 
Fig.  5(d)  taken  at  1200  nsec.  It  is  possible  that  the  devel¬ 
opment  of  other  features  characteristic  of  the  high-field 
expansions  would  occur  at  later  times  if  our  experiment 
was  of  comparably  larger  dimension. 
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FIG.  5  GOI  photograph*  of  plasma  expansion  into  low  applied  magnetic 
fields,  showing  some  coliimanon  and  let  formation,  but  at  a  reduced  rate 
compared  to  the  high  field  cases:  ta;  3  kG  magnetic  field  at  600  nsec:  (b) 
3  kG  magnetic  field  at  1200  nsec:  tc,  5  kG  magnetic  field  at  1800  nsec, 
(d)  I  kG  magnetic  field  at  1200  nsec 


D.  Plasma  expansion  along  the  magnetic  field 

Images  of  the  plasma  expansion  taken  with  the  GOI 
viewing  orientation  perpendicular  to  the  magnetic  field  and 
cylinder  axis  show  that  the  plasma  is  free  streaming  along 
the  field  lines,  even  though  its  flow  is  restricted  in  the 
transverse  direction.  Figure  6(a)  illustrates  this  behavior 
at  time  1200  nsec  for  a  plasma  expansion  across  a  6  kG 
magnetic  field.  The  bumps  and  wiggles  evident  on  the 
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FIG.  6.  GOI  phoio  perpendicular  to  the  magnetic  field  showing  free- 
streaming  along  the  field  lines  and  continued  evidence  of  flutelike  insta¬ 
bility  in  the  pattern  of  light  and  dark  stripes  parallel  to  the  magnetic  field: 
(a )  6  kG  magnetic  field  at  t— 1200  nsec  with  a  1  nsec  exposure;  (b)  3  kG 
magnetic  field  at  t=  1200  nsec  with  a  2  nsec  exposure. 

plasma  boundaries  in  the  parallel-held  viewing  configura¬ 
tion  now  appear  in  Fig.  6(a)  as  bright  and  dark  field- 
aligned  striations  with  a  4-6  mm  wavelength.  These  inten¬ 
sity  variations  are  presumably  due  to  relative  increases  or 
decreases  in  the  optical  line-of-sight  path  length  through 
the  luminous  plasma.  These  striations  are  much  less  pro¬ 
nounced  in  a  photograph  taken  at  1200  nsec  of  an  expan¬ 
sion  into  a  B=  3  kG  magnetic  Held  shown  in  Fig.  6(b). 
This  is  consistent  with  the  parallel  magnetic  Held  images, 
which  show  a  much  less  developed  edge  instability  for  3 
kG  than  6  kG  at  this  time. 

E.  Summary  of  plasma  expansion  features 

Plasma  motion  across  the  magnetic  Held  lines  occurs 
for  all  applied  Held  strengths.  There  are  striking  differ¬ 
ences,  however,  in  the  geometry  and  stability  properties  in 
the  high  and  low  magnetic  fields.  We  examine  the  behavior 
of  the  two  most  salient  physical  features — the  long  narrow 
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jets  leading  the  plasma  expansion  across  the  magnetic  field 
along  the  cylinder  axis  and  the  expansion  of  the  bulk 
plasma  perpendicular  to  the  magnetic  field  immediately 
behind  the  jets. 

Figure  7  gives  the  axial  distance  versus  time  for  the 
long  narrow  jets  (LNJ)  and  the  bulk  plasma  leading  edge 
(BPLE)  from  an  ensemble  of  shots  for  the  10,  6,  and  3  kG 
magnetic  fields.  At  early  times,  the  scatter  in  the  data 
shown  in  Fig.  7  may  be  due  either  to  actual  differences  in 
axial  velocity  on  different  shots  or  to  differences  in  the 
convolution  of  framing  camera  gain  and  film  sensitivity.  At 
later  times  (r>  1200  nsec),  the  change  in  plasma  luminosity 
may  be  responsible  for  the  apparent  decrease  in  the  expan¬ 
sion  velocity.  The  linear  curve  fits  shown  in  Fig.  7  are 
therefore  weighted  to  early  times. 

In  all  cases,  the  tips  of  the  long  narrow  jets  initially 
propagate  across  the  magnetic  field  lines  (along  the  cylin¬ 
der  axis)  at  a  velocity  comparable  to  the  peak  zero  mag¬ 
netic  field  ablation  velocity  (sr5.5i0.5xl06 cm/sec).  Im¬ 
mediately  behind  the  jets,  there  is,  on  most  shots,  a  distinct 
leading  edge  to  the  remaining  bulk  plasma.  Whereas  the 
jets  propagate  large  distances  at  near  the  ablation  plasma 
speed,  and  have  almost  no  dependence  on  the  magnetic 
field  strength,  the  bulk  plasma  leading  edge  has  a  weak 
inverse  dependence  on  the  magnetic  field.  The  mean  bulk 
plasma  expansion  velocity  is  about  2.4  x  106  cm/sec  for  the 
10  kG  ensemble  of  shots,  3.3  X 106  cm/sec  for  the  6  kG 
shots,  and  about  4.0  x  106  cm/sec  for  the  3  kG  shots.  A 
similar  analysis  of  the  bulk  plasma  leading  edge  velocity 
gives  about  4.8x  106  cm/sec  for  the  1  kG  shots. 

Although  the  jets  in  the  3  kG  case  cannot  be  charac¬ 
terized  as  “long  and  narrow”  as  in  the  higher  field  cases, 
the  velocity  of  the  small  protuberance  at  the  expected  lo¬ 
cation  of  the  jet  is  comparable  at  the  more  well-developed 
long  narrow  jets  observed  in  the  high-field  cases.  The  bulk 
plasma  leading  edge  velocity  appears  to  be  only  slightly 
reduced  compared  with  the  long  narrow  jet  velocity.  No  jet 
formation  is  observed  at  the  lowest  magnetic  field  ( 1  kG). 

IV.  PLASMA  PROPAGATION  ACROSS  THE 
MAGNETIC  FIELD 

Plasma  propagation  into  and  across  strong  transverse 
magnetic  fields  has  been  the  subject  of  many  experimental 
and  theoretical  investigations  in  both  space  and  laboratory 
plasmas.18"39  Plasma  expansion  across  a  magneic  field  oc¬ 
curs  in  both  the  diamagnetic  and  nondiamagnetic  limits.  In 
the  diamagnetic  limit,  an  expanding  high-0  plasma 
(mnV2>B?/4ir)  effectively  displaces  the  magnetic  field 
from  its  volume,  bending  the  field  lines  in  the  process.  The 
plasma  expansion  continues  until  it  reaches  the  magnetic 
stagnation  point,  where  the  displaced  magnetic  energy  is 
approximately  equal  to  the  kinetic  energy  of  the  plasma 
expansion.20-21,25,33  In  the  nondiamagnetic  limit,  the  mag¬ 
netic  field  is  able  to  diffuse  into  the  plasma  on  time  scales 
short  compared  with  the  relevant  experimental  time  scale. 

Cross-field  propagation  of  a  plasma  mass  can  proceed 
due  to  the  formation  of  a  polarization  electric  field  that 
causes  a  bulk  plasma  ExB  drift.  In  the  simplest  model,  the 
initial  plasma  mass  can  be  considered  as  a  rectangular  slab 
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FIG.  7.  Time  evolution  of  the  long  narrow  jets  (LNJ)  and  the  bulk 
plasma  leading  edge  (BPLE)  for  applied  magnetic  fields  of  3,  6,  and  10 
kG.  The  long  narrow  jets  appear  to  propagate  across  the  magnetic  field 
lines  (along  the  cylinder  axis)  at  a  velocity  approximately  equal  to 
5.5  x  106  cm/sec  comparable  to  the  peak  zero-field  axial  expansion  veloc¬ 
ity.  Behind  the  jets,  the  leading  edge  of  the  remaining  bulk  plasma  ex¬ 
pands  at  reduced  velocities,  depending  on  the  applied  magnetic  field.  The 
bulk  plasma  leading  edge  velocity  is  reduced  to  about  2.5  x  10*  cm/sec  at 
10  kG.  3.3X  10*  cm/sec  at  6  kG,  and  4.0X  10*  cm/sec  at  3  kG. 


moving  at  a  velocity  V  normal  to  the  magneic  field. 18,24 
The  action  of  the  Loren  tz  force  on  the  ions  and  electrons  in 
the  plasma  leads  to  a  charge  separation  and  to  a  polariza¬ 


tion  of  the  plasma,  giving  nse  to  an  internal  electric  field 
satisfying  the  equation 

f?+  ( 1/c)  Fxif=0.  (1) 

The  plasma  is  then  able  to  continue  moving  across  the 
transverse  magneic  field  at  the  Ex  B  velocity  given  by 

V=ExB/Bi,  (2) 

that  is,  at  nearly  its  initial  velocity. 

Both  the  density  and  the  velocity  are  important  in  de¬ 
termining  the  cross-field  propagation  dynamics  of  the 
plasma.  In  the  present  experiment,  the  density  can  be  es¬ 
timated  from  models  of  mass  ablation  rates  for  incident 
intensities  comparable  to  those  in  the  present  experiment 
and  from  simple  geometric  considerations  related  to  the 
increase  in  volume  of  an  expanding  sphere  or  cylinder  of 
plasma  at  a  given  velocity  for  a  given  time.  Using  the  ex¬ 
perimental  mass  ablation  scaling  dm/dt<xl°-6  found  by 
Grun  et  aL,v  assuming  a  velocity  on  the  order  of  Sx  106 
cm/sec,  and  taking  silicon  as  the  principal  atomic  constit¬ 
uent,  the  density  ranges  from  3x  1019  cm-3  at  early  times 
(/=  10  nsec)  to  2x  1014  cm-3  at  later  times  (r~500  nsec). 
The  directed-/?  (brrmnV1/!?)  in  the  present  experiment 
thus  depends  not  only  on  the  value  of  the  applied  field,  but 
also  on  the  change  in  both  density  and  velocity  in  time.  At 
1=250  nsec  into  the  expansion,  the  density  is  on  the  order 
of  2  X  1015  cm  “3,  hence  the  directed  p  goes  from  P~  30  for 
the  low-field  B=  1  kG  to  /3=0.30  for  the  high-fiekl  B— 10 
kG.  In  view  of  the  fact,  however,  that  both  the  density  and 
the  velocity  in  the  present  experiments  are  rapidly  chang¬ 
ing  functions  of  space  and  time,  the  directed  plasma  P  will 
also  be  a  highly  dynamic  quantity,  and  may  vary  consid¬ 
erably  over  the  duration  of  the  expansion  at  a  given  applied 
magnetic  field. 

The  plasma  P  per  se  is  not  the  only  factor  governing 
the  nature  of  the  expansion.  The  degree  of  magnetic  field 
penetration  into  or  exclusion  from  the  expanding  plasma 
does  not  depend  on  the  plasma  P  alone.  The  diffusion  of  the 
magnetic  field  into  the  plasma,  as  determined  by  the 
plasma  temperature  and  other  transport  parameters,  may 
be  equally  important  in  permitting  cross-field  propagation 
to  occur  by  ExB  drifts.  The  magnetic  diffusion  time, 

t=(4it/t7)£,2/c2,  (3) 

depends  both  on  the  plasma  resistivity  v  and  the  density 
scale  length  L.  The  expansion  dynamics  may  be  deter¬ 
mined  when  the  plasma  first  exits  the  collimating  cylinder. 
The  maximum  spatial  extent  of  the  plasma  10  nsec  after 
the  laser  is  incident  on  the  target  is  on  the  order  of  1  mm 
or  less.  The  scale  length  for  magnetic  diffusion  may  be  as 
little  as  100  fim  at  this  time.  Assuming  classical  Spitzer 
resistivity  at  an  initial  electron  temperature  of  100  eV,  the 
diffusion  time  is  on  the  order  of  25  nsec.  Hence  the  initial 
plasma  expansion  from  the  cylinder  ends  is  permeated  by 
the  magnetic  field  from  very  early  times.  Since  the  initial 
expansion  occurs  primarily  in  the  axial  direction  due  to  the 
effects  of  the  presence  of  the  cylinder,  the  induced  electric 
field  is  in  the  transverse  direction  to  both  the  applied  mag¬ 
netic  field  and  the  initial  flow  velocity.  Collimation  effects 
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on  the  expanding  plasma  are  apparent  on  the  framing  cam¬ 
era  photographs  as  early  as  ISO  nsec  after  the  laser  incident 
on  the  target. 

We  have  seen  that  the  long  narrow  jet  velocity  remains 
approximately  constant  for  all  applied  magnetic  fields  at 
about  5.5X106  cm/sec — approximately  the  initial  maxi¬ 
mum  plasma  velocity  from  the  cylinder  ends.  This  is  con¬ 
sistent  with  the  velocity  preserving  ExB  cross-field  drift 
mechanism  discussed  above.  The  long  narrow  jet  geometry 
results  from  focusing  of  the  ablation  plasma  front  toward 
the  axis  as  it  propagates  across  the  magnetic  field.  The 
focusing  long  narrow  jets  have  the  same  appearance,  as 
observed  in  low-/?  cross-field  ExB  propagation  experi¬ 
ments  described  in  Ref.  12.  There,  the  focusing  is  caused 
by  the  ExB  force  from  small  axial  components  of  the 
polarization  electric  field  that  naturally  arise  from  the  cur¬ 
vature  of  the  plasma  boundary  and  the  axial  velocity  gra¬ 
dient.  The  focusing  mechanism  that  causes  the  long  nar¬ 
row  jet  features  in  these  (higher-/?)  experiments  is  likely 
the  same  as  in  the  low-/?  cases,  since  the  same  arguments 
apply.  There  is  some  magnetic  field  penetration  into  the 
plasma  boundary,  even  though  we  are  dealing  with  high-/? 
cases,  due  to  the  diffusion,  which  allows  an  inward  (focus¬ 
ing)  ExB  body  force  on  the  boundary-layer  plasma. 

The  bulk  plasma  velocity  is  less  than  the  field-free  ab¬ 
lation  velocity  and  is  a  decreasing  function  of  the  applied 
magnetic  field,  as  indicated  in  Fig.  7.  For  the  10  kG  case, 
the  directed  velocity  is  reduced  almost  twofold  compared 
to  the  1  kG  case.  The  bulk  plasma  propagates  close  to  a 
constant  velocity  for  a  given  magnetic  field,  but  at  a  re¬ 
duced  velocity  compared  with  the  long  narrow  jets.  The 
bulk  plasma  mass  speed  is  close  enough,  however,  to  the  jet 
speed  that  both  most  likely  originate  in  the  ablation 
plasma.  The  bulk  plasma  has  lost  more  of  its  directed  en¬ 
ergy  component  than  the  jet  plasma.  The  bulk  plasma  be¬ 
havior  observed  may  be  related  to  the  increase  in  magnetic 
diffusion  time  as  the  plasma  dimension  and  magnetic  field 
diffusion  scale  length  increase.  A  more  rapid  magnetic  field 
diffusion  in  the  long  narrow  jets  and  edge  region  than  in 
the  bulk  plasma  could  explain  the  different  properties  of 
the  jets  and  bulk  plasma,  respectively.  A  rapid  magnetic 
field  penetration  in  the  jets  permits  motion  across  the  mag¬ 
netic  field  at  the  initial  ejection  velocity  via  the  ExB  drift, 
as  discussed  above.  The  slower  diffusion  of  the  magnetic 
field  into  the  bulk  plasma,  however,  would  result  in  a  lower 
ExB  di  x  due  to  reduced  internal  field  strengths. 

The  data  show  only  that  the  bulk  plasma  expansion 
velocity  decreases  at  increased  applied  magnetic  fields. 
Given  the  otherwise  fixed  velocity  of  the  long  narrow  jets 
at  all  magnetic  fields  strengths,  it  is  this  difference  in  the 
long  narrow  jet  velocity  and  the  bulk  plasma  velocity  that 
produces  the  dramatic  elongated  structures  seen  at  the 
higher  magnetic  fields. 

It  is  not  possible  on  the  basis  of  framing  camera  pho¬ 
tographs  alone  to  provide  a  definitive  explanation  of  the 
difference  between  the  long  narrow  jet  and  bulk  plasma 
propagation.  Direct  measurement  in  future  experiments  of 
the  magnetic  field  in  the  jet  and  bulk  plasma  regions  of  the 
plasma  would  be  helpful  in  elucidating  the  differences  be- 
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FIG.  8.  GO  I  photographs  of  piasma  expansion  from  a  closed  cylindrical 
target  with  the  laser  beam  incident  from  left,  showtng  dramatic  vortex 
structure  and  rollup:  (a)  6  kG  magnetic  field  at  8S0  nsec  with  a  1  nsec 
exposure:  (b)  10  kG  magnetic  field  at  8S0  nsec  with  1  nsec  exposure. 


tween  the  two  phenomena.  The  use  of  simple  magnetic 
probes  and  diamagnetic  loops  in  laser-plasma  expansion 
experiments  is  complicated  by  the  perturbations  intro¬ 
duced  in  the  flow  dynamics  by  the  probes  themselves.  Non- 
perturbative  space-  and  time-resolved  optical  magnetic- 
field  measurements  using  Faraday  rotation  techniques, 
such  as  that  reported  recently  by  Dimonte  and  Wiley, 
would  be  more  appropriate  for  the  present  experiment.39 

V.  EDGE  INSTABILITY 

The  instability  observed  in  the  present  experiment  con¬ 
sist  of  “bumps  and  wiggles”  with  a  3-5  mm  wavelength 
occurring  primarily  on  the  edges  of  the  bulk  plasma  expan¬ 
sion.  The  earliest  time  these  are  observed  varies  from  600 
to  1200  nsec  depending  on  the  magnetic  field  strength.  In 
the  standard  open  cylinder  targets  used  for  most  of  the 
experiment,  the  instability  amplitude  appears  to  stop  grow¬ 
ing  approximately  200-300  nsec  after  initial  observation 
and  saturate  at  sr5  mm  amplitude  (peak  to  valley).  At  still 
later  times,  the  instability  amplitudes  decrease  below  the 
level  of  the  instrument  resolution  (typically  100  fim).  In 
the  case  of  cylindrical  targets  in  which  the  end  opposite  to 
the  incident  laser  was  closed  by  means  of  an  epoxy  plug, 
the  onset  of  the  instability  occurs  at  an  earlier  time  and 
grows  with  larger  amplitude.  In  both  the  open-  and 
plugged-cylinder  targets,  the  instability  exhibits  a  vortex- 
like  rollup  characteristic  of  transverse  flow-driven  shear 
instabilities.  This  vortex  structure  is  especially  pronounced 
in  the  closed  targets,  as  shown  in  Figs.  8(a)  and  8(b). 
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FIG.  9.  Transverse  velocity  of  expanding  plasma  at  the  location  of  a 
structuring  instability  for  B=  1,  3,  6,  and  10  kG  from  which  the  plasma 
deceleration  can  be  derived. 


There  are  three  candidates  for  the  mechanism  driving 
the  observed  instability:  the  Rayleigh-Taylor  instability, 
the  Kelvin-Helmholtz  instability,  and  a  lower-hybrid,  non¬ 
local  velocity-shear  instability.  The  first  two  instabilities 
are  the  well-known  and  extensively  studied  classical  hydro- 
dynamic  instabilities.  In  the  present  experiment,  the  ob¬ 
served  instability  has  a  vortex  or  eddy  structure,  and  does 
not  appear  to  have  the  classic  spike  and  bubble  morphol¬ 
ogy  usually  associated  with  Rayleigh-Taylor.  The  presence 
of  a  strong  velocity  field  in  conjunction  with  magnetic  in¬ 
terchange  could,  however,  produce  vortexlike  structures 
similar  to  the  classical  Kelvin-Helmholtz  instability.  It  is 
therefore  useful  to  make  a  rudimentary  comparison  of  the 
relevant  growth  rates  for  each  of  the  two  instabilities. 

The  classical  Rayleigh-Taylor  growth  rate  ART  for  a 
plasma  decelerated  by  a  magnetic  field  in  the  short- 
wavelength  limit  ( kL„>  1)  is  given  by 

^RT  a  L*)  ~ l/2,  (A) 

where  ga  is  the  effective  deceleration  due  to  the  magnetic 
field  and  Ln  is  the  density  scale  length.  In  principle,  the 
effective  deceleration  can  be  estimated  by  equating  the 
plasma  kinetic  energy  decrease  to  the  excluded  magnetic 
field  energy  in  the  volume.  Assuming  a  radkl  expansion  at 
each  cylinder  end, 

ge!t(t)=B2R2U)/2m0, 

where  R(t)  is  the  radius  of  the  plasma  expansion  and  m0  is 
the  total  plasma  blob  mass.  The  plasma  mass  (i.e.,  the 
plasma  that  undergoes  both  the  cross-field  propagation  and 
the  structuring  instability)  could  not  be  reliably  deter¬ 
mined  with  the  diagnostics  available  on  the  experiment. 
However,  the  magnetic  deceleration  can  be  obtained  di¬ 
rectly  from  the  GOI  photographic  data.  Figure  9  gives  the 
transverse  velocity  of  the  expanding  plasma  at  the  location 
of  the  structuring  instability  as  a  function  of  time  for  all 
four  magnetic  fields  strengths  ( l,  3,  6,  and  10  kG).  Linear 
fits  to  the  data  give  decelerations  geff=2.0x  1012  cm/sec' 


for  the  10  kG  magnetic  field  and  grf=  1.5  X 1012  cm/sec2 
for  the  6  kG  magnetic  field.  The  Rayleigh-Taylor  growth 
time,  i.e.,  the  inverse  of  the  growth  rate  given  by  Eq.  (4) 
above,  corresponding  to  these  decelerations  for  a  scale 
length  Ln  of  5  mm,  is  on  the  order  of  2-3  psec;  this  is  much 
larger  than  the  entire  duration  of  the  experiment,  and 
hence  classical  Rayleigh-Taylor  is  not  strong  enough  to  be 
important  here. 

Large  Larmor  radius  versions  of  the  Rayleigh-Taylor 
instability  are  predicted  theoretically  to  proceed  cm  faster 
time  scales  than  the  classical  (small  Larmor  radius) 
Rayleigh-Taylor  instability.26,37  There  are  two  Larmor  ra¬ 
dii  that  are  relevant  here — the  thermal  Larmor  radius  rLT 
given  by  vT/o)a  and  the  directed  Larmor  radius  given 
by  V/ach  where  vTl  is  the  ion  thermal  speed,  V  is  the 
plasma  flow  velocity,  and  aei  is  the  ion  cyclotron  fre¬ 
quency.  Assuming  singly  ionized  silicon  (2=1)  and  ion 
temperatures  of  10  eV  (consistent  with  the  later  time  spec¬ 
troscopic  observations),  the  thermal  Larmor  radius  in  the 
present  experiment  is  approximately  5.7  mm  for  B— 3  kG, 
2.8  mm  for  B= 6  kG,  and  1.7  mm  for  B=  10  kG.  This  is 
comparable  to  the  density  scale  length  ( =  5  mm)  and 
small  relative  to  the  expansion  radius.  The  directed  Lar¬ 
mor  radius  for  V=2x  106  cm/sec  and  B~  10  kG  is  some¬ 
what  larger,  rLD~5.8  mm,  but  is  still  comparable  to  the 
scale  length.  The  most  important  condition  for  the  large 
Larmor  interchange  instability  is  that  the  Larmor  radius  be 
large  compared  with  the  density  scale  length  of  the  expand¬ 
ing  plasma.  This  is  not  clearly  satisfied  in  the  present  ex¬ 
periment,  using  either  the  thermal  or  directed  velocity.  The 
onset  criterion  for  the  instability  is  y0  >  ®n.  where 
To~  (&«/•£•») 1/2  is  the  maximum  growth  rate  of  the 
instability.36,37  Using  the  experimental  value  for  ga  and 
assuming  L„zz 5  mm,  this  criterion  is  similarly  not  satis¬ 
fied.  Smaller  values  of  L„  make  y0  comparable  to  cjcn  but 
there  are  additional  reasons  why  the  observed  instability  is 
unlikely  to  be  the  large  Larmor  interchange  instability. 
These  include  the  restriction  of  the  instability  to  the  edges 
of  the  plasma,  the  apparent  saturation  of  the  instability 
after  several  hundred  nanoseconds  and  the  lack  of  bifur¬ 
cated  structures,  which  are  all  in  contrast  with  observa¬ 
tions  made  of  the  instability  from  a  planar  target  in  an 
applied  magnetic  field.26,27 

The  Kelvin-Helmholtz  instability  depends  on  the  free 
energy  in  a  velocity  shear  layer  and  does  not  require  a 
transverse  deceleration  of  the  plasma.  The  vortex  rollup 
feature  of  the  Kelvin-Helmoltz  instability  (and  any  trans¬ 
verse  flow-driven  velocity  shear  instability)  is  an  important 
signature,  although,  as  noted  above,  it  can  be  mimicked  by 
interchange  instabilities  in  the  presence  of  velocity  fields. 
The  growth  rate  of  the  instability  is  more  relevant,  and 
definitive,  for  identifying  the  nature  of  the  instability.  The 
classical  Kelvin-Helmholtz  instability  is  characterized  by  a 
velocity  shear  length  Lv  greater  than  the  Larmor  radius  p, 
(i.e.,  ions  are  magnetized)  and  a  wavelength  parallel  to  the 
flow  (or  transverse  to  the  pplied  field)  greater  than  the 
shear  scale  length  (i.e.,  kyL0zzl,  ky=  2rr/Ay) .  This  insta¬ 
bility  is  dnven  by  the  gradient  in  the  transverse  flow  shear 
Ci  the  ions,  i.e.,  d2VE/dj^,  where  VE  is  the  velocity  of  the 
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FIG.  10.  The  Kelvin-Helmholtz  growth  rate  obtained  from  numerical 
analysis  with  velocity  profile  V0sech2(x/L). 


edge  layer  and  x  is  the  direction  transverse  to  both  the  flow 
and  the  magnetic  field.  The  electrons  do  not  play  a  major 
role.  We  assume  a  profile,  given  by 

Ve(x)  =e  V°E  sech2(x/£„).  (5) 

The  differential  equation  for  the  Kelvin-Helmholtz  disper¬ 
sion  relation  can  then  be  solved  numerically, 


,,,  W 

'“y+o-ky^x) 


)q»=o. 


where  the  magnetic  field  is  in  the  z  direction,  the  nonuni* 
form  cross-field  flow  VE  is  in  the  y  direction,  while  the 
dominant  inhomogeneity  is  in  the  x  direction.  The  growth 
rate  for  classical  Kelvin-Helmholtz  yKH  is  shown  in  Fig. 
10. 

The  relevant  velocity  for  estimating  the  growth  rate  of 
the  shear-driven  instability  in  the  present  experiments,  the 
edge  velocity  (  VE)  can  be  obtained  from  the  mean  velocity 
of  the  plasma  expansion  at  the  approximate  location  of  the 
observed  instability.  The  shear  length  similarly  can  be  es¬ 
timated  from  the  thickness  of  the  edge  layer  itself.  Table  I 
gives  a  tabulation  of  the  edge  velocity  ( VE),  shear  scale 
length  (£„),  the  thermal  larmor  radius  (p(T),  the  ratio  of 
edge  velocity  to  shear  scale  length  or  the  shear  frequency 


(  Ve/Lv),  and  a  maximum  growth  time  (rim)  for  a  num¬ 
ber  of  experimental  conditions.  Figure  10  indicates  that  the 
maximum  Kelvin-Helmholtz  growth  rate  occurs  for 
kyLB~  1,  and  the  corresponding  growth  time  can  be  ob¬ 
tained  from 


Tkh  y  0.16OVZ.,)  () 

The  growth  time,  therefore,  for  the  first  of  the  10  kG 
shots  listed  in  Table  1  with  an  edge  velocity  VE  of  2.2  X 106 
cm/sec  and  a  velocity  shear  scale  length  1,2 1.5  mm  is 
rim =2.6  nsec;  this  is  also  longer  than  the  experiment  du¬ 
ration  and  therefore  not  in  agreement  with  the  observed 
onset  times.  A  slightly  higher  growth  rate  can  be  obtained 
by  taking  the  maximum  plasma  velocity  rather  than  the 
mean  edge  velocity,  Ff~4.4x  106  cm/sec,  but  it  still  gives 
a  growth  time  far  in  excess  of  the  experiment  duration.  If 
we  assume  that  a  minimum  of  3-5  e-foldings  are  needed  for 
the  instability  amplitudes  to  become  large  enough  for  ob¬ 
servation,  then  we  need  a  growth  time  t~  100-300  nsec,  as 
opposed  to  microseconds,  as  estimated  above. 

While  the  classical  Kelvin-Helmholtz  has  a  growth 
rate  far  too  small  to  account  for  the  observed  instability, 
there  are  both  fluid  and  kinetic  treatments  of  a  modified 
version  of  the  Kelvin-Helmholtz  instability  with  apprecia¬ 
bly  larger  growth  rates.  Gan  gull  et  aL 7/40,41  and  Nishikawa 
et  aL41'*3  have  developed  a  kinetic  theory  that  predicts  the 
existence  of  a  faster  growing  velocity-shear-driven  instabil¬ 
ities  in  the  limit  of  large  or  comparable  ion  Larmor  radius 
relative  to  the  velocity  shear  scale  length.  There  is  also  a 
fluid  treatment  of  the  Kelvin-Helmholtz  instability  in  the 
limit  of  large  Larmor  radius  that  predicts  the  existence  of 
a  faster  growing  instability  mode,  albeit  with  a  growth  rate 
at  the  ion  cyclotron  frequency  SI, — considerably  slower 
than  required  to  explain  the  structure  seen  in  the  present 
experiment.44 

Ganguli  et  aL1  assume  unmagnetized  ions  and  magne¬ 
tized  electrons,  and  then  write  the  Poisson  equation  as  a 
dispersion  relation  of  exactly  the  same  form  as  the  classical 
Kelvin-Helmholtz  given  above. 


k,VE{x) 

t*-kyVE(x) 


)<P=0, 


TABLE  I.  Plasma  expansion  parameters  required  for  calculation  of  classical  Kelvin-Helmholtz  growth  rates,  including  the  edge  velocity  ( VE),  shear 
scale  length  (Lr),  thermal  Larmor  radius  (p,T).  ratio  of  edge  velocity  to  shear  scale  length  or  the  shear  frequency  (  Vc/Lr),  and  maximum  growth  time 
( rKH).  The  figure  numbers  in  column  one  identify  the  GOI  images  used  for  these  calculations.  The  growth  rate  t* h  for  classical  Kelvin-Helmholtz  is 
far  too  small  to  account  for  the  observed  instability. 
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FIG.  1 1.  Electron-ion  hybrid  growth  rate  obtained  from  numerical  anal¬ 
ysis  for  silicon  with  an  electron-ion  mass  ratio  of  5. 125  x  104  and  velocity 
shear  parameter  as  10~4. 


where  F(<d)=62/{(62  +  1)[1  —  (tum/©)2]},  8=*6>pt/Cle, 
and  <Wlh =<d/1/l(/(<u^e+n2),/2  is  the  lower-hybrid  fre¬ 
quency.  The  important  difference  in  this  dispersion  condi¬ 
tion,  as  compared  with  classical  Kelvin-Helmholtz,  is  that 
there  is  an  additional  resonance  at  o=atLH  that  is  intro¬ 
duced  via  F(co).  This  mode  is  driven  by  the  gradient  of  the 
transverse  flow  shear  of  the  electrons,  but  unlike  the  clas¬ 
sical  Kelvin-Helmholtz  instability  here  the  other  species, 
the  ions,  play  an  important  role  by  introducing  the  reso¬ 
nance  around  the  lower-hybrid  frequency.  Furthermore, 
unlike  the  classical  Kelvin-Helmholtz,  this  instability  is 
sensitive  to  the  ion  to  electron  mass  ratio  and  is  character¬ 
ized  by  a  higher  frequency  and  shorter  wavelength  than  the 
Kelvin-Helmholtz  instability.  A  recent  detailed  analysis  of 
this  instability  indicates  that  it  is  not  stabilized  by  sharp 
density  gradients  and  does  not  require  a  net  cross-field 
current.45 

This  equation  can  be  evaluated  numerically,  as  shown 
in  Fig.  11,  for  conditions  similar  to  those  in  our  experi¬ 
ment,  namely  8=ape/nt~5  and  a=  VE/LJTle 
~  1-2.5  X 10-4,  where  VE  is  the  maximum  flow  velocity, 
L0  is  the  shear  scale  length,  and  (lf  is  the  electron  cyclotron 
frequency.  The  parameter  a  is  a  measure  of  the  magnitude 
of  the  velocity  shear — larger  values  of  a  imply  stronger 
instability.  In  addition,  we  have  used  the  electron  to  ion 
mass  ratio  for  silicon,  namely  m/2Smpz;5.l52x  1 04, 
where  mt  is  the  electron  mass  and  mp  is  the  proton  mass. 
The  growth  rate  for  the  electron-ion  hybrid  instability  for 
a=;10~4  is  y=0.05u>LH  from  Fig.  11.  At  applied  magnetic 
fields  of  10  kG  and  densities  on  the  order  of  1014  cm-3, 
characteristic  of  the  time  in  the  expansion  at  which  the 
instability  is  observed,  «LH~7.5  X  10s  rad/sec.  The  maxi¬ 
mum  growth  time  for  the  instability  according  to  Fig.  1 1  is 
given  by 

r=2ir/0.05fc>LH,  (9) 

which  gives  rs  170  nsec  for  our  case.  This  is  in  good  agree¬ 
ment  with  the  experimental  onset  times  (fs  500-600 


nsec),  where  again  it  is  assumed  ..iat  several  e-folding 
times  are  needed  before  the  instability  is  observed.  The 
experimental  kyLc~ 12  is  close  to  the  maximum  growth 
rate  according  to  the  numerical  solution  of  the  dispersion 
relation  above,  which  gives  kyLv~  18.  It  should  be  noted 
here  that  the  theory  above  is  linear  and  pertains  to  the 
conditions  at  the  instability  onset  that  are  not  directly  ob¬ 
servable  in  the  present  experiment  with  the  available  diag¬ 
nostics.  By  the  time  the  instability  reported  here  is  ob¬ 
served,  it  is  near  the  fully  developed,  nonlinear  state  and 
hence  the  shear  (i.e.,  the  value  of  the  a  parameter)  may 
have  already  relaxed  from  its  peak  value.  However,  even  at 
this  reduced  value  of  a  ( ss  10~4),  the  growth  rates  pre¬ 
dicted  by  the  theory  are  consistent  with  the  experimental 
data.  The  observed  difference  in  instability  onset  time  for 
the  different  magnetic  field  strengths  is  due  primarily  to  the 
change  in  the  shear  parameter  a  caused  by  the  increase  in 
shear  scale  lengths  at  lower  applied  magnetic  fields.  Al¬ 
though  plasma  velocities  remain  relatively  high  in  the  low 
magnetic  field  expansions,  the  lack  of  sufficient  ExB  col- 
limation  appears  to  reduce  a  below  levels  required  for  ob¬ 
servation  of  the  instability. 

Plugging  one  end  of  the  cylinder  produces  dramatic 
changes  in  both  the  expansion  parameters  and  the  resulting 
instability,  as  seen  in  Figs.  8(a)  and  8(b)  and  summarized 
in  Table  I.  The  GOI  photographs  show  that  the  plasma 
velocity  in  the  plugged  cylinder  expansions  is  considerably 
greater  than  in  the  open  cylinder  expansions.  This  may  be 
due  to  differences  in  the  geometry  of  the  thermalization 
process  of  the  ablation  plasma  within  the  two  types  of 
targets.  The  increase  in  the  expansion  velocity  from  the 
plugged  cylinders  is  especially  interesting,  in  view  of  the 
fact  that  the  plasma  expansions  from  the  open  cylinders 
did  not  exhibit  any  dependence  on  the  incident  laser  en¬ 
ergy.  It  would  be  useful  in  future  experiments  with  the 
plugged  cylindrical  targets  to  decrease  the  incident  laser 
energy  and  compare  the  expansion  dynamics  with  that  of 
the  open  targets.  The  instability  is  also  observed  to  persist 
to  longer  times  for  plasma  expansions  with  the  plugged 
cylinder  targets.  Finally,  there  is  an  increase  in  either  the 
temperature  or  density  (or  both),  leading  to  an  increase  in 
the  luminous  emission  compared  with  the  open  cylinder 
plasmas.  It  should  be  noted  that  while  the  edge  velocity  has 
increased  by  almost  a  factor  of  2,  the  scale  size  of  the 
velocity  shear  either  remains  of  the  same  order  or  becomes 
smaller  with  the  plugged  targets,  as  compared  with  the 
open  cylinders.  The  increase  in  the  edge  velocity  at  a  given 
applied  magnetic  field  with  the  same  or  reduced  shear  scale 
length  results  in  a  larger  value  of  the  shear  parameter  a 
and  hence  a  stronger  instability,  i.e.,  a  more  abundant 
source  of  free  energy  to  drive  the  instability,  resulting  in 
earlier  onset,  greater  amplitudes,  and  longer  persistence 
times. 

VI.  SUMMARY  AND  CONCLUSIONS 

Laser-produced  plasmas  from  the  inside  of  small,  hol¬ 
low  glass  cylinders  immersed  in  a  magnetic  field  evolve 
into  plasma  structures  that  are  strongly  collimated  in  the 
direction  transverse  to  the  cylinder  axis  and  magnetic  field 
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and  jetlike  in  the  direction  along  the  cylinder  axis.  These 
jets  propagate  across  the  magnetic  field  at  their  initial  ve¬ 
locity  via  the  mechanism  of  Ex B  drift.  Immediately  be¬ 
hind  the  jets,  the  bulk  plasma  propagates  across  the  mag¬ 
netic  field,  but  at  a  reduced  constant  velocity,  depending  on 
the  applied  magnetic  field.  The  magnetic  field  in  the  edge 
region  of  the  bulk  plasma  gives  rise  to  a  velocity  shear,  and 
the  plasma  undergoes  a  dramatic  structuring  instability. 
While  there  are  a  number  of  possible  explanations  for  the 
plasma  structure,  detailed  analysis  of  the  data  is  in  good 
agreement  with  the  theory  of  electron-ion  hybrid  instabil¬ 
ities,  especially  as  regards  the  growth  rates  observed  in  the 
present  experiment.  Both  the  jet  structure  associated  with 
the  cross-field  plasma  propagation  and  the  structuring  in¬ 
stability  may  be  relevant  to  a  range  of  astrophysical  phe¬ 
nomena. 
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Sub-Alfvenic  Plasma  Expansion 


Sub-Alfv6nic  plasma  expansion 

B.  H.  Ripin,  J.  0.  Huba,  E.  A.  McLean,  C.  K.  Manka,  T.  Peyser,4  H.  R.  Burris,4 
and  J.  Gain 

Plasma  Physics  Division.  Naval  Research  Laboratory,  Washington  DC  20375-5346 
(Received  28  May  1993;  accepted  30  June  1993) 

A  large  ion  Larmor  radius  plasma  undergoes  a  particularly  robust  form  of  Rayleigb-Taylor 
instability  when  sub-Alfvfeically  expanding  into  a  magnetic  field.  Results  from  an  experimental 
study  of  this  instability  are  reported  and  compared  with  theory,  notably  a 
magnetohydrodynamic  (MHD)  treatment  that  includes  the  Hall  term,  a  generalized  kinetic 
lower-hybrid  drift  theory,  and  with  computer  simulations.  Many  theoretical  predictions  are 
confirmed  while  several  features  remain  unexplained.  New  and  unusual  features  appear  in  the 
development  of  this  instability.  In  the  linear  stage  there  is  an  onset  criterion  insensitive  to  the 
magnetic  field,  initial  density  clumping  (versus  interchange),  linear  growth  rate  much  higher 
than  in  the  “classic”  MHD  regime,  and  dominant  instability  wavelength  of  order  of  the  plasma 
density  scale  length.  In  the  nonlinear  limit  free-streaming  flutes,  apparent  splitting  (bifurcation) 
of  flutes,  curling  of  flutes  in  the  electron  cyclotron  sense,  and  a  highly  asymmetric  expansion  are 
found.  Also  examined  is  the  effect  on  the  instability  of  the  following:  an  ambient  background 
plasma  (that  adds  collisionality  and  raises  the  expansion  speed/Alfven  speed  ratio), 
magnetic-field  line  tying,  and  expansion  asymmetries  (that  promotes  plasma  cross-field  jetting). 


I.  INTRODUCTION 

Plasma  expanding  into  a  magnetic  field  can  undergo 
several  forms  of  the  classic  Rayleigb-Taylor  instability,  as 
depicted  in  Fig.  1.  The  Rayleigh-Taylor  instability,  origi¬ 
nally  formulated  for  ordinary  fluids,'  occurs  when  a  heavy 
fluid  is  decelerated  (or  supported)  by  a  less  dense  fluid;  the 
fluids  tend  to  interchange  positions  into  a  lower  energy 
state  via  classic  bubble-and-spike  formation.  The  analo¬ 
gous  Rayleigh-Taylor  instabilities  for  a  conducting  liquid1 
and  magnetohydrodynamic  (MHD)  plasma3  (heavy  flu¬ 
ids)  moving  across  a  magnetic  field  (light  fluid)  were  for¬ 
mulated  in  the  1930s.  MHD  theory  is  applicable  to  plas¬ 
mas  with  Debye  lengths  and  Larmor  radii  much  smaller 
than  any  characteristic  dimensions  and  time  scales  much 
longer  than  an  ion  cyclotron  period.  The  Rayleigh-Taylor 
growth  rates  for  these  MHD  fluids  are  the  same  as  for 
ordinary  fluids  with  greatly  differing  densities,  namely, 
Tmhd=  (kg) 1/1  for  sharp  interfaces  and  7mhd= (*/£„) 1/2 
for  interfaces  with  a  density  gradient  length, 
L~l—d\n  ( n)/dx ,  where  k>  Another  way  of  stating 

the  instability  criterion  is  that  the  effective  acceleration,  g, 
be  opposite  to  the  density  gradient  at  the  location  of  the 
interface  between  the  two  fluids.  There  can  be  several 
sources  for  the  adverse  acceleration  as  shown  in  lug.  1, 
although  the  primary  effective  g  that  will  concern  us  in  this 
work  is  deceleration  of  the  plasma  by  the  excluded  mag¬ 
netic  field. 

The  Rayleigh-Taylor  instability  (also  known  as  inter¬ 
change  instability)  was  first  observed  clearly  in  a  labora¬ 
tory  plasma-gun  experiment  by  Dickinson  et  al ,4  and  in 
many  of  the  early  magnetic  fusion  experiments.5  When  the 
plasma  ion  Larmor  radius  is  comparable  to  the  density 
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gradient  length,  the  Rayleigh-Taylor  instability  in  the 
MHD  regime  is  predicted  to  stabilize.6  Although  there  is 
substantia]  indirect  evidence  that  finite  Larmor  radius 
(FIJI)  stabilization  occurs,  there  has  not  been,  to  our 
knowledge,  direct  experimental  verification.  Curiously, 
when  the  ion  Larmor  radii  becomes  large  compared  to  L„ 
(Le.,  unmagnetized  ions  but  magnetized  electrons),  a 
Rayleigb-Taylor-like  instability  returns  in  a  particularly 
robust  form.7'9  This  new  regime  is  the  primary  focus  of 
this  paper.  Instability  was  observed  in  this  regime  during 
the  course  of  the  Active  Magnetospheric  Particle  Tracer 
Experiment  (AMPTE)  barium-release  experiment10  and 
in  the  recent  Combined  Release  and  Radiation  Effects  Sat¬ 
ellite  (CRRES)  magnetospheric  barium  releases,"  and  in 
laser-prod  uced-piasma  experiments.12  We  expand  upon  the 
large  Larmor  radius  (LLR)  instability  study  described  by 
Ripin  et  aL  in  Ref.  12;  we  point  out  several  new  features 
found  in  subsequent  experiments  and  extend  comparisons 
with  theory  and  computer  calculations. 

The  paper  is  organized  as  follows.  We  introduce  sub- 
Alfvenic  plasma  expansion  in  a  magnetic  field  concepts  in 
the  next  section.  The  experimental  arrangement  and  results 
are  then  described  and  the  results  are  compared  in  detail 
with  theory.  Finally,  a  summary  and  conclusions  are  of¬ 
fered. 


IL  SUB-ALFVENIC  PLASMA  EXPANSION 

We  review  theory  relevant  to  understanding  expanding 
plasma/magnetic  field  Rayleigh-Taylor  instability,  partic¬ 
ularly  in  the  large  ion  Larmor  radius  regime.  Most  of  the 
results  come  from  the  modified  MHD  treatments  of  Has- 
sam  and  Huba9  and  computer  simulations."  We  also  point 
out  some  features  of  alternative  descriptions  such  as  a  gen- 
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FIG.  1.  R*ylo*b-T»yk»r  instability  o f  a  plasma  expanding  into  a  mag¬ 
netic  field,  (a)  Field  aligned  plasma  Antes  appear  in  the  expansion  front 
dining  deceleration  by  tie  magnetic  field.  Rayleigh-Taylor  instability  can 
be  driven  by  radial  deceleration.  centripetal  acceleration,  or  pressure  gra¬ 
dients  at  plasma  boundary  (drift  instability). 


eralized  lower-hybrid  drift  instability13  (GLHDI),  and 
others.14  We  begin  with  estimates  of  the  expansion  prop¬ 
erties  of  the  bulk  plasma. 

A.  Plasma  expansion  in  a  uniform  magnetic  fieid 

As  the  plasma  expands,  it  pushes  the  magnetic  field 
ahead  of  it  because  internal  diagmagnetic  currents  arise  to 
exclude  the  field  from  its  interior.  The  plasmas  we  consider 
here  are  sufficiently  conductive  that  field  exclusion  should 
be  nearly  complete  and  the  collisionless  skin  depth,  c/a^, 
determines  the  field  penetration  into  the  plasma  boundary. 
If,  maximum  expansion  is  determined  predominantly  by 
the  work  the  plasma  does  to  push  the  magnetic  field  out  of 
its  volume,  then  the  stopping  radius  can  be  simply  esti¬ 
mated  from  conservation  of  energy  relation, 

1 

(l> 


where,  2  is  the  volume  of  the  excluded  field  (plasma  vol¬ 
ume),  Vd  is  the  expansion  speed  ( Vd=0  at  the  magnetic 
confinement  radius,  Rb),  M  is  the  total  plasma  mass,  B  is 
the  magnetic  field,  and  is  the  total  plasma  energy.  Of 
course,  we  are  neglecting  radiation  losses,  thermal  energy, 
incomplete  field  exclusion,  internal  Ohmic  heating  losses, 
etc.,  here;  but,  these  corrections  are  small  for  the  plasmas 
we  consider.  Assuming  spherical  symmetry  (2=4n-ffJ/3), 
the  nominal  magnetic  confinement  radius  obtained  from 
Eq.  (1)  is 


3f3Mofi) 

nsfr' 


(2) 


where  B0  is  the  initial  ambient  magnetic  field. 

The  effective  gravitational  acceleration  associated  with 
the  plasma  deceleration,  g=  —dV/dt,  obtained  from  Eq. 
(1),  is 


2  v&R2 

g  MoM  ’ 


(3) 


where  spherical  symmetry  has  again  been  assumed.  Thus, 
the  effective  deceleration  is  proportional  to  ff2/?2  and  the 
magnetic  confinement  radius  has  a  B~2/i  dependence.  The 
coefficients  of  Eqs.  (2)  and  (3)  are  modified  in  a  straight¬ 
forward  way  when  the  expansion  is  not  totally  spherically 
symmetric,  as  is  the  case  in  some  of  the  experiments. 


FIG.  2.  Models  of  drift  forces  driving  the  growth  of  the  MHD-regime 
Rayleigh-Taylor  instability  (top)  and  LLR -regime  Rayleigh-Taylor  in¬ 
stability  (bottom).  Drift  motion  of  the  electron  population  caused  by 
large  amhipoUr  electric  Adds  set  up  by  the  energetic  ions  at  the  plasma 
boundary  result  in  a  LLR  growth  rate  much  higher  than  the  Conventiona) 
MHD  growth  rate  (which  is  driven  primarily  by  ion  drifts  driven  by 
gravitational  force). 


B.  Linear  LLR-Rayleigh-Taylor  instability  theory 

A  physical  picture  of  forces  driving  the  Rayleigh- 
Taylor  instability  is  depicted  in  Fig.  2.  The  plasma/ 
magnetic  field  interface  perturbations  grow  in  response  to 
electron  and  ion  component  drifts,  V**-F**XB /q&, 
induced  by  forces,  acting  on  the  populations  at  the 
unstable  interface  boundary.  The  ions  and  electrons  drift  in 
direct  response  to  the  effective  gravitational  force  in  the 
conventional  MHD-Rayleigh-Taylor  instability,  indicated 
in  Fig.  2(a).  The  ion-to-electron  drift  ratio  is  large,  ap¬ 
proximately  the  mass  ratio.  The  resulting  charge  separa¬ 
tion  creates  local  electric  fields,  5E,  which  then  drive  the 
perturbation  amplitude  larger  through  6EXB  drift.  In 
contrast,  the  large  ion  Larmor  radius  situation,  shown  in 
Fig.  2(b),  has  in  a  similar  charge  separation  and  pertur¬ 
bation  growth,  but  driven  by  a  much  different  mechanism. 
Here,  the  electrons  are  restrained  by  the  magnetic  field  and 
“feel”  the  adverse  deceleration,  but  the  unmagnetized  ions 
can  stream  ahead  of  the  plasma  front  and  create  a  strong 
inward-directed  electric  field,  Eo,  at  the  boundary.  The 
electrons  respond  to  the  large  EqXB  drift,  but  the  ions, 
being  effectively  unmagnetized,  do  not  The  resulting  force 
on  the  perturbations  in  the  LLR  limit  are  in  the  same  sense 
as  that  of  the  MHD  regime  but  are  much  stronger.  This 
results  in  a  much  higher  instability  growth  rate  than  the 
conventional  MHD-Rayleigh-Taylor.  Additionally,  the 
different  sources  of  the  driving  drifts  in  the  two  cases,  cause 
many  different  instability  growth  characteristics. 

Hassam  and  Huba7  first  described  this  instability  using 
a  nonideal  MHD  treatment  that  allows  terms  proportional 
to  p/L„  or  <a/ak  to  be  larger  than  unity,  i.e.,  the  Hall  term 
is  included.  Their  papers  should  be  consulted  for  details  of 
the  derivation.  The  ion  cyclotron  frequency  is  denoted  by 
cjjc  and  the  directed  ion  Larmor  radius  by  pt-  They  obtain 
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a  dispersion  relation  which  includes  the  standard  tnagne- 
tosonic  waves  and  a  LLR  term  (Hall  term)  that  dominates 
in  the  large  Lannor  (p/L„>  1 )  or  high-frequency 
(a/a »,f>l)  limit.  In  the  short  wavelength  (kL„>  1)  limit, 
the  Rayleigh-Taylor  growth  rate  becomes, 

yLLR=4L„yMHD  for  k>  L~l,  (4) 

where  Y\Mn=(ifLn)xri  is  the  usual  MHD-Rayleigh- 
Taylor  growth  rate.  The  growth  rate  increases  linearly  with 
wave  number  k.  In  the  long  wavelength  (kL„<  1)  and 
LLR  limits  the  growth  rate  is  (kg /A)xn,  where  A  is  the 
Atwood  number  [^  =  (/i2— nl)/(n1  +  nl),  where  the  sub¬ 
scripts  denote  the  plasma  on  either  side  of  the  boundary]. 15 
This  growth  rate  is  quite  different  from  the  usual  MHD 
growth  rate  in  the  long  wavelength  limit  [y;=(kgA)1/2]. 
One  interesting  difference  is  that  the  instability  proceeds  at 
a  lower  rate  for  higher  gradients  (or  Atwood  number)  in 
the  long  wavelength  limit  because  in  this  case  more  mass  is 
accelerated  than  for  a  weaker  gradient  over  the  same  scale 
size. 

A  characteristic  of  the  LLR-instability  development 
distinct  from  the  usual  MHD  mode  is  density  clumping. 
Density  clumping  occurs  in  the  LLR  limit  because  fluid 
flows  are  nearly  irrotational  (VXuaO)  and  allow  n  —  V-u 
flow.  Thus,  density  clumping,  rather  than  pure  density/ B- 
field  interchanges  (as  in  the  usual  MHD  case,  where 
VXu=?fcO  and  V-u=0)  is  the  expected  action  in  the  LLR- 
instability  development.7 

Another,  interesting  property  to  come  out  of  this  LLR 
treatment  is  the  existence  of  an  onset  criterion,  which  turns 
out  to  be  independent  of  magnetic  field  strength.  A  de¬ 
layed,  magnetic-field  insensitive,  onset  was  originally  found 
in  the  experiment12  and  subsequently  shown  to  drop  natu¬ 
rally  out  of  the  dispersion  relation.9  The  onset  criterion 
requires  that  the  growth  rate  be  sufficiently  high  to  over¬ 
come  the  FLR  stabilization  terms  that  tend  to  quench  the 
instability.  The  requirement  for  instability  onset  is 

Ymhd><uc/2<  (5) 

which,  using  Eq.  (3)  for  g,  predicts  a  magnetic-field  inde¬ 
pendent  onset  at  a  critical  radius,  Rc,  expressed  by 


The  criterion  for  the  instability  to  occur  at  all  is,  naturally, 
that  the  onset  radius,  Rc,  be  smaller  than  the  magnetic 
confinement  radius,  Rb,  given  by  Eq.  (2).  Thus,  the  LLR 
instability  will  not  appear  if  the  total  plasma  energy  con¬ 
tent  is  too  low,  below  a  critical  energy  Ec  given  by 

Ec=R\fy  2.  (7) 

C.  Generalized  lower-hybrid-drift  instability  approach 

The  initial  theory  of  the  LLR  instability  was  based 
upon  Hall  MHD  theory.7'9  However,  a  number  of  kinetic 
calculations  have  since  been  performed.13,16  The  most  de¬ 
tailed  kinetic  calculation  is  given  by  Huba  et  aL 13  In  addi¬ 
tion  to  plasma  drift  caused  by  the  gravitational  accelera¬ 
tion  ( Vg=g/aa),  the  kinetic  treatments  include  the 


diamagnetic  drift  (  Vd,  =  cT/eBLn)  and  the  Pederson  drift 
l^p—  (v„/«cl) vn>  where  v,„  is  the  ion-neutral  collision 
frequency  and  V„  is  the  neutral  flow  velocity].  Because  of 
its  similarity  to  the  lower-hybrid-drift  instability  (driven 
by  Vdi),  the  LLR  instability  has  been  referred  to  as  the 
generalized  lower-hybrid-drift  instability.16  The  theory  also 
included  finite-/?  effects,  collisional  effects,  and  neutral 
flows.  The  major  differences  between  kinetic  theory  and 
fluid  theory  are  the  following:  First,  the  kinetic  treatment 
predicts  the  maximum  linear  growth  rate  at  kpa~0(  1 ), 
where  the  thermal  electron  Larmor  radius  is  given  by 
pa=  (Tf/m,)  xn/act\  this  is  a  finite  electron  Larmor  radius 
effect  that  is  not  included  in  the  fluid  theory.  Second,  the 
instability  is  driven  by  an  ion- wave  resonance  (Le.,  inverse 
Landau  damping)  in  the  weak  drift  regime  ( <  «„  and 
Vd<v„,  where  v„  is  the  ion-thermal  velocity);  again,  an 
effect  not  included  in  fluid  theory. 

0.  Collisional  limit 

The  effect  of  collisions  on  the  LLR  instability  is  dis¬ 
cussed  in  detail  in  Huba  et  aL 13  They  find  that  electron 
collisions  v,(v,=v„+ vM ,  where  v„  is  the  electron-ion  col¬ 
lision  frequency  and  v„  is  the  electron-neutral  collision 
frequency)  are  stabilizing.  This  is  primarily  a  diffusion  ef¬ 
fect  which  smoothes  out  density  perturbations;  a  damping 
term  is  introduced  cc  k2Df,  where  D,—vtp 2  is  the  electron 
diffusion  coefficient.  The  effect  of  ion-neutral  collisions  on 
the  instability  depends  upon  ion  temperature.  In  the  cold 
ion  limit  (i.e.,  when  yg>v„;  the  fluid  limit),  ion-neutral 
collisions  are  stabilizing.  In  the  strong  collisional  (v„><u), 
low-frequency  limit  (&><d>,h,  where  w,h  is  the  lower-hybrid 
frequency)  the  growth  rate  is  kigLn/vm  where  it  is  also 
assumed  that  &>,2h>v,^u  and  vin>kLjoc,.  However,  in  the 
warm  ion  limit  (i.e.,  where  Vg <  v„;  the  kinetic  limit),  ion- 
ntutral  collisions  are  destabilizing.  The  reason  for  this  is  as 
follows.  In  the  weak  drift  regime  the  instability  is  driven  by 
inverse  Landau  damping  of  the  ions  in  the  presence  of  a 
negative  energy  wave;  ion  dissipation  provided  by  the  ion 
Landau  resonance  causes  the  wave  to  grow.  Ion-neutral 
collisions  provide  an  additional  dissipation  mechanism, 
and  thus,  enhance  the  growth  rate  of  the  instability. 

E.  Nonlinear  LLR-Raytoigh-Taylor  computer 
simulations 

Computer  simulations  have  been  primarily  used  to  fol¬ 
low  the  instability  development  into  the  nonlinear 
regime, 811,16'20  although  some  analytic  theory  was  re¬ 
ported  in  Ref.  19.  The  first  nonlinear  simulations  of  the 
Rayleigh-Taylor  instability  in  the  large  Larmor  radius 
limit  were  reported  in  Huba  et  aL*  It  is  evident  that  the 
basic  character  of  the  LLR  instability  is  quite  different 
from  the  usual  MHD-Rayleigh-Taylor  instability  in  the 
nonlinear  regime.  Simulations  of  the  laser  experiments  pre¬ 
sented  here  are  based  upon  a  two-dimensional  (2-D) 
MHD  code  which  includes  the  Hall  term.  Details  of  the 
code  structure,  its  limitations  for  describing  the  three- 
dimensional  (3-D)  problem,  and  its  initialization  for  these 
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FIG.  3.  Experimental  arrangement  for  instability  studies.  Ion  time-of- 
flight  detectors  (rectangles).  B,  capacitance,  and  Langmuir  probes  (cir¬ 
cles)  are  deployed  various  distances  from  the  target  position. 


simulations  are  described  in  the  Appendix.  Specific  results 
from  the  simulations  will  be  described  later  in  the  paper  in 
the  experimental  context. 

III.  EXPERIMENT 

The  large  Larmor  radius  regime  is  easily  accessed  by 
using  an  energetic  laser-produced  plasma  which  expands 
radially  outward  into  a  uniform  magnetic  region  in  an 
evacuated  chamber.  These  experiments  are  extensions  of 
those  first  reported  by  Ripin  et  aLn  in  1987.  There  have 
been  several  previous  laser-produced-plasma  expansion  ex¬ 
periments  in  a  magnetic  field,21-”  but,  most  of  these  were 
in  different  regimes  or  did  not  focus  on  the  present  insta¬ 
bility. 

A  schematic  of  the  experimental  arrangement  is  shown 
in  Fig.  3.  The  plasma  is  formed  by  placing  a  small  (typi¬ 
cally,  2  fim  thick,  0.3  to  1  mm  diameter)  Al  disk  target  in 
the  focal  region  of  one  or  two  beams  of  the  Pharos  III  Nd 
laser.  Each  laser  beam  is  focused  to  give  an  intensity  of 
about  5  X 1012  W/cm2  yielding  a  plasma  with  an  expansion 
speed  of  5.4  ±  1.8  X 107  cm/sec,  Z~  10,  and  a  total  mass  of 
about  0.2  ^ig  for  a  typical  30  J,  3.5  nsec  duration,  incident 
laser  pulse.  When  two  beams  are  used  to  form  a  more 
symmetric  expansion,  they  simultaneously  strike  the  disk 
target  from  opposite  sides.  In  most  cases  the  target  cham¬ 
ber  is  evacuated  to  pressures  below  0.1  mTorr  to  ensure 
that  the  dominant  plasma  interaction  is  with  the  magnetic 
field  and  not  through  collisions.  Additionally,  we  choose 
parameters  to  be  in  a  low  expansion-velocity/ Alfven- 
velocity  ratio  regime,  i.e.,  F</FA<  1.  In  some  experiments 
described  later,  we  relax  these  conditions  by  adding  hydro¬ 
gen  gas  up  to  2  Torr  pressure  to  look  for  collisions!  and 
Vj/VA~  1  effects.  A  more  complete  description  of  the  ex¬ 
perimental  arrangement,  the  expansion  plasma,  and  its  use 
in  other  experiments  can  be  found  in  Refs.  30-33. 

A  uniform  magnetic  field  up  to  1 1  kG  in  the  interac¬ 
tion  region  is  provided  by  a  25  cm  interior  diameter  pair  of 
Helmholtz  coils.  The  coil  current  is  pulsed  on  with  a  16 


msec  quarter-period  rise  time  and  is  essentially  steady  state 
on  the  time  scale  of  the  laser-pulse  (3.5  nsec)  and 
expansion/instability  dynamics  (  <  1  use c). 

Several  diagnostics  are  used  to  measure  the  properties 
of  the  initial  plasma  and  the  development  of  the  plasma/ 
magnetic-field  expansion  and  instability  dynamics.  The  pri¬ 
mary  diagnostic  in  this  experiment  is  the  gated  optical  im¬ 
ager  (GOI)  used  to  image  the  plasma  during  the 
expansion.  The  GOI  camera’s  optical  system  consists  of  a 
lens  which  focuses  a  demagnified  (2.5  to  6  times)  image  of 
the  plasma  onto  the  S2S  photocathode  of  a  Grant  Applied 
Physics  fast-gated  microchannei-piate  optical  imager.  Al¬ 
though  capable  of  shutter  times  as  short  as  120  psec,  we 
typically  set  the  shutter  times  at  1-2  nsec  due  to  the  low 
levels  of  emitted  light  from  the  plasma.  The  viewing  direc¬ 
tion  in  most  of  the  experiments  was  either  parallel  or  an¬ 
tiparallel  to  the  magnetic  field  as  sketched  in  Fig.  3.  The 
plasma  was  viewed  perpendicular  to  the  magnetic  field  in 
some  experiments.  Several  time-of-flight  ion  charge  collec¬ 
tors,  positioned  about  50  cm  from  the  target,  were  used  to 
measure  the  velocity  distribution  of  the  expansion  plasma 
in  the  absence  of  magnetic  field  or  plasma  flowing  along 
the  applied  magnetic  field. 

Arrays  of  small  ( 1  mm)  induction  loops  were  located 
at  various  positions  to  measure  the  magnetic  field  dynam¬ 
ics  in  the  expanding  plasma  and  magnetic  field  front.  Lang¬ 
muir  and  capacitive  probes  were  used  to  measure  the 
plasma  front  density  profiles  and  electromagnetic  noise;  a 
large  diamagnetic  loop  measured  the  electrical  conductiv¬ 
ity  of  the  expanding  plasma  was  used  to  infer  the  average 
plasma  temperature.  Several  lens/fiber-optic/spectrometer 
detectors  were  arranged  to  detect  plasma  light  emission  at 
various  distances  from  the  target.  These  provided  spec¬ 
trally  and  (sometimes)  temporally  resolved  information 
about  the  plasma  front  conditions.  Open-frame  photogra¬ 
phy  and  plasma  witness  plates  also  provided  qualitative 
time-integrated  information. 

A.  Plasma  expansion  conditions 

We  now  describe  the  laser-produced  plasma  employed 
in  these  experiments.  The  initially  hot  (500-1000  eV)  but 
small  (  <  1  mm)  laser-produced  plasma  evolves  into  a  self¬ 
similar  expansion  within  a  couple  of  millimeters  from  the 
target.34  In  the  absence  of  collisions  with  residual  gas  in  the 
chamber,  ions  recoup  over  90%  of  the  total  plasma  energy 
in  directed  kinetic  energy  and  have  frozen-in  high-charge 
states  (Z=  10  for  Al).  Computer  simulations  indicate  that 
the  electron  temperature  is  in  the  few-eV  range  at  3  cm 
radius.35  Diagmagnetic  loop  measurements  of  the  plasma 
resistivity  with  a  100  G  magnetic  field  are  consistent  with 
electron  temperatures  of  1  to  2  eV,  assuming  the  ions  have 
charge  Z=  10. 36  The  velocity  distribution,  spread,  and  an¬ 
gular  distribution  of  mass  and  energy  is  typical  of  ablation 
plasmas  measured  previously.32,37  Single-sided  planar  tar¬ 
get  irradiations  that  are  wider  than  the  focal  spot  and  thick 
compared  to  the  ablation  depth  results  in  half  the  incident 
laser  energy  contained  in  the  plasma  within  a  ±40*  cone 
angle  about  the  target  normal.  Double-sided  irradiations  of 
small  limited-mass  targets,  on  the  other  hand,  create  a 
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TABLE  I  Parameters  tor  a  representative  30  J,  0.3  T  single-eided  exper¬ 
iment.  All  them  parameters  awe  varied  widely  during  the  full  course  of 
the  experimental  series. 


Laser  parameters 


Energy 

E, 

30  J 

Pulse  duration 

3.S  nsec 

Focal  spot  diameter 

2 r, 

300  nm 

Inadiace 

Jo 

5X10'1  W/cmJ 

Plasma  parameters 

Magnetic  field 

A> 

3.0  kG 

Plasma  expansion  velocity 

v« 

6.2  X107  cm/sec 

Mass  of  plasma 

M 

0.2  n 

Ion  specie 

A/Z 

Aluminum 

Magnetic  confinement  radius 

El 

6.2  cm  (at  3  kG) 

Directed  ion  humor  radius 

Pi 

6.0  cm 

Density  scale  length 

L. 

1.0  cm 

(at  plasma  edge) 

LLR  critical  radius 

*c 

1. 2-3.0  cm 

LLR-instabtlity  growth  time 

T 

=  10  nsec 

Dimensioniess  ratios 

Larmor  radius/confinement  radios 

P/Xl 

1.0 

Critical  radius/confinement  radius 

E/E  i 

0.2 

(c/ay)/confinement  radius 

(C/e »,)/*, 

0.2 

Density  scale  length/confincment 

L/E, 

0.2 

radius 

more  nearly  4rr-steradian  uniform  expansion.  Extensive 
previous  studies  of  ablation  plasmas  have  shown  the  fol¬ 
lowing  parametric  dependencies  for  the  plasma  speed, 
V0  (I/I0)a2,  and  mass  ablation  rate, 

Af=M0(I/J0)°-6,  where  V0  is  6.2  Xl07  cm/sec,  M0  is 
7x10*  g/seccm2,  I0  is  10u  W/cm2  (/p=.£o/focal-spot 
area-pulse  duration).32  Thus,  it  is  possible  to  indepen¬ 
dently  vary  the  plasma  mass  and  directed  expansion  veloc¬ 
ity  by  using  various  combinations  of  incident  energy  and 
focal-spot  diameter.  The  ion  velocity  spread  can  also  be 
independently  varied,34  but  this  was  not  done  in  this  series 
of  experiments. 

As  the  plasma  expands,  its  density  falls  and  it  cools 
adiabadcally.  Table  I  lists  approximate  parameters  for  the 
most  frequent  type  of  shot  in  this  study,  i.e.,  30  J,  single- 
sided  irradiation.  The  plasma  density  is  estimated  by  using 
the  known  total  mass  of  the  ablation  plasma,  its  angular 
distribution  and  width  of  the  expansion  shell.  The  estimate 
is  relatively  insensitive  to  the  mass  distribution  within  the 
central  portion  of  the  plasma  shell  due  to  the  depen¬ 
dence  of  the  volume.  The  plasma  ion  density  is  of  the  order 
of  10is/cm3  when  the  expansion  front  is  3  cm  from  the 
origin  and  electron  density  is  about  an  order  of  magnitude 
higher  (assuming  Z=  10).  At  early  times  in  the  expansion 
when  R  is  small  with  respect  to  the  magnetic  containment 
radius,  Rb,  the  magnetic  field  influence  is  weak  and  zero- 
field  parameters  are  valid. 

Most  of  the  optical  plasma  light  emitted  and  detected 
in  our  experiment  is  from  a  family  of  A1 11  and  A1  111  lines. 
At  first  blush  this  appears  inconsistent  with  our  assertion 
that  the  predominant  ionization  state  is  Z— 10.  However, 
even  at  our  relatively  low  dumber  pressures,  a  small  por¬ 
tion  of  the  target  plasma  encounters  enough  charge  ex¬ 
change  collisions  to  end  up  in  low  Z  states.  Indeed,  when 
the  background  pressure  is  lowered/raised,  the  optical  gig- 
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FIG.  4.  Plasma  front  density-gradient  measurements  at  Ji«3  cm.  (a) 
Densitometer  trace  of  plasms  emission  taken  with  the  gated  optical  im¬ 
ager.  (b)  Rise  time  of  AJ  III  spectral  line  detected  with  the  ftnroptic 
detector. 

nal  decreases/increases  in  concert.  We  believe  that  these 
ions  are  following  the  dynamics  of  the  bulk  plasma  because 
of  the  consistency  with  other  independent  measurements, 
such  as  dB/dt  probes,  Langmuir  probes,  and  ion  detectors. 

The  density  gradient,  L„,  at  the  plasma-magnetic-field 
interface  is  a  particularly  important  parameter  because  it 
appears  to  determine  the  dominant  instability  wavelength. 
L,  was  measured  three  ways  and  was  found  to  be 
Ln=  1.0^=Q.3  cm.  One  method  to  obtain  L„  came  from 
densitometering  the  leading  edge  of  the  plasma  front  ob¬ 
served  in  the  optical  framing  images  recorded  on  Tri-X 
film;  Fig.  4(a)  is  such  an  example  at  jR= 3  cm,  2?n0.5  T. 
The  second  method  used  to  measure  the  density  gradient  is 
from  the  rise  time  of  the  fiber-optic  signals  detecting  the 
plasma  front  as  it  passes  by  the  observation  radius;  Fig. 
4(b)  shows  an  example  of  this.  The  third  method  used  to 
estimate  L„  is  inferred  from  the  magnetic-field  exclusion 
gradient,  Lb,  as  measured  with  loop  dB/dt  signals;  these 
are  also  in  the  1  cm  range  [see  Fig.  5(a)  for  example].  The 
magnetic-field  diffusion  length  in  the  plasma  front  is  as¬ 
sumed  to  be  nearly  equal  to  L„  since  they  are  in  approxi¬ 
mate  pressure  balance.  All  three  methods  for  obtaining  L„ 
agree  within  experimental  error. 

B.  Magn«tto*fMd  dynamics 

Multiple  dB/dt  probes  deployed  at  several  positions  in 
tire  expansion  region  give  the  general  features  of  the 
magnetic-field  dynamics.  Particularly  germane  features  are 
summarized  here  whereas  more  extensive  descriptions  of 
magnetic-field  dynamics  are  published  elsewhere.30,33,3* 
Magnetic-field  dynamics  exhibits  the  following  features: 

(1)  The  expanding  plasma  pushes  the  excluded  magnetic 
field  ahead  of  it  with  a  small  peak  above  the  vacuum  field 
level  [Fig.  5(a)],  as  expected  in  a  sub-Alfvfeic  expansion. 

(2)  The  magnetic-field  exclusion  fraction  is  inversely  pro- 
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(a)  t  (SO  ns /division)  - *• 


<b)  R/Rb  (c)  B0  (kC) 


FIG.  3.  Features  of  the  magnetic-field  dynamics,  (a)  Magnetic  field  vs 
time  3.4  cm  from  the  target  (  Bq—  1  kG,  32  J  one-sided  irradiation,  Al 
target,  FJ0=5x  107  cm/sec).  (b)  Excluded  field  fraction  A B/Bp  vs  R/R„ 
for  a  range  of  vacuum  magnetic  field  strengths,  (c)  Excluded  field  frac¬ 
tion  LB/ Bp  vs  Boi  solid  line  is  a  linear  fit  to  the  data. 


portional  to  the  expansion  radius  to  confinement  radius 
ratio.  It.,  AB/B0cc  {R/Rb)~\ as  plotted  in  Fig.  5(b).  (3) 
Field  exclusion  fraction  is  also  inversely  proportional  to 
the  vacuum  field,  i.e.,  A B/B0<*  l/50.  (4)  The  magnetic 
field  penetrates  the  plasma  front  well  beyond  the  collision - 
less  skin  depth,  typically  to  a  depth  Lt,~c/api.  (5)  Alfven 
disturbances  propagating  with  VK  <x  B/nxn  along  the  mag¬ 
netic  field  lines  were  also  directly  observed,  as  predicted  to 
occur  in  sub-Alfvenic  plasma  expansions.  The  observed 
magnetic  disturbance  velocity  was  proportional  to  the 
magnetic  field  and  increased  with  distance  from  the  target 
(consistent  with  a  decreasing  plasma  density  going  away 
from  the  target).3* 

Why  the  measured  field  penetration  depth  Lb  is  sub¬ 
stantially  larger  than  the  collisionless  skin  depth  is  an  in¬ 
teresting  question.  The  magnetic-field  penetration  depth  is 
nominally  set  by  the  electron  skin  depth  c/a^  in  a  col¬ 
lisionless  plasma,  or  the  resistive  scale  length  in  a  colli- 
sional  plasma.  On  the  other  hand,  anomalous  resistivity 
caused  by  microturbulence  is  often  invoked  for  collision¬ 
less  plasmas  to  explain  scale  lengths  greater  than  the  elec¬ 
tron  skin  depth.  Alternatively,  rapid  field  penetration  in 
collisionless  plasmas  associated  with  Hall  term  dynamics 
has  received  considerable  attention  recently.39  However,  at 
late  time  (t>  100  nsec)  the  plasma  is  collisional.  Consider 
the  following  parameters:  Tes:0.5  eV,  n,zz  1014  cm-3, 

1015  cm-3,  5=0.1  T,  A— 28,  and  Z=  10.  The 
electron-ion  collision  frequency  is  v„~2.0x  1010  sec1 
which  is  comparable  to  the  ion  plasma  frequency 
o>^s;2.3xl010  rad/sec  and  the  electron  cyclotron  fre¬ 
quency  oKs:  1.8  X 1010  rad/sec.  The  magnetic  diffusion  co¬ 
efficient  (i.e.,  resistivity)  is  ^=v-(c/o^e)2ss 8.9X104 


cm2/sec  and  the  ion  inertia  length  is  c/ca^z:  1.3  cm.  The 
time  for  the  magnetic  field  to  diffuse  this  distance  is 
r=  (c/a^/rjzz  300  nsec,  which  is  too  long  to  explain  the 
experimental  observations.  The  most  likely  explanation  for 
the  relatively  large  magnetic  gradient  length,  Lb,  is  that 
the  magnetic  field  is  structured  on  scale  lengths  compara¬ 
ble  to  the  plasma  structure.  The  plasma  has  observed  den¬ 
sity  flutes  and  irregularities  with  characteristic  lengths  of  1 
to  2  cm  at  times  tzz  100  to  200  nsec  for  5=0. 1  T  (see  Fig. 
13).  This  issue  will  be  discussed  in  detail  in  the  following 
section. 

C.  Instability  development 

When  the  magnetic  field  is  turned  on  in  the  experi¬ 
ment,  the  instability  is  readily  seen  in  the  framing  images 
viewing  along  the  magnetic  field  lines,  such  as  shown  in 
Fig.  6.  Figure  6  shows  representative  GOI  images  for  one¬ 
sided  irradiation  examples  with  5=0  and  with  5=0.1  T. 
When  1 5|  >  0,  prominent  plasma  projections  emerge  from 
the  plasma  boundary.  The  degree  of  plasma  expansion 
asymmetry  can  be  varied  by  doing  two-sided  irradiations; 
targets  large  compared  to  the  laser  focal  spots  produce 
expansions  that  are  more  asymmetric  (more  like  one-sided 
shots)  than  when  the  two  laser  spots  overfill  the  target 
(that  are  reasonably  spherical).  Figure  6  (bottom)  shows 
examples  of  plasma  expansion  for  both  cases  with  5=0 
and  5=  1.0  T  impressed.  Note,  that  although  the  gross 
expansion  symmetry  is  quite  different,  the  instability  am¬ 
plitude  and  characteristic  lengths  are  similar.  For  this  rea¬ 
son,  one-sided  experiments  are  used  most  frequently  in 
these  studies. 

The  overall  expansion  and  deceleration  dynamics,  as 
well  as  instability  development,  is  mapped  out  by  taking  a 
sequence  of  framing  images  taken  on  individual  shots  at 
different  times  or  on  a  single  shot  by  using  our  four-frame 
GOI.  With  no  magnetic  field  present,  the  plasma  expands 
radially  outward  from  the  focal  region  with  the  expected 
directed  velocity  and  spread.  With  a  magnetic  field  im¬ 
pressed,  the  plasma  front  increasingly  slows  as  the  expan¬ 
sion  approaches  Rb-  This  was  observed  in  Ref.  12  and, 
recently,  by  Dimonte  and  Wiley40  who  used  a  unique  Far¬ 
aday  rotation  magnetic-field  probe.  Figure  7  is  a  distance¬ 
time  plot  of  data  that  demonstrates  deceleration  of  the 
plasma  front  with  1  and  0.1  T  ambient  fields.12  Note  that 
although  the  plasma  strongly  decelerates  as  it  approaches 
Rb,  it  does  not  stop  there  or  show  signs  of  rebounding. 
Observed  decelerations  are  lower  than  the  ideal  case  esti¬ 
mated  by  Eq.  (3).  For  the  1  T  case  shown  in  Fig.  7,  the 
experimentally  measured  deceleration  (5X1014  cm/sec2) 
is  lower  than  ideal  by  about  a  factor  of  4,  even  after  ac¬ 
counting  for  the  expansion  asymmetry.  Some  factors  that 
can  decrease  deceleration  include:  incomplete  exclusion  of 
the  field  inside  the  plasma,  EXB  motion  of  plasma  in  the 
boundary  layer  of  an  asymmetric  plasma  expansion,  colli¬ 
sional  and  enhanced  “anomalous”  instability  diffusion  of 
plasma.  Deceleration  is  less  apparent  in  the  0.1  T  experi¬ 
ments  since  we  observe  it  for  Re<Rb,  but  it  is  still  present 

At  intermediate  magnetic  fields,  the  observed  confine¬ 
ment  distance  follows  the  expected  B~iri  dependency  rea- 
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FIG.  6.  GOI  images  of  plasma  expansions  with  and  without  an  applied  magnetic  field,  (top  left'  Onesided  irradiation  with  £= 0  and  (top  right) 
one-sided  irradiation  with  £=0.1  T  applied  (30  J/beam.  ;=U3  nsec).  The  bottom  set  of  four  francs  shows  two-sided  irradiations  of  limited-mass- 
Al-target-disks  (2.7  pm  thick)  with  £=0  (top  row)  and  1.0  T  (bottom  row)  that  are  made  asymmetric  (left)  and  symmetric  (right)  by  under  or 
overfilling  the  target  with  the  laser  beams,  respectively  (30  J/beam,  1=67  nsec). 


FIG.  7.  Development  of  the  instability.  Distance  from  the  target  vs  time 
of  instability  flute  tips  (open  circles)  and  main  plasma  boundary  (closed 
circles)  for  (a)  a  low-field  (0.1  T)  case  and  (b)  a  high-field  ( 1.0  T)  case. 
Shots  denoted  by  triangles  are  plasma  boundaries  with  aero  applied  mag¬ 
netic  field  (free-streaming  plasma)  (25-30  J  single-sided  irradiations, 
107  cm/sec,  and  P<0. 1  mTorr). 


FIG.  8.  Dependence  of  main  plasma  and  instability  tip  locations  upon 
applied  magnetic  field.  The  main  plasma  boundary  (squares)  approxi¬ 
mately  follows  the  expected  £»=£*/J  dependence  whereas  the  instability 
tips  (dismoods)  fiee-stream  out  to  a  distance  (30  J,  onesided  irra¬ 
diations,  t=  1 10  nsec). 
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FIG  *  A  single-shot  sequence  of  four  GOI  images  of  the  instability  development  This  uas  a  single-sided  irradiation  of  a  planar  Al  target  a  laser 
beam  coming  in  from  the  nght  side.  The  aark  circle  in  the  center  is  due  to  light  blocked  by  a  light  shield  The  two  straight  obiects  coming  from  the  top 
are  light  reflected  from  two  dB/dl  probes 


sonably  well,  as  seen  in  Fig.  8.  The  tips  of  the  instability 
flutes,  on  the  other  hand,  continue  to  extend  ahead  of  the 
bulk  plasma  by  about  i.e.,  they  are  not  strongly  im¬ 
peded  by  the  magnetic  field.  Figure  7  shows  that  the  flute 
tips  are  essentially  free-streaming  outward  at  the  initial 
plasma  speed  while  the  bulk  plasma  is  being  decelerated. 

Development  of  the  LLR  instability  is  illustrated  m 
Figs.  ^  and  10.  Figure  9  shows  a  sequence  of  four  GOI 
images  of  the  instability  development  in  a  0.5  T  case  (alu¬ 
minum  target,  35  J,  ^  =  6x10  cm/sec)  taken  on  the 
same  shot  The  flute  amplitude  already  is  past  the  linear 
stage  at  75  nsec.  The  wavelength  of  the  instability  mea¬ 
sured  near  the  bulk  plasma  tends  to  be  comparable  to  the 
density  gradient  length,  Ln=  1  cm.  Figure  10  shows  a  se¬ 
quence  of  individual  two-beam  1  T  shots.  For  the  first  30 
nsec  the  plasma  expands  without  obvious  structure,  then 
the  instability  goes  through  a  rapid  linear  growth  stage 


from  50  to  70  nsec.  From  then  on.  the  flutes  continue  to 
stream  away  from  the  target;  their  shape  becomes  increas¬ 
ingly  intricate  We  discuss  the  unusual  high-field  nonlinear 
regime  later. 

1.  Linear  phase 

Figure  11  is  a  graph  of  the  flute  amplitude  develop¬ 
ment  for  a  range  of  magnetic  field  experiments.  The  insta¬ 
bility  onsets  at  about  35  to  50  nsec  in  most  cases.  The 
e-folding  growth  time  of  the  1  T  linear  phase  was  measured 
to  be  about  10  nsec  or  less  '  (  Reference  12  shows  a  clearer 
plot  of  the  linear  grow  th  phase  for  0  1  and  1  T  cases. )  The 
measured  growth  rate  agrees  with  LLR-mstability  theory 
prediction  of  yLLR=  1.2  ■  lO'/sec  if  the  measured  deceler¬ 
ation.  wavelength,  and  density  gradient  are  used  in  the 
estimate.  The  accuracy  of  the  grow  th-rate  measurement  is 
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FIG  10  Instability  development  with  1  T  applied  field  A  sequence  of  individual  two-sided  irradiation  shots  shows  the  initial  instability  onset  between 
30  and  50  nsec  and  the  later  time  nonlinear  development  (The  circle  seen  in  50  nsec  case  photograph  is  a  reflection  from  a  diamagnetic  loop  diagnostic 
and  is  not  a  feature  of  ihe  instability  ) 
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FIG.  11.  Flute  amplitude  (Up-to-bubbU)  vs  time  for  several  magnetic- 
field  cases.  There  is  a  critical  turn-on  time  (radius)  and  brief  linear  phase 
at  35-50  nsec  (2-3  cm)  with  largely  free-streaming  growth  thereafter. 


limited  to  a  factor  of  2  due  to  the  brevity  of  the  linear  phase 
and  shot-to-shot  reproducibility.  The  observed  growth  rate 
is  much  faster  than  the  MHD-regime  Rayleigh-Taylor 
prediction  of  yMHD=2x  107/sec.  Figure  11  also  clearly 
shows  that  the  instability  onset  radius  (time)  is  nearly 
independent  of  magnetic  field,  even  though  the  effective 
acceleration  is  proportional  to  B2  and,  hence,  y~  B.  This 
behavior  agrees  with  the  instability  onset  condition,  Eq. 
( 5 ),  which  is  also  independent  of  the  magnetic  field.  Equa¬ 
tion  ( S )  predicts  onset  at  about  Rc= 2  cm,  compared  to  the 
experimentally  observed  values  of  2-3  cm  (if  the  experi¬ 
mental  deceleration  is  used).  If  the  magnetic  field  were 
increased  sufficiently  high  (Rb<Rc)  then  the  instability 
would  not  appear. 

The  instability  structure  often  appears  initially  as  den¬ 
sity  clumps  in  the  leading  edge  of  the  expansion  plasma, 
such  as  shown  in  Fig.  3  of  Ref.  12.  This  clumping  behavior 
is  another  predicted  characteristic  of  the  LLR  instability. 
Density  clumping  is  a  consequence  of  the  V  *  u  fluid  motion 
allowed  in  the  LLR  regime  (but  not  allowed  in  the  usual 
MHD  regime). 

We  have  also  proven  that  the  instability  projections  are 
flutelike  in  geometry  and  are  not,  for  instance,  narrow 
spikes.  Figure  12  presents  two  views  of  the  unstable 
plasma,  end-on  and  across  the  magnetic  field,  which  dem¬ 
onstrates  flute  geometry.  The  cross-field  view  of  the  plasma 
front  is  featureless  except  for  curvature  of  plasma  flowing 
along  the  magnetic  field  in  response  to  the  expansion,  as 
expected  of  flutes. 

The  initial  wavelength  or  characteristic  periodicity  of 
the  instability  was  found  to  be  insensitive  to  most  experi¬ 
mental  parameters.  For  instance.  Fig.  13  shows  that  the 
LLR-instability  wavelength  as  measured  near  the  bulk 
plasma  front  (distance  between  the  bottoms  of  the  flutes) 
is  relatively  insensitive  to  the  applied  magnetic  field  in  our 
experiments.  The  data  plotted  in  Fig.  13  are  from  a  com¬ 
bination  of  shots  with:  one-sided  and  two-sided  irradia¬ 
tions,  various  incident  laser  energies,  and  observation  times 
from  50  to  150  nsec.  Our  observations  of  approximately 
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FIG.  12.  Flute*  imaged  along  the  0.S  T  magnetic  field  (left)  and  acroes 
the  field  (right).  The  smooth  curving  front  in  the  crews  field  view  indi¬ 
cates  the  instability  is  flutelike  geometry,  not  spikrlikr  (30 1). 


constant  wavelength  finding  is  in  contrast  to  observations 
in  other  experiments  and  the  dependency  expected  for  the 
conventional  lower-hybrid  drift  instability  (where 
Ace  B~l).  As  time  proceeds  the  instability  wavelength  also 
tends  to  remain  fixed,  even  though  the  plasma  continues  to 
expand  radially.  This  is  unusual  since  it  suggests  that  the 
effective  mode  number  of  the  instability  may  increase  dur¬ 
ing  the  expansion.  This  behavior  will  be  discussed  further 
in  the  next  section. 

An  additional  puzzle  is  that  the  instability  wavelength 
is  much  larger  than  predicted  for  peak  growth  of  the  LLR 
instability  in  the  linear  regime  (a  few  times  the  electron 
gyroradius).  The  observed  instability  wavelength, 
A=s5.5=fc  1  mm,  appears  to  be  set  by  the  density-gradient  or 
^-field-gradient  length,  which  is  10±3  mm.  One  possible 
explanation  is  that  processes  occurring  on  smaller  plasma 
spatial  scales  might  simply  see  reduced  instability  driving 
fields  and  increased  diffusion  due  to  whatever  is  causing 
the  rapid  magnetic  field  penetration  at  the  plasma  edge.  A 
second  possible  explanation  for  the  observations  is  that 
they  are  made  primarily  in  the  large  amplitude  nonlinear 
regime  and  we  simply  cannot  distinguish  the  short  wave- 
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FIG.  13.  Instability  wavelength  vs  applied  magnetic  field.  The  distance 
between  the  instability  valleys  is  not  sensitive  to  applied  magnetic  field 
strength. 
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FIG.  14.  Flutes  curl  in  electron  EXB  drift  seme.  Note  the  reversal  of 
curvature  sense  when  the  1.0  T  field  is  switched  from  out  of  the  paper 
[(a),  left]  to  into  the  paper  [(a),  tight].  The  curvature  is  also  evident  in 
two-beam  irradiations.  Possible  mechanisms  causing  the  curvature  may 
arise  from  electron  force  FXB  drift  velocity  sheets  from:  (b)  higher 
radial  electric  fields  at  flute  tips  than  bubbles,  or  a  (c)  higher  magnetic- 
field  gradient  in  the  bubble  than  the  flute  tip. 

lengths  that  may  be  present  early  in  the  instability  devel¬ 
opment.  Computer  simulations  suggest  that  coalescence 
occurring  in  the  nonlinear  phase  leads  to  the  longer  wave¬ 
lengths  observed.  *’1S’20  Still  another  possible  explanation  is 
that  another  instability  actually  sets  in  earlier  than  the 
LLR  instability  in  the  plasma  expansion  and  causes  a  long 
wavelength  to  grow.  When  the  critical  radius  for  LLR- 
instability  onset  is  crossed,  the  observed  wavelength  mode 
already  present  is  amplified,  much  like  a  test  wave,  and 
dominates  the  spectrum.  For  instance,  possible  early-time 
instabilities  include  the  lower-hybrid  drift  instability,41  the 
modified-two-stxcam  instability,42  and  the  electron-ion- 
hybrid  shear  instability.4**4*  Although  the  wavelength  of 
these  modes  are  short,  they  would  develop  very  early  in 
time  and  have  mode  numbers  comparable  to  those  ob¬ 
served  at  LLR  onset  More  research  is  needed  to  clarify 
these  conjectures. 

Z  NonHntmr  phase 

After  the  brief  period  of  linear  growth,  when  the  flute 
amplitude  exceeds  the  wavelength,  the  flute  amplitude 
grows  approximately  linearly  in  time  at  the  free-streaming 
rate,  as  seen  in  Figs.  7  and  11.  In  addition  to  the  plasma 
flutes  growing  very  large  as  they  cut  across  the  magnetic 
field,  the  nonlinear  phase  exhibits  other  interesting  behav¬ 
ior. 

The  flutes,  particularly  at  the  higher  magnetic  field 
strengths,  frequently  show  a  slight  curvature  when  viewed 
end-on  to  the  field  lines.  Figure  14  shows  examples  of  this 
curvature,  two  one-sided  irradiation  shots  with  oppositely 
directed  magnetic  fields,  and  a  more  symmetric  two-sided 
irradiation  case.  The  flute  curvature,  which  is  not  sensitive 


to  gross  expansion  symmetry,  curls  in  the  electron- 
cyclotron,  or  electron  EXB  drift,  sense.  It  reverses  with 
magnetic  field  direction.  It  has  not  as  yet  been  determined 
whether  the  curl  arises  from  the  flute  tips  moving  upward 
or  the  bubble  region  downward.  (Similarly  appearing  cur¬ 
vature  is  seen  in  some  computer  simulations  of  the  insta¬ 
bility,  however  it  is  frequently  in  the  opposite  sense  to  that 
observed.)  Two  mechanisms  that  could  cause  the  observed 
flute  curvature  are  illustrated  in  Figs.  14(b)  and  14(c). 
The  electric-field  gradient  mechanism,  sketched  in  Fig. 
14(b),  would  occur  if  the  radial  electric  field  which  drives 
the  LLR  instability  is  higher  at  the  tips  than  in  the  bubble 
regions;  this  would  cause  a  shear  in  the  electron  drift  and, 
hence,  properly  curved  flutes  (flute  tips  move  upward  in 
this  model ).  A  depressed  electric  field  in  the  bubble  region 
might  occur  due  to  shielding  of  the  plasma  flutes  on  each 
side  and  the  presence  of  low-density  plasma  in  the  bubble 
region.  Electron  EXB  drift  motion  in  the  plasma  front 
may  also  explain  the  flute  curvature.  Both  the  direction 
and  the  approximate  magnitude  ( —0.2  v„)  of  the  velocity 
drift  necessary  for  this  instability,  as  described  later,  are 
consistent  with  the  experimental  observations.  The  other 
possibility  considered,  the  magnetic-field  gradient  mecha¬ 
nism,  is  also  due  to  electron-drift  velocity  shear  but,  as 
depicted  in  Fig.  14(c),  derived  from  larger  magnetic-field 
gradients  in  the  bubble  than  in  the  tip  region  (bubble  re¬ 
gions  would  move  downward  in  this  case);  however,  the 
observed  B- field  gradients  seem  too  small  for  this  mecha¬ 
nism  to  adequately  account  for  the  observed  curvature. 

Another  interesting  effect  observed,  most  evident  in 
the  nonlinear  stage,  is  the  relatively  constant  instability 
wavelength  (measured  as  the  distance  between  flute  bot¬ 
toms)  noted  earlier.  We  discussed  possible  reasons  wby  the 
observed  instability  wavelength  is  larger  than  predicted. 
But,  why  does  the  initial  wavelength  persist  as  the  plasma 
expands  outward,  when  one  might  expect  the  effective 
mode  number  (m=2irR/A.)  to  be  fixed  instead?  Two  ef¬ 
fects  tend  to  maintain  a  constant  wavelength  in  the  system. 
The  most  curious  process  is  the  bifurcation  or  splitting  of 
flute  tips.  A  secondary  effect  seen  in  asymmetric  expansion 
geometry  is  a  gentle  curvature  of  the  flutes  toward  the 
target  normal  with  distance. 

The  above  effects  were  initially  noted  by  placing  wit¬ 
ness  plates  (black  Polaroid  film)  perpendicular  to  the  mag¬ 
netic  field  a  few  centimeters  to  one  side  of  single-side  illu¬ 
minated  targets.  Time-integrated  impressions  of  the  plasma 
running  down  the  field  lines  etched  the  surface  of  the 
plates.  Flutes  were  observed  beyond  8  cm  from  the  target 
normal  on  these  films.  Long  spikes  that  curve  toward  the 
midplane  were  recorded  on  the  witness  plates;  additional 
projections  formed  toward  the  sides  of  the  pattern  with 
increasing  distance  from  the  source.  Several  instances  of 
flute  splitting  (bifurcation)  were  also  seen.  Flute  curva¬ 
ture,  formation  of  new  flutes  at  the  sides,  and  bifurcation 
evidently  permit  the  instability  wavelength  to  remain  fixed 
near  L„  or  Lb.  The  effective  instability  mode  number 
therefore  increases  with  radius.  Now  the  question  is:  Is  the 
same  thing  happening  in  the  more  symmetric  two-sided 
irradiation  shots,  that  have  no  preferred  expansion  direc- 
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FIG.  1 5  Flute-tip  bifurcation  and  division.  Example  of  a  1 .0  T  two-sided 
target  irradiation  at  90  nsec  whose  flute  tips  are  undergoing  division. 
Possible  modes  of  division  are  shown  schematically  on  the  right. 


tion?  A  qualified  answer  is  that  in  moderately  symmetric 
expansion  cases  flute  tip  division  also  occurs.  Figure  IS 
shows  an  example  of  flute  splitting  obtained  with  the  time- 
resolved  optical  imager  along  with  an  illustration  of  two 
possible  modes.  To  our  knowledge,  plasma  instability  bi¬ 
furcation  has  rarely,  if  ever,  been  seen  in  the  laboratory. 

The  mechanism  of  flute  division  has  and  the  mecha¬ 
nisms  have  not  been  definitively  identified,  but  several  pos¬ 
sibilities  come  to  mind.  A  relatively  simple  explanation 
may  be  that  when  the  wavelength  exceeds  the  “natural” 
instability  wavelength,  determined  by  the  gradient  length 
at  the  radial  diverging  plasma  front,  the  LLR  instability 
generates  new  flutes  to  form  in  between  the  existing  flutes. 
Another  factor  that  may  promote  bifurcation  is  the 
V  •  property  of  the  LLR  instability.  As  we  shall  show 
later,  2-0  computer  simulations  found  splittinglike  struc¬ 
tures  forming  on  the  LLR  flutes  in  contrast  to  pure  MHD 
flutes  simply  exhibiting  the  usual  Kelvin-Helmholtz-like 
rotational  curl-up  of  the  flute  tips.  Still  another  possible 
origin  of  bifurcation  stems  from  the  observation  that  each 
free-streaming  flute  tip  may  eventually  behave  like  an  in¬ 
dependent  cross-field  plasma  jet.  Jets  are  driven  across 
magnetic  fields  by  the  same  sort  of  EXB  force  that  drives 
the  LLR  instability;  curved  and  fringe  E-field  lines  tend  to 
deflect  the  plasma  near  the  leading  edge  into  a  wedge  shape 
in  both  low-#  (#<1 )  jets49  and  moderate-#  (#>  1 )  jets.50 
In  both  cases,49'50  the  jet  boundaries  were  unstable  to  the 
nonlocal  velocity  drift  (EIH)  instability  with  k  perpendic¬ 
ular  to  B  and  parallel  to  Vd.  However,  no  gross  splitting 
perpendicular  to  Vd,  is  observed  in  the  present  experi¬ 
ments.  Nonetheless,  plasma  jetting  across  magnetic  fields  is 
a  relatively  unexplored  topic  and  more  investigation  is 
clearly  warranted. 

3.  Energy  dependence 

The  plasma  energy  content  affects  the  gross  features  of 
its  expansion  across  a  magnetic  field.  For  one  thing,  the 
magnetic  confinement  radius  is  a  function  of  the  plasma 
energy  content,  Rb<x.Expn.  Radius  versus  time  characteris¬ 
tics  also  depend  upon  whether  the  increased  plasma  energy 
content  is  due  to  additional  mass  or  velocity.  Nominally 


FIG.  16.  Instability  characteristics  with  varying  plasma  energies.  These 
are  two-sided  irradiations  ( except  for  the  lower-nght  highest  energy  shot ) 
in  a  1.0  T  magnetic  field. 

the  LLR  instability  is  predicted  to  have  little  dependence 
upon  plasma  energy  except,  perhaps,  through  its  onset  cri¬ 
teria,  Eq.  (7),  or  the  density-gradient  length  if  it  is  a  func¬ 
tion  of  energy.  Here  we  constrain  ourselves  to  the  cases  in 
which  the  expansion  remains  very  sub-Alfvenic. 

Figure  16  shows  a  set  of  1.0  T  field  shots  in  which  the 
incident  laser  energy  on  target  ranged  from  4  to  376  J.  The 
radial  extent  of  the  main  bulk  plasma  approximately  fol¬ 
lows  the  expected  E'/3  dependence.  Signs  of  the  flute  in¬ 
stability  are  seen  in  all  these  images,  although  its  appear¬ 
ance  varies  considerably.  The  LLR-instability  onset 
condition,  Eq.  (7),  has  both  an  explicit  and  implicit  func¬ 
tional  dependence  upon  plasma  energy.  The  implicit  de¬ 
pendence  is  in  the  total  plasma  mass,  M,  which,  as  men¬ 
tioned  earlier,  has  an  I02  times  focal-area  functional 
dependence.  The  net  result  is  that  all  the  shots  in  Fig.  16, 
including  the  lowest  energy  shot  (4  J),  satisfy  Eq.  (7)  and 
are  predicted  to  be  unstable.  Additional  experiments  are 
required  to  verify  whether  a  minimum  plasma  energy  is 
required  for  instability  as  predicted  by  Eq.  (7).  The  insta¬ 
bility  wavelength  is  not  a  strong  function  of  plasma  energy, 
presumably  because  the  density-gradient  lengths  are  com¬ 
parable  at  all  four  energies. 

4.  Line-tying  effects 

We  now  try  to  address  the  question  of  whether  the 
LLR  instability  can  be  suppressed  if  the  magnetic-field-line 
ends  were  line  tied,  i.e.,  anchored  in  a  good  conductor. 
Line  tying  has  been  proposed  to  stabilize  interchange  in¬ 
stabilities  in  open-ended  fusion  systems,  such  as  mirror 
machines,  in  the  MHD  limit51  and  later  extended  to  in¬ 
clude  effects  of  lowered  conductivity  due  to  sheath 
formation,52  finite  Larmor  radius  effects,53  and  surface  line 
tying.54  No  line-tying  theory  has  been  formulated  in  the 
large  Larmor  radius  limit  as  yet.  Natural  physical  situa- 
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FIG.  1 7.  Quenching  of  the  LLR  instability  due  to  collisions  with  background  gas  and  plasma.  All  signs  of  instability  disappear  above  1  SO  raTorr  H;  when 
collisions!  effects  appear,  such  as  blasMvave  formation  (30  J,  B=0. 1  T.  hydrogen  gas,  (=  ISO  nsec). 


tions  in  which  this  instability  might  be  affected  by  having  a 
highly  conducting  region  nearby  include  the  F  layer  of  the 
Earth’s  ionosphere  or  solar  corona.  We  could  not  demon¬ 
strate  the  line  tying  in  our  experiments,  but  we  did  gain 
some  insight  into  it. 

A  first  attempt  to  look  for  line-tying  effects  was  made 
by  shorting  out  one  side  of  the  magnetic  field  lines  with  a 
copper  disk  and  allowing  the  other  side  to  remain  open. 
The  shorting  plate  was  placed  perpendicular  to  the  mag¬ 
netic  field  lines  and  displaced  about  5  cm  from  the  target. 
The  plasma  expansion  dynamics  were  viewed,  as  usual, 
along  the  free  field-line  side.  We  took  shots  with  the  plate 
bare  and  grounded,  bare  and  floating,  insulated  and 
grounded,  and  insulated  and  floating.  The  insulation  was 
witness-plate  paper  placed  on  the  target  side  of  the  plate  to 
allow  visualization  of  time-integrated  structure  at  the  plate. 

However,  the  instability  was  not  quenched  by  the  con¬ 
ducting  plate  in  any  of  our  shots.  The  flaw  in  this  line-tying 
experiment  may  be  that  the  plasma  does  not  sense  the 
highly  conductive  metal  plate,  but  rather  is  insulated  from 
it  by  the  plasma  sheath  that  forms  in  front  of  it.:2  Sheath 
resistivity  has  hampered  similar  line-tying  experiments 
elsewhere.55  Heated  electron  emissive  endplates  would 
overcome  the  sheath  complication,  but  doing  this  was  out¬ 
side  the  scope  of  the  present  study.  A  more  detailed  inves¬ 
tigation  of  line-tying  effects  is  needed. 


5.  Background  plasma  offsets 

Thus  far  we  have  been  studying  a  single  plasma  com¬ 
ponent  expanding  into  a  magnetic  field.  Here,  we  introduce 
a  second  magnetized  plasma  through  which  the  laser- 


produced  plasma  expands.  We  look  for  effects  of  plasma 
collisionality,  increased  VgJVK>  and  cold  plasma  line  ty¬ 
ing  on  the  instability. 

The  background  plasma  is  produced  by  bleeding  gas 
into  the  target  chamber  and  allowing  the  radiation  from 
the  laser-target-plasma  interaction  to  photoionize  the  sur¬ 
rounding  gas.  The  production  process  and  properties  of  the 
photoionized  plasma  are  described  in  detail  elsewhere.5* 
The  photoionized  ambient  plasma  is  fully  ionized  within  a 
few  millimeters  of  the  target  and  has  an  ionization  fraction 
decreasing  as  R~2  beyond  it;  at  1  cm  from  the  target  the 
fractional  ionization  is  about  1%  for  our  parameters.  The 
temperature  of  the  photoionized  plasma  is  1  to  2  eV.  The 
applied  magnetic  field  is  imbedded  in  this  plasma  since  the 
field  is  already  present  during  plasma  production.  In  the 
present  studies  hydrogen  (H2)  gas  is  used  at  pressures  up 
to  2  Torr. 

The  interaction  between  the  laser-produced  plasma 
and  an  ambient  photoionized  plasma  has  been  studied  ex¬ 
tensively  both  in  the  absence  of  a  magnetic  field30-31-33  and 
with  a  magnetic  field  present.12,33  In  the  100  to  1  Torr 
range  the  interaction  makes  a  transition  from  collisionless 
to  collisions!  nature.  Collisional  features  include  the  for¬ 
mation  of  a  blast  wave  (energy  and  momentum  conserving 
strong  shock,  also  known  as  a  Sedov  shock).  We  find  that 
the  LLR  instability  quenches  in  the  same  pressure  regime 
that  collisionality  starts  to  affect  the  coupling  between  the 
two  plasma  components.  The  effect  of  increased  back¬ 
ground  gas  pressure  and  collisionality  can  be  seen  in  Figs. 
17  and  18.  With  a  2  raTorr  H2,  gas  fill  the  instability  can 
be  seen  clearly,  its  character  has  not  changed  from  corre¬ 
sponding  vacuum  shots.  At  40  mTorr  the  instability  is  still 
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FIG.  18.  Plasma  expansion  characteristics  vs  background  gas  pressure. 
Plotted  a re  distances  (ram  the  target  of:  slow  target  debris,  inner  and 
outer  extents  of  main  plasma  front,  and  extent  of  spike  tips,  fi,  end 
uncoupled  freely  expanding  plasma  boundary,  0  (23-30  J,  D— 01  T, 
/?,—  1 1  cm.  /— 130  nsec). 


clearly  visible  but  some  energy  has  been  collision  ally  cou¬ 
pled  to  the  H2  gas.  However,  at  ISO  mTorr  pressure,  a 
weak  blast  wave  forms  and  the  instability  structure  is  al¬ 
most  washed  out.  Although  the  coupling  is  still  not  totally 
collisions!  at  300  mTorr  as  evidenced  by  the  presence  of 
free-streaming  target  plasma,  the  LLR  instability  is  com¬ 
pletely  quenched.  At  still  higher  pressures  collisions  dom¬ 
inate  the  interaction  and  only  sharp  smooth  blast  waves  are 
observed.  The  general  observations  that  collisions  act  to 
stabilize  the  LLR  instability  are  consistent  with  the  theo¬ 
retical  finding  earlier  in  the  paper.  Recall  that  collisional 
stabilization  occurs  if  plasma  is  in  the  cold  ion  limit,  where 
the  ion  thermal  speed  is  small  compared  to  the  plasma  drift 
due  to  the  gravitational  acceleration  (i.e.,  </,  <  Kf).  An  in¬ 
teresting  extension  of  the  present  experiments  would  be  to 
warm  the  ions  to  the  point  where  the  instability  is  pre¬ 
dicted  to  destabilized  according  to  theory.13 

A  second  effect  of  adding  a  plasma  background  in 
front  of  the  expanding  laser  plasma  is  that  the  effective 
Mach  number  of  the  expansion  is  increased.  In  a  vacuum 
or  very  low  density  plasma,  the  ratio  VA  is  very  small 
and  the  expansion  is  subsonic.  In  this  case,  the  regime  of 
primary  interest  in  this  paper,  there  b  little  magnetic  field 
compression  ahead  of  the  expansion  front.  Additionally, 
most  interactions  tend  to  be  electrostatic  as  opposed  to 
electromagnetic.  As  the  background  density  b  raised,  how¬ 
ever,  the  expansion  can  approach  sonic  or  even  supersonic 
conditions.  The  whole  interaction  may  be  totally  changed 
from  subsonic  conditions.  Higher  Mach-number  regimes 
will  be  the  subject  of  future  investigation.  In  the  present 
experiment,  our  opinion  b  that  the  quenching  of  the  insta¬ 
bility  b  a  consequence  of  collisional  effects  and  not  due  to 
finite  or  supersonic  expansion  effects.  This  b  because  the 
fractional  ionization  b  too  low  in  the  present  experiment  to 
lower  VK  to  the  order  of  V#.  Experiments  to  uniformly 
ionize  s  large  volume  of  gas  surrounding  the  target  to  in¬ 
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FIG.  19.  Later  pleura  expansion  2-D  MHD  ooapw  ■— larinaa  »- 
riaritns  Hall  term.  Density  contours  are  shown  at  ubms  22,  46,  and 


dependency  vary  VK  should  provide  additional  clarifica¬ 
tion. 

IV.  ADDITIONAL  THEORY  AND  SIMULATIONS 
SUPPORTING  EXPERIMENT 

In  this  section  we  show  results  from  computer  simula¬ 
tions  of  the  LLR  instability  that  help  clarify  and  interpret 
some  of  the  experimental  observations. 

A  description  of  the  computer  code  used  to  simulate 
the  LLR  instability  in  the  experiment  b  in  the  Appendix. 
A  gray-scale  contour  plot  of  the  plasma  density  from  the 
simulation  b  shown  in  Fig.  19  at  times  22, 46,  and  62  nsec. 

Black  corresponds  to  the  maximum  density  n _ ss2X  1014 

cm-3  while  white  corresponds  to  the  ambient  density 
«oss5xlOu  cm-3.  At  22  nsec  the  initial  perturbation  in 
the  density  b  already  apparent.  At  46  nsec  the  expanding 
density  shell  has  thinned  and  structuring  has  begun.  The 
number  of  density  enhancements  b  consistent  with  the  ini¬ 
tial  mode  number  ( 16)  of  the  perturbation.  At  62  nsec  the 
instability  b  in  the  nonlinear  phase.  There  b  significant 
distortion  of  flute  tips  indicated  by  the  curvature  of  the 
flutes  caused  by  the  Hall  term.  The  sense  of  the  curvature 
b  opposite  to  the  experimental  observations  however.  Two 
other  comments  are  in  order.  First,  simulations  were  also 
performed  using  a  colder  Gaussian  plasma  distribution 
(vrt>5x  106  cm/sec).  For  thb  situation  the  instability  de¬ 
veloped  faster  and  with  a  higher  mode  number  (m~32). 
Thb  b  behavior  b  consistent  with  earlier  simulations  of  the 
CRRES  barium  releases  which  found  the  shortest  wave¬ 
length  modes  to  dominate  the  early  dynamics  of  the 
expansion.57  Second,  simulations  were  also  performed  with 
the  Hall  term  arbitrarily  turned  off.  The  expanding  plasma 
did  not  structure  noticeably  and  the  plasma  reached  a  max¬ 
imum  radius  of  about  2.9  cm  before  recompressing.  Thb  b 
consistent  with  the  theoretical  stopping  dbtance  2.8 
cm.  When  parameters  are  adjusted  to  allow  the  MHD  (no 
Hall  term)  Rayleigb-Taylor  instability  development  it  ex¬ 
hibits  substantial  rotational  flow  characteristics,  including 
the  eventual  Kelvin-Helmhoitz  roll-up  of  the  flute  tips.  On 
the  other  hand,  in  the  nonlinear  regime  of  the  LLR- 
Rayleigb-Taylor  instability  the  initial  plasma  dumps 
evolve  into  long,  slender  st nations,  such  as  observed  in  the 
experiment. 
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Finally  detailed  2-D  Hall  MHD  simulations  of  the 
CURES  G-4  and  G-10  barium  releases  in  the  magneto¬ 
sphere  were  described  by  Hubs  etal *.  In  both  cases  the 
plasma  rapidly  structured,  mode  coalescence  occurred 
forming  larger  scale-size  plasma  blobs  that  could  free- 
stream  across  the  magnetic  field  through  EXB  drift.  The 
magnetic  field  also  developed  structure  obtained  from  the 
simulations  was  shown  to  be  in  good  agreement  with  in- 
situ  magnetometer  data.57 

V.  SUMMARY  AND  DISCUSSION 

We  have  experimentally  demonstrated  linear  and  non¬ 
linear  properties  of  a  robust  flutelike  instability  in  the  im¬ 
portant  regime  of  large  ion  Larmor  radius  and  sub- 
Alfvenic  expansion  speed.  The  instability  has  many  of  the 
features  predicted  by  modified  MHD  and  kinetic  theories 
and  computer  simulations.  The  LLR  instability  onsets  at  a 
critical  radius  that  is  insensitive  to  magnetic  field,  even 
though  the  growth  rate  is  a  strong  function  of  magnetic 
field.  The  instability  onset  can  occur  well  before  the  plasma 
front  reaches  its  maximum  deceleration,  near  the  magnetic 
confinement  radius.  The  growth  rate  during  the  brief  linear 
phase  was  measured  to  be  consistent  with  LLR-instability 
theoretical  prediction,  which  is  much  higher  than  the  cor¬ 
responding  MHD- regime  growth  rate.  The  wavelength  of 
the  instability  is  slightly  less  than  the  density  or  magnetic- 
field  gradient  lengths.  When  the  flute  amplitude  ap¬ 
proaches  the  density-gradient  length  the  instability  goes 
into  the  nonlinear  regime.  Here,  the  flute  tips  subsequently 
free-stream  with  a  speed  nearly  that  of  the  initial  plasma 
expansion  speed.  The  nonlinear  regime  has  some  very  un¬ 
usual  features.  The  flute  tips  tend  to  curl  in  the  electron 
EXB  drift  direction,  perhaps  due  to  a  drift  velocity  shear 
caused  by  nonuniform  radial  electric  fields.  Even  more 
striking  is  the  observation  that  the  instability  wavelength 
tends  to  remain  fixed  at  approximately  the  density  scale 
length  with  most  parameter  changes.  A  mechanism  that 
allows  this  to  occur  is  bifurcation  or  division  of  the  flutes 
that  sets  in  when  the  wavelength  tends  to  expand  beyond 
L„ .  Collisions  quench  the  instability,  but  attempts  to  short 
out  field  lines  (magnetic-field  line  tying)  on  one  side  of  the 
plasma  expansion  failed  to  suppress  the  instability. 

Many  of  the  predictions  and  observations  in  these  ex¬ 
periments  agree  with  current  theory  and  simulation  of  the 
LLR  instability.  It  is  concluded  that  the  LLR  instability  is 
the  predominant  mechanism.  It  may  be  possible  that  an¬ 
other  instability  occurs  early  in  the  expansion  that  seeds 
the  dominant  instability  wavelength.  Even  so,  many  unre¬ 
solved  issues  remain.  It  is  also  important  to  extend  these 
studies  into  other  important  regimes.  For  instance,  a  sys¬ 
tematic  investigation  in  which  the  ion  Larmor  radius  is 
reduced  to  the  order  of  the  density  gradient  length  would 
examine  the  transition  from  the  large- Larmor  radius  re¬ 
gime  into  the  finite- Larmor  radius  regime,  where  consid¬ 
erably  different  behavior  is  expected.  Addition  of  a  uniform 
high-density  plasma  in  the  expansion  region  would  allow  a 
systematic  transition  across  the  sonic-supersonic  expan¬ 
sion  regimes.  A  thorough  study  of  the  onset  criteria  for 
these  instabilities  would  be  important.  Finally,  the  nonlin¬ 


ear  stage  of  the  LLR  instability  exhibits  some  very  unusual 
behavior  that  has  some  resemblance  to  cross-field  jetting  of 
plasmas.  This  phenomenon  should  also  be  explored  in 
greater  depth. 
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APPENDIX:  2-0  MHD  COMPUTER  SIMULATION 
INCLUDING  HALL  TERM 

The  simulations  are  based  upon  the  following  set  of 
one  fluid  equations 


(Ala) 

dtt  (B*\ 

(Alb) 

SB  _ _ VX(jXB) 

jrVX(uXB)-  ^  , 

(Ale) 

where  u  is  the  center  of  mass  velocity,  m,  is  the  ion  mass, 
and  j  is  the  current  density.  The  isothermal  equation  of 
state  is  chosen  for  simplicity.  Equations  (Al)  are  derived 
directly  from  the  ion  and  electron  Vlasov  equations  under 
the  following  assumptions.9  We  assume  (1)  pJLK<\  and 
1  (i.e.t  the  electrons  are  strongly  magnetized),  (2) 
the  electron  and  ion  pressure  tensors  are  isotropic,  (3)  the 
electron  and  ion  fluids  are  isothermal  with  T=Te+T,, 
and  (4)  the  Debye  length  is  very  small.  The  final  term  in 
Eq.  (Ale)  is  the  Hall  term. 

Equations  (Al)  are  solved  numerically  on  a 
cylindrical-like  grid  with  (rx  0)  resolution  of  50x40.  The 
grid  is  uniform  in  the  r  direction  for  40  grid  cells;  the  final 
ten  grid  cells  are  stretched.  We  consider  plasma  motion 
only  in  the  plane  transverse  to  the  magnetic  field 
(B=  Be,).  Hard  wall  conditions  are  used  for  the  inner  r 
boundary,  zero  gradient  conditions  are  used  for  the  outer  r 
boundary,  and  periodic  boundary  conditions  are  used  in 
the  0  direction.  The  mesh  in  the  6  direction  ranges  from  0* 
to  90*.  The  mesh  size  is  chosen  such  that  no  field  or  density 
disturbances  reach  the  outer  boundary.  The  algorithm  used 
solves  Eqs.  (Al )  in  conservation  form  using  a  total  varia¬ 
tion  decreasing  (TVD)  nonlinear  switch  between  a  first- 
order  transport  scheme  and  an  Adams-Bashforth,  cen¬ 
tered  eighth-order  spatial  scheme. 

In  order  to  make  quantitative  comparisons  with  the 
experiments,  the  mass  of  the  expanding  plasma  is  scaled  so 
the  magnetic  confinement  distance  (Rb)  is  the  same  for 
both  2-D  cylindrical  and  3-D  spherical  expansions.  The 
difference  between  the  3-D  and  2-D  expansions  is  simply 
geometrical  and  is  due  to  the  scaling  of  magnetic  energy. 
We  find  that  ff4=(3fl/F2t/ffo),/3  'n  three  dimensions; 
however,  Rb=  {AMV^Bq)  1/2  in  two  dimensions.  Thus, 
the  mass  in  the  simulations  is  chosen  to  be 
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M*={3MB0/8Vdo)2/i.  Although  this  choice  of  mass  will 
allow  the  2-0  code  to  provide  the  appropriate  length  and 
time  scales  for  the  evolution  of  the  diamagnetic  cavity, 
there  is  a  significant  difference  between  2-D  and  3-D  ex¬ 
pansions  that  cannot  be  removed  by  scaling  arguments:  the 
radial  dependence  of  the  deceleration.  The  effective  gravity 
felt  by  the  expanding  plasma  is  B&R2/2M  for  a  3-D 
spherical  expansion,  while  it  is  ga=^BoR/4M  for  a  2-D 
cylindrical  expansion.  Thus,  the  2-D  simulation  model 
does  not  predict  the  same  onset  radius  and  time  of  insta¬ 
bility  as  the  3-D  model. 

The  initial  velocity  distribution  of  the  expanding 
plasma  is  a  drifting  Gaussian  with  =6xl07  cm/sec 
and  v,t=  1  X 107  cm/sec.  The  minimum  velocity  included 
in  the  calculation  is  uoun=3x  107  cm/sec  and  the  maxi¬ 
mum  velocity  used  is  vmtx—9x  107  cm/sec.  The  simula¬ 
tions  start  at  t—t0  and  the  inner  boundary  is  given  by 
ri=vmmh-  The  plasma  is  assumed  to  have  free-streamed 
and  is  deposited  accordingly.  The  magnetic  field  is  initial¬ 
ized  as  follows: 


10,  r<rmlx, 


where  is  the  position  of  maximum  density  (i.e., 
n  —  nmix)  at  the  start  of  the  simulation,  and  n0  is  the  back¬ 
ground  density.  The  parameters  used  in  the  simulation  are 
as  follows:  B0~  10  T,  A/=6.84x  10“4  g  (corresponds  to  a 
mass  of  Af =2x  10~7  g  in  3-D),  Alfvenic  Mach  number 
.\fA=0.1,  c,=  1.0xl0*  cm/sec,  n0=4.7xlOu  cm~\ 
A =28,  Z— 10,  and  t<j=20  nsec.  The  initial  radial  grid  be¬ 
gins  at  0.6  cm  and  extends  to  a  radius  10.9  cm;  the  radial 
grid  is  uniform  for  «,<r<  3.6  cm  with  a  spacing 
Ar=  7.5  X  10-2  cm,  and  has  a  stretched  mesh  with  ten  ra¬ 
dial  grid  cells  for  3.6  cm  <  r  <  10.9  cm.  The  simulation  is 
initialized  with  a  2%  perturbation  of  mode  16  in  the  den¬ 
sity. 
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A  segmented  concentric  Faraday  cup  for  measurement  of  time-dependent 
relativistic  electron  beam  profiles 
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A  multi-element  segmented  concentric  Faraday  collector  has  been  developed  for  measuring 
the  time  evolution  of  the  beam  half-current  radius  (cI/2)  of  an  intense  relativistic 
1  electron  beam.  Each  collector  segment  measures  the  total  current  within  its  radius.  The  data 

analysis  procedure  fits  the  data  from  all  five  segments  at  a  given  time  to  a  prescribed 
beam  profile  and  calculates  al/2  from  the  parameters  of  the  fitted  curves.  The  effect  of  beam 
centroid  offsets  on  the  data  analysis  was  investigated  numerically.  Beam  centroid 
offsets  as  large  as  half  the  beam  radius  produce  only  a  10%  error  in  the  experimental 
measurement  of  al/2.  The  use  of  a  thin  graphite  overlayer  followed  by  range-thick  stainless 
I  steel  reduces  scattering  from  one  collector  element  to  the  next.  The  instrument  has 

been  used  extensively  on  the  Super  IB  EX  relativistic  electron  beam  accelerator  for  measurement 
of  the  half-current  radius  as  a  function  of  time.  Radius  variations  in  excess  of  4:1  have 
been  measured  over  the  duration  of  the  beam  pulse  for  beams  with  5-MeV  energy,  20-kA  peak 
current  and  1-cm  final  half-current  radii. 


area  of  the  collector  to  give  an  average  beam  current  den¬ 
sity  Jb((r),t)  where  (r)  is  the  mean  radius  of  each  seg¬ 
ment.  The  beam  radial  current  profile  can  be  obtained  from 
detailed  analysis  of  the  data  from  all  five  segments.  A  novel 
feature  of  the  instrument  discussed  in  greater  length  below, 
is  that  numerical  analysis  of  the  data  directly  gives  the  time 
evolution  of  the  beam  half-current  radius,  al/2(t),  defined 
as  the  radius  containing  one-half  of  the  total  current. 

II.  DESCRIPTION  OF  THE  INSTRUMENT 

In  its  simplest  incarnation,  a  Faraday  cup  consists  of  a 
single-range-thick  collector  in  which  incident  charged  par¬ 
ticles  are  deposited  and  then  the  collected  current  shunted 
to  ground  through  a  current-measuring  device.5  Other  ver¬ 
sions  of  segmented  Faraday  cups  have  been  used  in  previ¬ 
ous  experiments  to  diagnose  various  relativistic  electron 
beam  parameters.6"12  The  Faraday  collector  reported  here 
is  unique  in  its  geometry,  data  inversion  routines,  and  ca¬ 
pability  to  directly  give  Jb{r,t)  and  al/2(t)- 

The  principal  design  requirement  for  the  instrument 
was  the  ability  to  measure  >4:1  variation  in  the  beam  ra¬ 
dius  over  a  pulse  of  approximately  40  ns  in  duration.  A 
complete  time  history  of  the  beam  radius  required  optimiz¬ 
ing  the  detector  sensitivity  to  be  able  to  measure  large  radii 
early  in  the  beam  pulse  while  retaining  the  ability  to  re¬ 
solve  small  radii  at  later  times.  This  dictated  the  largest 
possible  collector  areas  consistent  with  the  required  spatial 
resolution,  namely,  a  nested  circular  or  concentric  array  of 
collectors.  In  addition,  the  concentric  collector  geometry  is 
a  cost-efficient  alternative  to  the  use  of  multi-element  col¬ 
lectors  on  a  Cartesian  grid  which  would  require  at  least 
twice  the  number  of  collector  segments  and  the  associated 
expensive  high-bandwidth  channel*  to  achieve  the  same 
spatial  resolution  as  obtained  with  the  five-element  concen¬ 
tric  collector.  The  outer  radii  of  the  five  elements  of  the 
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I.  INTRODUCTION 

The  propagation  of  high-current  relativistic  electron 
beams  (£s 5  MeV,  />10  kA)  in  uniform  density  back¬ 
ground  gas  is  relevant  to  a  number  of  applications  includ¬ 
ing  heating  of  magnetically  confined  plasmas,  ion-driven 
inertial  fusion,  strategic  defense  and  basic  particle  acceler¬ 
ator  research.  Stable  propagation  over  any  appreciable  dis¬ 
tance,  however,  is  severely  limited  by  a  convective  insta¬ 
bility  known  as  the  resistive  hose  instability.1  The  growth 
rate  of  the  resistive  hose  may  be  reduced  to  tolerable  levels 
by  introducing  a  temporal  variation  in  the  beam  radius 
thereby  “detuning”  the  instability  between  one  portion  of 
the  beam  and  another.2"4  Measurement  of  the  temporal 
variation  of  the  beam  radius  a{t),  or  more  generally  the 
beam  current  density  profile  Jb(r,t),  is  complicated  by  the 
simultaneous  change  in  the  total  current  as  well  as  the 
radius  necessitating  an  instrument  capable  of  resolving  cur¬ 
rent  densities  over  two  orders  of  magnitude  or  more. 

The  instrument  on  which  we  report  is  a  variation  on  an 
old  theme — a  multielement  Faraday  collector.  The  seg¬ 
mented  concentric  Faraday  collector  (SCFC)  discussed 
here  consists  of  a  central  range-thick  cylinder  surrounded 
by  four  range-thick  collecting  rings.  Each  collector  seg¬ 
ment  measures  the  total  current  enclosed  within  its  radius. 
Figure  1  shows  the  current  within  the  five  segments  for  an 
intense  relativistic  electron  beam  (/=  IS  kA,  E~5  MeV) 
produced  by  the  Naval  Research  Laboratory  (NRL)  Su- 
perlBEX  accelerator.  The  Faraday  collector  was  placed 
immediately  downstream  of  a  10  cm  diameter,  40-cm-long 
low-pressure  gas  cell  filled  with  3-10  mTorr  of  argon.  The 
current  in  each  collector  segment  can  be  normalized  to  the 
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FIG.  1.  Time  dependence  of  the  current  collected  within  each  of  the  five 
concentric  Faraday  collector  segments  designated  SFC1  (inner  collector) 
through  SFCS  (outer  collector).  This  data  was  taken  from  an  intense 
relativistic  electron  beam  (J~  15  kA,  E=  5  MeV)  produced  by  the  NRL 
SuperlBEX  accelerator. 

segmented  concentric  Faraday  collector  are,  respectively: 
0.76,  1.67, 2.59,  3.50,  and  4.62  cm.  A  schematic  diagram  of 
the  five-element  segmented  concentric  Faraday  collector  is 
shown  in  Fig.  2(a). 


FIG.  2.  (a)  Top  view  of  the  five-element  segmented  concentric  Faraday 
collector  (SCFC)  giving  the  diameters  of  each  collector  segment;  (b) 
cross-sectional  view  of  the  SCFC  consisting  of  a  3-ram  graphite  over  layer 
followed  by  a  22-mm-range-thick  layer  of  stainless  steel.  The  thin  graphite 
layer  reduces  surface  damage  and  secondary  electron  production,  while 
the  thicker  stainless-steel  layer  captures  the  electrons  in  each  Faraday 
collector  segment  with  only  minimal  scattering  from  one  to  the  next. 


At  the  beam  energies  used  in  the  present  experiments, 
there  are  distinct  advantages  to  the  use  of  a  thin  layer  of 
low-Z  material  such  as  graphite  followed  by  a  thicker 
range-thick  layer  of  a  higher-Z  material  such  as  stainless 
steel.  The  initial  graphite  layer  is  especially  important  at 
high  currents  for  limiting  surface  damage  due  to  melting 
and  spalling.  The  graphite  also  suppresses  secondary  elec¬ 
tron  emission  which  can  give  erroneous  values  for  the  mea¬ 
sured  incident  beam  current.  The  subsequent  thicker  high- 
Z  material  captures  the  incident  beam  electrons  in  the 
shortest  possible  distance  preventing  intra-element  scatter¬ 
ing  and  thereby  preserving  the  spatial  resolution  of  the 
instrument  as  discussed  below.  In  the  final  design,  a  thin 
layer  of  graphite  (3  mm)  was  used  on  each  collector  face 
followed  by  thick  (22  mm)  stainless-steel  cylinders  or 
rings.  A  cross  section  of  the  five-element  Faraday  collector 
showing  the  composite  graphite  and  stainless  steel  design  is 
shown  in  Fig.  2(b).  As  discussed  below,  this  design  was 
found  experimentally  and  theoretically  to  greatly  reduce 
scattering  between  collector  segments  as  compared  with 
collectors  made  entirely  of  range-thick  graphite. 

Each  element  is  separated  by  0.5  mm  from  adjacent 
elements  and  electrically  isolated  with  5-mil  Kapton  insu¬ 
lation.  The  cha-.ge  deposited  in  each  element  is  then  sepa¬ 
rately  shunted  to  ground  through  an  array  of  nested 
Rogowski  coils.  Five  Rogowski  coils  are  mounted  within 
concentric  grooves  in  an  aluminum  base  plate  to  which  all 
the  collector  segments  are  attached  as  shown  in  Fig.  3.  The 
nth  Rogowski  coil  from  the  center  measures  the  total  cur¬ 
rent  enclosed  within  the  first  n  segments.  The  output  of 
each  Rogowski  coil  is  digitized  on  a  Tektronix  7912  A  or  B 
digitizer  at  a  GHz  sample  rate. 

The  Faraday  collector  is  placed  in  a  high  vacuum  en¬ 
closure  centered  with  respect  to  the  nominal  beam  axis. 
There  is  a  1.5-mil-thick  titanium  entrance  foil  5  mm  from 
the  front  surface  of  the  collectors.  The  combination  of  the 
high  vacuum  and  the  presence  of  a  foil  which  is  range  thick 
for  any  low-energy  plasma  electrons  associated  with  the 
return  current  enable  the  Faraday  collector  to  measure  the 
true  beam  current  rather  than  the  net  current  (beam  cur¬ 
rent  minus  the  plasma  return  current).  The  Faraday  col¬ 
lector  diagnostic  can  be  placed  at  any  axial  position  in  the 
beam  line. 

III.  CALIBRATION 

The  Rogowski  coils  were  made  by  hand  winding  mag¬ 
net  wire  onto  RG-174  cable  that  had  been  stripped  of  its 
outer  braid.  The  winding  ends  were  then  soldered  to  the 
center  conductor  and  the  outer  braid  of  the  cable  and  in¬ 
sulated  with  shrink  tubing.  SMA  connectors  were  attached 
to  the  coil  before  potting  the  coils  in  the  aluminum  base 
plate  with  low  viscosity  epoxy.  The  time  response  of  the 
coils  was  tested  by  observing  their  response  as  a  cable  ter¬ 
mination  using  time-delay  reflectometry.13  The  measured 
time  response  of  the  coils  was  in  excess  of  350  MHz. 

The  calibration  of  the  five  Rogowski  coil  array  used  in 
the  segmented  concentric  Faraday  collector  was  performed 
on  the  same  5-MeV  SuperlBEX  electron  beam  accelerator 
as  used  in  the  experiments.  A  single  large-element  Faraday 
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FIG.  3.  A  half-inch  thick  aluminum  base  plate  contains  the  five  Rogowski 
coils  mounted  within  concentric  grooves  (shaded  grey  in  the  figure) .  The 
nth  Rogowski  coil  from  the  center  measures  the  total  current  enclosed 
within  the  first  n  segments.  The  smaller  through  holes  arranged  on  the 
vertical  and  horizontal  axis  are  for  mounting  the  five  Faraday  collector 
segments  to  the  base  plate.  The  four  through  holes  on  the  same  pattern 
outside  the  fifth  Rogowski  coil  groove  are  for  vacuum  pumpout  of  the 
collector  segment  array  from  the  back  of  the  base  plate.  The  five  holes  on 
a  diagonal  are  for  the  Rogowski  coil  outputs  to  SMA  connectors  on  the 
rear  of  the  base  plate.  The  eight  through  holes  towards  the  edge  of  the 
plate  are  for  mounting  the  assembled  detector  plate  and  Faraday  collector 
array  to  the  vacuum  enclosure. 


collector  consisting  of  range-thick  graphite  was  con¬ 
structed  for  the  purpose  of  calibrating  the  five  nested 
Rogowski  coils.  The  outer  diameter  of  the  calibration  Far¬ 
aday  cup  was  approximately  equal  to  the  diameter  of  the 
outermost  multi-element  Faraday  collector.  All  the  current 
collected  in  the  large  single-element  Faraday  cup  was 
shunted  to  ground  through  the  center  of  the  coil  array  thus 
insuring  that  all  five  concentric  Rogowski  loops  measured 
the  same  input  current  The  current  on  each  of  the 
Rogowski  loops  was  then  compared  with  current  monitors 
1.3  cm  upstream  of  the  Faraday  collector.  The  coil  sensi¬ 
tivity  for  the  five  coils  ranged  from  2.8  kA/V  for  the  center 
collector  to  4.2  kA/V  for  the  outermost  collector  with  an 
average  error  of  less  than  ±  3%  of  the  calibration  value  for 
all  five  coils. 


IV.  DATA  ANALYSIS  PROCEDURE 

A  data  analysis  procedure  was  developed  to  obtain  the 
time  dependence  of  the  electron  beam  half-current  radius 
a1/2(f),  defined  as  the  radius  containing  half  of  the  total 
instantaneous  current  Expressions  for  the  half-current  ra¬ 
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FIG.  4.  The  raw  data  from  the  five  Faraday  collector  segments  at  a  "w 
f  s46  ns  is  fit  to  analytic  expressions  for  the  total  current  endoacd  within 
a  given  radius  J(r0)  for  both  a  Gaussian  and  a  Bennett  current  density 
profile.  There  is  a  10%  difference  in  the  value  of  the  total  current  deter¬ 
mined  by  the  Gaussian  and  Bennett  fits,  but  less  than  5%  difference  in  the 
value  of  the  half-current  radius  given  by  the  two  fits. 

dius  can  be  obtained  from  standard  analytic  models  of  cy¬ 
lindrical  beam  equilibria  such  as  Gaussian  and  Bennett 
profiles.14"16 

The  current  density  for  a  centered  Gaussian  profile  is 
given  by 

J(r) -JQ exp(  -  rVaG)  ,  (I) 

where  ac  is  the  Gaussian  radius.  The  total  current  col¬ 
lected  within  a  radius  r0  is  given  by 

Hr0)  =/0[  1  -  exp(  -  rl/cic)  ]  ,  (2) 

where  I0  =  J0ira^  is  the  total  beam  current.  The  half-cur¬ 
rent  radius  can  be  obtained  directly  from  the  equation  for 
the  total  current  and  is  given  by  am  =  aG(ln  2)l/1.  In  a 
beam  with  a  centered  Bennett  current  density  profile 

/OWoH +  ('*/«*>  1“2.  »> 

the  total  current  collected  within  a  radius  r0  is 

/(r0)=/0/i/(4+'o)>  (4) 

where  aais  the  Bennett  radius,  /0  =  Jaira2g  is  the  total  beam 
current,  and  the  half-current  radius  ain  =  ag. 

The  half-current  radius  at  a  given  time  t0  is  obtained  by 
fitting  a  Gaussian  or  Bennett  profile  from  Eq.  (2)  or  Eq. 
(4)  above  to  the  instantaneous  values  of  the  currents  in  the 
five  Faraday  collector  segments.  A  computer  program 
which  fits  the  data  in  nanosecond  increments  was  written 
to  give  the  time  evolution  of  the  beam  radius.  The  curve  fits 
are  thus  performed  to  an  integral  quantity,  the  total  cur¬ 
rent  within  the  outer  radius  of  each  collector  segment, 
which  makes  the  curve  fit  results  less  susceptible  to  error 
from  random  noise.  The  data  inversion  is  done  with  NRL’s 
ASYST-based  scientific  data  acquisition  and  analysis  sys¬ 
tem  using  a  modified  version  of  the  Newton-Raphson 
least-squares  minimization  method.1718  Figure  4  gives  the 
raw  data  and  fits  to  both  a  centered  Gaussian  and  Bennett 
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FIG.  S.  Time  dependence  of  the  half-current  radius  and  total  current 
obtained  from  a  Gaussian  fit  to  the  data  from  an  intense  relativistic  elec¬ 
tron  beam  produced  by  the  SuperlBEX  accelerator.  Also  shown  is  the 
total  current  measured  by  the  outer  Faraday  collector  SFC5. 


profile  at  a  time  ts.  46  ns  into  the  beam  pulse  shown  in  Fig. 
1.  The  data  are  fit  to  Eqs.  (2)  and  (4)  above,  i.e.,  to  the 
expression  for  the  total  current  enclosed  within  a  given 
radius  I(r0)  assuming  a  centered  Gaussian  or  Bennett  cur¬ 
rent  density  profile.  Although  there  is  a  10%  difference  in 
the  value  of  the  total  current  determined  by  the  Gaussian 
and  Bennett  fits,  there  is  less  than  5%  difference  in  the 
value  of  the  half-current  radius  given  by  the  two  fits.  The 
result  of  the  fit  to  a  Bennett  profile  is  a  total  current  of  14.8 
kA  and  a  half-current  radius  0.96  cm,  compared  with  the 
results  of  a  fit  to  a  Gaussian  profile  with  a  total  current  of 
13.5  kA  and  a  half-current  radius  of  0.92  cm.  Figure  5 
shows  the  half-current  radius  a  l/2  and  axial  current  density 
from  fitting  the  data  to  a  Gaussian  current  density  profile 
from  the  same  shot  on  the  SuperlBEX  accelerator  as 
shown  in  Figs.  1  and  4.  Figure  5  illustrates  the  variation  in 
the  beam  radius  induced  by  the  low-pressure  gas  cell  from 
aj/2  s  3 .6  cm  early  in  the  pulse  to  a  I/2  =:  0.9  cm  shortly  after 
the  peak  current.  Also  shown  in  Fig.  5  is  the  total  current 
measured  by  the  outer  Faraday  collector  SFC5. 

V.  TESTS  OF  DATA  INVERSION  ROUTINES:  EFFECT 
OF  BEAM  OFFSET,  NOISE  AND  MISSING  DATA 
POINTS 

The  most  important  source  of  nonsystematic  error  for 
the  instrument  is  beam  centroid  position  offset  from  the 
nominal  beam  axis.  Other  sources  of  error  include  electro¬ 
magnetic  pickup  in  the  signal  cables  as  well  as  inaccuracies 
in  the  calibration  of  Rogowski  coils.  Finally  there  can  be 
additional  uncertainty  in  the  half-current  radius  determi¬ 
nation  at  various  times  during  the  beam  pulse  due  to  miss¬ 
ing  data  points  caused  by  low  signal-to-noise  on  a  given 
collector  signal  or  redundant  signals  on  two  or  more  col¬ 
lectors.  Simulated  input  data  were  used  to  test  the  data 
inversion  routines  for  the  effects  of  beam  centroid  offset, 
random  noise  and  missing  data  on  the  reconstructed  half- 
current  radius. 


The  beam  centroid  in  most  intense  relativistic  electron 
beams,  including  the  beam  produced  by  the  SuperlBEX 
accelerator,  is  subject  to  some  degree  of  motion  or  sweep 
away  from  the  nominal  beam  axis.  The  actual  beam  posi¬ 
tion  can  be  determined  experimentally  by  a  number  of  in¬ 
dependent  diagnostics,  including  magnetic  beam  centroid 
location  monitors,1 9,20  time-integrated  exposures  of  radi- 
achromic  film  as  well  as  time-resolved  streak  and  framing 
camera  images  of  Cerenkov  emission  from  thin  Teflon® 
foils  immediately  upstream  of  the  Faraday  collector.  In  the 
accelerator  configuration  used  for  the  Faraday  collector 
experiments,  the  beam  sweep  on  the  SuperlBEX  accelera¬ 
tor  was  found  on  average  to  be  less  than  or  equal  to  ±  5 
mm. 

The  Faraday  collector  data  analysis  procedure  assumes 
that  the  beam  incident  on  the  collector  is  both  axisymmet- 
ric  and  well-centered.  A  computer  program  was  written 
that  produced  simulated  input  data  for  a  beam  of  a  pre¬ 
scribed  current  density  profile  displaced  a  fixed  distance 
along  the  positive  x  axis.  The  program  calculates  the  cur¬ 
rent  that  would  be  collected  by  each  collector  segment  for 
the  test  beam.  These  results  are  then  used  as  the  input  to 
the  fitting  program  precisely  in  the  same  manner  as  the 
experimental  data.  The  data  inversion  was  found  to  be 
insensitive  to  beam  centroid  offsets  as  much  as  one-half  to 
one  times  the  radius  of  the  center  of  the  Faraday  collector 
(rc ,)  depending  on  the  beam  radius  as  discussed  below. 

The  data  simulation  program  finds  the  current  col¬ 
lected  in  each  Faraday  collector  segment  for  a  beam  dis¬ 
placed  a  fixed  distance  A r  from  the  nominal  beam  axis.  The 
beam  offset  (A r)  is  given  in  terms  of  the  smallest  Faraday 
collector  segment  radius  (rfl).  Figure  6(a)  shows  the  cur¬ 
rent  measured  by  each  Faraday  collector  segment  as  a 
function  of  beam  centroid  offset  (A r/rfl)  for  a  beam  with 
a  Gaussian  current  density  profile.  SFC1  is  the  innermost 
collector  and  SFC5  is  the  outermost  collector.  The  Gauss¬ 
ian  radius  aG  =  2rfl  where  rc,  is  the  radius  of  SFC1.  Figure 
6(b)  gives  the  percentage  change  in  the  measured  current 
on  each  of  the  five  collectors  as  a  function  of  beam  offset 
( Ar/rcl )  relative  to  a  centered  beam  ( Ar=0).  Beam  offsets 
Ar  <  0.5  rcl  result  in  changes  in  the  measured  current  on 
all  five  collectors  relative  to  a  centered  beam  of  approxi¬ 
mately  5%.  As  the  magnitude  of  the  beam  offset  increases, 
the  discrepancy  between  the  measured  current  for  the  off¬ 
set  beam  compared  with  a  centered  beam  increases.  The 
most  serious  problems  occur  with  the  centermost  collec¬ 
tors.  This  problem  is  also  most  severe  for  beams  with  small 
Gaussian  radii.  Figure  7  shows  the  discrepancy  in  the  cur¬ 
rent  collected  by  the  center  collector  (SFC1 )  as  a  function 
of  beam  offset  (A r/rcl)  for  beams  with  Gaussian  radius 
aG  equal  to  1,  1.5,  2,  2.5,  and  3  times  the  center  collector 
radius  (rcl).  As  the  beam  radius  increases,  the  change  in 
the  current  collected  by  the  center  segment  decreases 
sharply  and  accordingly  the  error  in  the  radius  determina¬ 
tion  caused  by  the  beam  centroid  offset  decreases  as  well. 
Figure  8  gives  the  fitted  value  of  the  Gaussian  radius  as  a 
function  of  beam  offset  from  the  data  inversion  routines  for 
beams  with  the  same  set  of  input  Gaussian  radii.  Again  it 
is  clear  that  the  error  is  most  significant  for  beams  with 
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FIG.  6.  (a)  Variation  in  the  measured  current  on  each  of  the  five  Faraday 
collectors  as  a  function  of  beam  offset  (Ar/Vcl)  where  Ar  is  the  beam 
centroid  offset  and  re,  is  the  radius  of  the  center  Faraday  collector.  These 
curves  were  calculated  for  a  Gaussian  beam  profile  with  a  Gaussian  radius 
ac  =»  2rrl.  The  total  current  modern  on  the  Faraday  collector  was  normal¬ 
ized  to  one;  (b)  the  percentage  change  in  the  measured  current  on  each  of 
the  five  collectors  as  a  function  of  beam  offset  (Ar/r,rl)  relative  to  a 
centered  beam  (Ar=0).  The  discrepancies  in  the  collected  current  be¬ 
tween  offset  beams  and  a  centered  beam  are  largest  for  the  smaller  radii 
collector  segments. 
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FIG.  7.  Variation  in  the  percentage  of  the  total  current  measured  by  the 
center  collector  as  a  function  of  beam  offset  (A r/rcl)  for  beams  with 
Gaussian  radii  equal  to  1,  1.3,  2,  2.5,  and  3  times  the  censer  oiiin*. 
radius  (rfl).  The  larger  the  Gaussian  radius,  the  less  a  given  offset 
changes  the  percentage  of  the  total  current  measured  by  the  censer  col- 
lector. 


effect  not  only  of.  noise  on  the  actual  experimental  signals, 
hut  in  addition  the  effects  of  small  calibration  errors  in  the 
Rogowski  coils.  For  random  noise  levels  <  10%  of  the  in¬ 
put  signals,  the  data  analysis  routines  were  found  to  repro¬ 
duce  the  input  beam  current  and  radius  profiles  to  within 
the  same  percentage  error  as  in  the  input  signals.  Sensitiv¬ 
ity  of  the  calculated  half-current  radius  to  the  choice  of  an 
analytic  beam  profile — Gaussian  or  Bennett —  was  found 
to  be  minimal.  The  use  of  a  Gaussian  function  to  fit  sim¬ 
ulated  Bennett  profile  data  resulted  in  an  error  of  only  3% 
in  the  calculated  half-current  radius — an  accuracy  better 
than  that  of  the  experimental  measurement. 


Gaussian  radii  small  compared  to  the  beam  offset 
(ag/Ar  <  1).  The  simulations  show,  however,  that  even 
for  small  beams  (a^/r,.  t  si),  beam  centroid  offsets  of 
0.5  re i  result  in  no  more  than  10%  error  in  the  radius 
determination.  A  detailed  examination  of  Fig.  8  suggests  a 
more  general  result,  namely  that  the  error  is  fixed  at  ap¬ 
proximately  10%  for  beam  center  offsets  equal  to  one- half 
the  beam  radius.  The  simulation  results  show  that  for  the 
typical  ±5  mm  beam  offsets  encountered  in  SuperlBEX, 
the  Faraday  collector  data  inversion  routine  correctly  gives 
the  beam  half-current  radius  to  within  10%  of  the  actual 
value  for  small  beams  and  to  within  even  greater  accuracy 
for  larger  beams. 

The  two  sources  of  random  noise  in  the  signals  are  an 
average  ±  5%  uncertainty  in  the  Rogowski  coil  calibration 
values  and  a  10-mV  background  due  primarily  to  electro¬ 
magnetic  pickup  in  the  cables.  Random  noise  at  the  digi¬ 
tizer  sampling  rate  frequency  at  various  percentages  of  the 
instantaneous  total  current  amplitude  was  added  to  the 
simulated  input  signal.  This  test  was  intended  to  study  the 


FIG.  8.  The  reconstructed  half-current  radii  from  the  data  inversion  rou¬ 
tines  at  a  function  of  beam  offset  (A r/rel)  stunning  a  Oamaian  beam 
profile  with  Gatnoan  radius  oc  —  nr,,  (n  «  1,  1.3,  2,  2.3,  and  3)  where 
rri  is  the  radius  of  the  center  collector  (SFC1 ).  If  the  beam  centroid  offset 
is  one-half  the  Gsiisrisn  radios  or  less,  then  the  fitted  half-current  radius 
is  within  10%  of  the  actual  half-current  radius. 
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Numerical  simulation  of  the  detector  response  sug¬ 
gested  that  this  collector  geometry  could  resolve  the  large 
half-current  radii  (a1/2s: 5  cm)  characteristic  of  the  beam 
head  as  well  as  small  half-current  radii  (aI/2  <  1  cm)  char¬ 
acteristic  of  the  beam  radius  at  peak  current.  The  combi¬ 
nation  of  low  current-density  and  large  half-current  radii 
(a,/ 2  x  5  cm),  which  would  be  characteristic  of  the  beam 
head,  resulted  in  signal  amplitudes  comparable  to  back¬ 
ground  noise  levels  for  the  center  collector.  Data  on  the 
four  remaining  collectors  were  sufficient,  however,  to  allow 
the  fitting  algorithms  to  produce  fits  to  the  input  data  good 
to  within  the  accuracy  of  the  measurement  (±5%).  Sim¬ 
ilarly,  small  half-current  radii  (al/2  <  l.S  cm),  which 
would  be  characteristic  of  the  peak  current,  produced  re¬ 
dundant  signals  on  the  fourth  and  fifth  collectors  due  to  the 
low  current  density  in  the  wings  of  a  Gaussian  profile,  but 
gave  distinct  signals  on  the  first  four  collector  segments 
which  were  sufficient  to  determine  the  half-current  radius 
again  to  within  the  accuracy  of  the  experimental  measure¬ 
ment. 

VI.  COMPETITION  BETWEEN  SCATTERING  AND 
RANGE  EFFECTS 

The  low  degree  of  ionization,  surface  damage  and  sec¬ 
ondary  electron  emission  make  graphite  a  commonly  em¬ 
ployed  material  for  use  as  beam  dumps  as  well  as  for  Far¬ 
aday  cup  applications  involving  intense  relativistic  electron 
beams.  Preliminary  experiments  with  the  segmented  con¬ 
centric  Faraday  collector  on  the  SuperlBEX  accelerator 
used  collector  segments  made  entirely  of  range- thick 
graphite.  At  times  late  in  the  beam  pulse,  when  optical 
diagnostics  viewing  Cerenkov  emission  from  a  thin 
Teflon®  foil  gave  beam  radii  typically  of  1.2  cm,  the  Far¬ 
aday  collector  indicated  a  radius  as  much  as  20%  larger. 
This  discrepancy  appears  to  have  been  due  to  electron  scat¬ 
tering  within  the  graphite  from  one  collector  segment  to 
another  giving  an  anomalously  large  value  for  the  half¬ 
current  radius.  Since  the  radial  current  profile  is  typically 
peaked  on  axis,  the  scattering  from  one  graphite  Faraday 
collector  segment  to  the  next  statistically  redistributes  the 
beam  current  distribution  towards  higher  values  for  the 
half-current  radius.  The  effect  of  electron  scattering  from 
one  segment  to  the  next  in  the  Faraday  collector  was  in¬ 
vestigated  both  theoretically  and  experimentally. 

The  range  and  scattering  of  charged  particles  incident 
on  matter  are  old  problems  in  physics  that  were  treated 
extensively  in  the  early  days  of  particle  accelerators.21'23 
Energy  loss  or  stopping  of  energetic  electrons  in  a  dense 
medium  is  given  by24 

dy  /  e2  \2  y2  F  /2mc2\  1 

sr  -  - 1 + 7 

-Hn^-l)],  (5) 

where  y  =  ( 1  —  uVc2)  ~ 1/2  is  the  usual  relativistic  factor, 
v  is  the  particle  velocity,  AT  is  the  number  density  of  atoms 
in  the  collector,  Z  is  the  atomic  number,  e  and  m  are  the 
electron  charge  and  mass,  ff<o>)  x  10  eV  is  a  typical  atomic 


excitation  energy,  and  t  is  the  penetration  distance  or  path 
length  in  the  material.  The  stopping  power  increases  pro¬ 
portionally  to  NZ,  i.e.,  nearly  proportionally  to  the  mass 
density;  thus,  the  range  of  5-MeV  electrons  is  approxi¬ 
mately  12  mm  in  graphite  (N  —  9.0  X  1022  cm'3  and 
Z=6),  but  only  about  3  mm  in  stainless  steel  (N 
=  8.6  X  1022  cm' 3  and  Z= 26  where  the  principal  atomic 
constituent  of  stainless  steel  is  iron). 

As  the  electrons  slow  in  the  collector  material,  they 
suffer  numerous  small-angle  scattering  collisions  resulting 
in  substantial  deviations  from  their  initial  straight-line  tra¬ 
jectory.  This  is  of  little  concern  in  single-element  large-area 
Faraday  collectors  or  multi-element  devices  with  Urge  sep¬ 
aration  between  elements.  However,  in  small-area,  closely 
spaced,  multi-element  Faraday  collectors  such  as  the  one 
described  here,  an  electron  incident  on  one  segment  may 
deposit  its  charge  in  another  segment  giving  an  erroneous 
measurement  of  the  beam  radial  current  density  distribu¬ 
tion.  The  velocity  vector  of  an  individual  electron  scatters 
into  a  Gaussian  probability  distribution  of  angles  q  about 
its  original  direction. 


f>(d)=  -(n®)-|/2exp(  -  a2/®2), 

where  0  increases  as23 
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Xln^^i73  +  -ln(7^— l)j  .  (7) 

The  scattering  rate  varies  as  NZ2  and  thus  increases  rap¬ 
idly  with  the  Z  of  the  material. 

To  determine  the  degree  to  which  a  beam  spreads  out 
radially  while  stopping,  it  is  necessary  to  solve  Eqs.  (6) 
and  (7)  self-consistendy.  A  Fokker-Planck-type  equation 
which  incorporates  stopping  and  scattering  could  be  de¬ 
rived  and  solved  numerically.  Equivalently,  one  could  use 
a  Monte  Carlo  numerical  approach  to  calculate  the  elec¬ 
tron  transport.  We  do  not  need  such  an  elaborate  treat¬ 
ment  here.  Our  objective  is  merely  to  understand  the  cir¬ 
cumstances  in  which  scattering  from  one  collector  segment 
to  another  is  excessive  and  choose  material  for  which  this 
will  be  a  negligible  effect.  To  this  end,  we  present  in  the 
Appendix  an  approximate  solution  in  closed  form  of  the 
scattering  and  stopping  problem.  For  electrons  with  initial 
energy  5  MeV,  we  find  that  the  rms  radius  of  the  beam 
electrons  at  stopping  R,top  is  given  by 


*Lp=*n+  1.O0J  +  O.2I  cm2 


= J?o  +  0.0017©q  4-  0.012  cm2 


(8) 


(9) 


in  stainless  steeL  Here  Rq  is  the  rms  radius  and  0O  is  the 
rms  spread  in  velocity  angles  at  the  entrance  plane  to  the 
Faraday  collector. 

The  solution  shows  that  beam  spreading  falls  off  rap¬ 
idly  with  the  Z  of  the  collector  material,  mainly  because 
range  shortening  is  the  dominant  effect  Equation  (8)  in¬ 
dicates  that  spreading  in  a  graphite  collector  is  quite  ap- 


preamble  for  beam  radii  A0<1  cm,  a  regime  of  primary 
interest  in  the  SuperlBEX  experiments.  In  stainless  steel, 
by  contrast,  spreading  is  only  appreciable  if  R0< 2  to  3  mm 
well  below  the  typical  minimum  beam  radii  encountered  in 
our  experiments.  In  both  cases,  the  term  proportional  to 
6j»  which  represents  simply  the  effect  of  straight-line  beam 
trajectories  of  electrons  whose  initial  velocity  is  oblique,  is 
a  small  correction  to  the  scattering  term;  for  5-MeV  elec¬ 
trons  propagating  in  gas  prior  to  striking  the  Faraday  col¬ 
lector,  typically  @o<0.05. 

These  calculations  led  to  the  design  of  the  composite 
collector  segment  consisting  of  a  thin  graphite  overlayer 
followed  by  range-thick  high-Z  material  such  as  stainless 
steel.  The  stainless  steel  is  the  primary  material  for  stop¬ 
ping  and  collecting  the  incident  electrons,  whereas  the  pur¬ 
pose  of  the  graphite  is  to  limit  melting,  spalling,  and  sec¬ 
ondary  electron  emission. 

VII.  COMPARISON  OF  GRAPHITE  VERSUS 
COMPOSITE  COLLECTORS  (EXPERIMENTAL 
RESULTS) 

Experiments  were  conducted  to  verify  the  theoretical 
prediction  of  appreciable  scattering  across  collector  ele¬ 
ments  with  the  low-Z  graphite  collector  and  negligible 
scattering  with  higber-Z  stainless-steel  dements.  These  ex¬ 
periments  also  served  to  test  whether  the  3-mm  graphite 
overlayer  was  sufficient  to  limit  surface  damage  to  the  un¬ 
derlying  stainless  steel.  A  range-thick  stainless-steel  aper¬ 
ture  with  radius  equal  to  the  center  segment  was  placed 
immediately  in  front  of  the  Faraday  cup.  The  outer  collec¬ 
tors  were  thus  prevented  from  collecting  any  beam  current 
except  that  scattered  outward  from  the  center  collector.  In 
the  absence  of  scattering  from  one  dement  to  the  next, 
nearly  all  the  beam  current  which  passes  through  the  ap¬ 
erture  would  be  collected  by  the  center  dement  and  all  the 
Rogowski  coils  would  measure  the  same  current  within  the 
limit  of  their  calibration  accuracy.  If  scattering  is  an  im¬ 
portant  effect,  then  there  will  be  substantial  beam  current 
losses  in  the  center  collector  relative  to  the  adjacent  col¬ 
lector. 

The  experiment  was  performed  on  SuperlBEX  with 
peak  currents  on  the  order  of  2-10  kA.  In  the  first  group  of 
experiments,  the  center  collector  was  made  entirely  of 
graphite.  In  the  second  group  of  experiments,  the  center 
collector  consisted  of  a  3-mm-thick  graphite  disk  placed  on 
top  of  a  range-thick  stainless-sted  cylinder.  In  both  exper¬ 
iments,  radiachromic  film  was  wrapped  azimuthally 
around  the  center  collector  to  detect  any  electrons  scat¬ 
tered  from  the  center  collector  to  the  adjacent  collector. 
Whereas  the  outer  Faraday  collector  Rogowski  loops  mea¬ 
sure  30%  higher  current  than  the  center  collector  loop  for 
the  case  of  graphite  only,  the  composite  collector  consist¬ 
ing  of  a  thin  graphite  overlayer  followed  by  range-thick 
stainless  shows  scattered  current  of  less  than  S%.  Figure 
9(a)  shows  the  discrepancy  between  the  current  measured 
in  the  first  collector  and  an  average  of  the  current  mea¬ 
sured  in  the  surrounding  collectors  for  the  center  Faraday 
collector  made  entirely  of  graphite.  Figure  9(b)  shows  the 
result  for  the  center  Faraday  collector  made  of  a  3-mm 
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FIG.  9.  (a)  Current  trace*  for  a  beam  inddeot  on  a  graphite-only  Fara¬ 
day  collector  after  paving  through  a  range-thick  aperture  with  radius 
equal  to  that  of  the  center  Faraday  collector — 1FC1  is  the  current  mea¬ 
sured  in  the  center  Faraday  collector  and  IAVE  is  *n  average  of  the 
current  measured  in  the  four  surrounding  collectors.  These  is  a  discrep¬ 
ancy  of  greater  than  30%  discrepancy  between  IFC1  and  IAVE  dae  to 
scattering  of  electrons  from  the  center  collector  to  the  outer  collectors, 
(b)  The  same  measurement  made  on  a  Faraday  collector  consisting  of 
range-thick  wain  less  steel  with  a  thin  graphite  overlaycr.  Here  the  scat¬ 
tering  has  been  greatly  reduced  and  the  discrepancy  between  IPC1  and 
IAVE  is  small,  indicative  merely  of  the  noise  level  in  the  measurement. 

graphite  overlayer  on  top  of  range-thick  stainless  steel  In 
this  case,  there  is  little  or  no  additional  current  read  in  the 
surrounding  collectors  compared  with  the  current  mea¬ 
sured  on  the  center  collector.  The  radiachromic  film  sur¬ 
rounding  the  graphite  center  collector  showed  a  significant 
degree  of  exposure  due  to  radially  scattered  elections, 
whereas  the  film  surrounding  the  composite  graphite  and 
stainless-steel  collector  showed  essentially  no  exposure.  In 
addition,  disassembly  of  the  graphite  and  stainless-steel 
collector  showed  no  visible  surface  damage  to  the  under¬ 
lying  stainless-steel  cylinder  for  current  densities  up  to  4 
kA/cm2. 
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APPENDIX:  CALCULATION  OF  BEAM  SCATTERING 
IN  THE  COLLECTOR  SEGMENTS 

In  order  to  avoid  the  complexities  of  a  full  Fokker- 
Planck  treatment,  we  shall  argue  that  the  process  of  beam 
stopping  and  scattering  can  be  separated  into  two  disparate 
regimes  which  we  shall  treat  as  appropriate  limiting  cases. 
In  the  first  regime.  Regime  (A),  which  applies  to  the  early 
part  of  the  beam  electron  trajectory  in  the  collector,  the 
beam  is  well  collimated  with  axial  velocities  v2  much  larger 
than  transverse  velocities  Scattering  can  then  be  treated 
as  velocity  diffusion  in  the  two-dimensional  transverse 
plane.  In  the  second  regime,  Regime  (B),  which  applies 
later  in  the  trajectories,  the  beam  electron  velocities  have 
been  nearly  isotropized.  Scattering  is  then  appropriately 
treated  as  a  random  walk  in  three-dimensional  position 
space.  In  both  cases,  energy  loss  must  be  treated  self -con¬ 
sistently  with  scattering. 


Regime  A:  Velocity  diffusion 


The  beam  enters  the  collector  with  only  a  small  spread 
@o  in  velocity  angles  0\  typically  this  is  on  the  order  of  5% 
for  the  3-MeV,  10-20  ltA  beams  produced  by  the  Super 
IBEX  accelerator.  In  this  situation,  the  principal  effect  of 
scattering  is  to  add  random  velocity  increments  to  the 
transverse  electron  velocity  This  comes  at  the  expense 
of  the  axial  velocity  o„  but  the  decrease  in  vt  due  to  the 
scattering  is  small  until  0  becomes  a  large  angle.  Thus  the 
process  at  work  is  velocity  diffusion  in  the  transverse  plane, 
which  is  directly  represented  by  Eq.  (7)  for  d&/dt.  This 
equation  must  be  integrated  simultaneously  with  Eq.  (3) 
for  y. 

Equation  (3)  can  be  approximated  by  setting 
lnfimrVdKwjlslnUO5),  and  using  an  average  value  for 
the  small  time-dependent  correction  y~ 2  +  lnfy2— 1 ).  For 
initial  value  y0~  I 1.  this  gives 


■jt=  -***=:  -  1.37 X  10~ 23jVZ. 


(Al) 


Although  (Al)  neglects  various  y -dependent  factors  on 
the  right-hand  side,  it  is  remarkably  accurate;  errors  are  on 
the  order  of  10%.  It  follows  that 


r=ro-*W’  (A2) 

where  the  subscript  zero  indicates  the  value  at  the  entrance 
to  the  collector.  can  be  regarded  as  a  very  weakly 
dependent  function  of  y^  for  y0  =  1 1,  has  a  numerical 

value  of  7.4  for  graphite  and  30  for  stainless  steel. 

In  the  same  spirit,  Eq.  (7)  for  02  can  be  approximated 
as 


d&(t) 
dt  ~  y2 


=  1.20X10 


-23 


NZ1 

~T' 


(A3) 


where  X**,  is  similarly  a  very  weak  function  of  y<>  with  the 
value  at  y0  =  1 1  of  39  for  graphite  and  630  for  stainless 
steel  Inserting  (A2)  into  (A3)  and  integrating  then  gives 


02=©o 


K^,,t 

ro(ro-AW)  ‘ 


(A4) 


For  a  velocity  space  diffusion  process,  the  evolution  of 
the  rms  radius  R  is  related  to  the  velocity-angle  rms  spread 
0  by 


tfR2 

IF 


=202(r). 


(A5) 


Upon  inserting  (A4)  for  O2,  Eq.  (AS)  can  be  integrated 
twice  to  give 


(A6) 

It  is  reasonable  to  expect  that  this  treatment  is  valid 
qualitatively  up  to  the  value  of  t  determined  by 

02(f,)  =  l.  (A7) 


According  to  Eqs.  (A4)  and  (A2),  this  is  given  by 

^  * 

ToAjtop  +  Ktixi 

and  the  value  of  y  is  then 
^kmYo 


(A8) 


y,sy(r,)=— 


(A9) 


'  Astop  Yo 

For  graphite  with  y0  =  1 1,  r,  =  1.00  cm,  y,  =  3.6,  and 
R?=RS+  1.000^  +  0.17  cm2.  (A10) 


For  stainless  steel  with  y0  =  11,  r,=0.13  cm,  y,  =  7.1,  and 

R?=R„  +  0.0017@g  +  0.006  cm2.  (All) 

At  the  point  r,,  the  beam  velocities  have  been  largely 
isotropized.  We  see  that  this  occurs  far  along  in  the  trajec¬ 
tory  for  graphite,  but  early  for  stainless  steel.  It  is  also 
apparent  that  the  radial  spreading  in  real  space  at  this 
point  is  much  greater  for  the  graphite  than  for  stainless. 


Regime  B:  Random  walk  in  three-dimensional 
position  space 

For  t>tt,  we  shall  treat  the  beam  electrons  as  if  they 
were  isotropic  in  ’locity  distribution  (although  this  is  still 
only  roughly  true  at  r,).  Thus  scattering  no  longer  provides 
a  net  transfer  of  energy  from  to  nj ,  and  two-dimensional 
velocity-space  diffusion  for  is  no  longer  an  appropriate 
model.  From  this  point  on,  individual  electrons  can  be 
regarded  as  doing  a  random  walk  with  constant  speed  c 
(we  neglect  the  decrease  in  speed  for  ys:  1 )  and  with  the 
time-step  (  equal  to  the  time  for  an  electron  to  scatter 
additionally  through  0  =  it/ 2,  and  thus  lose  the  memory 
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of  its  velocity  direction.  According  to  Eq.  (A4),  r  is  a 
decreasing  function  of  t  given  by 


(A12) 


YU)Ku ;op  +  (4/tr2)*^ 

Since  the  transverse  speed  v,  —  (v\  +  t>2) 1/1  is 
(2/3)1/2c  for  an  isotropic  velocity  distribution,  this  ran¬ 
dom  walk  causes  the  transverse  rms  radius  R(t)  to  in¬ 
crease  according  to 


-=Z>(r), 


(A13) 


(A14) 


where  the  diffusion  coefficient  D(t)  is  given  by 

2  y^(t) 

D(,).?,(,)=5_ ,A1«) 

Equations  (A13)  and  (A14)  can  be  integrated  in 
closed  form,  using  (Al)  to  relate  y  to  t.  Performing  the 
integral  from  /,  to  the  point  where  the  electrons  stop  (y 
=  1),  we  find 


\ri-i 


is*2,  (r\  +  (*/»2)Jir\ 

nl"l  +  (4/^)A-jj  ’ 


(A15) 


where  K  =  KKU/K„otr  The  value  of  the  right-hand  side  of 
(A  15)  is  0.04  cm 2  for  graphite  and  0.006  cm'  for  stainless 
steel.  Thus,  combining  this  result  with  (A10)  or  (All), 
we  have  for  graphite 


*«op=*o+  1000^  +  0.21  cm2 
and  for  stainless  steel 

A2  =/?o  +  0.00 17©o  +  0.012  cm2. 


(A16) 


(A17) 


It  is  apparent  that  radial  spreading  is  significant  in  graphite 
for  beams  with  A0<1  cm,  but  in  stainless  steel  only  for 
beams  with  A0<3  mm. 

'EP.Ue,  Phyv  Fluids  21.  1327  ( 1978). 

2W.  M.  Fawley.  Bull  Am.  Phyv  Soc  35.  1034  (1990). 

*R.  F.  Hubbard.  S.  P.  SUnker.  R.  F.  Feraskr,  M.  Lampe.  and  G.  Joyce, 
Bull  Am.  Phys  Soc.  35.  2083  ( 1990). 

‘M.  Lampe,  R.  F.  Femsler,  R.  F.  Hubbard,  and  S.  P.  Stinker.  Butt.  Am. 
Phys.  Soc.  35,  2083  ( 1990). 

SK.  L.  Brown  and  G.  W.  Taurfest,  Rev.  Sa  lustrum  27.  696  ( 1936). 
4E  J.  Lauer.  R.  J.  Briggs.  T.  J.  Fessenden.  R.  E.  Hester,  and  E  P.  Lee. 
Phyv  Fluids  21.  1344  (1978). 

’A.  Lucbes,  V.  Nassisi.  and  M.  R.  Perron*.  Rev.  Sci.  lustrum.  56.  738 
(1985). 

*H  Matsuzawa  and  T.  Akitsu.  Rev.  Set.  Instrum.  58.  140  (1987). 

4M.  G.  Msrarskis.  R.  B.  Miller.  J.  W.  Poukey,  and  R.  J.  Adler.  J.  Appl. 
Phyv  62,  4024  ( 1987). 

10 D.  Pellmen.  Rev.  Sci.  Instnim.  41.  1347  (1970) 

"R.  L.  Schuch  and  J.  G.  Kelly,  Rev.  Sci.  Instrum.  43.  1097  (1972). 

I2T.  P.  Starke.  Rev.  Sci.  Instnim.  51.  1473  ( 1980). 

11 W.  Stygar  and  G.  Gerdin,  IEEE  Trans.  Plasma  Sci.  10,  40  (1982). 

14  R.  B.  Miller.  Introduction  of  the  Physics  of  Intense  Charged  Particle 
Beams  (Plenum.  New  York.  1982).  p.  130. 

I!S.  Humphriev  Jr..  Charged  Particle  Beams  (Wiley.  New  York.  1990). 
p.  383. 

14  E  P  Lee.  Phys.  Fluids  19.  60  (1976). 

”D.  A.  H.  Jacobs.  Ed..  The  State  of  the  Art  in  Numencal  Analysis 
(Academic,  London.  1977),  p.  269. 

"W.  H.  Press,  B.  P.  Flannery.  S.  A.  Teukobky.  and  W.  T.  Vetterimg. 
.Numerical  Recipes:  The  Art  of  Scientific  Computing  (Cambridge  Uni¬ 
versity  Press.  Cambridge,  1986),  p  234. 

*T.  J.  Fessenden.  B.  W.  Stallard,  and  G.  G.  Berg.  Rev.  Sci.  Instrum.  43. 
1789  (1972). 

20 R.  E.  Pechacek  (private  communication). 

21 H.  A.  Bethe.  M.  E  Rose,  and  L.  P.  Smith.  Proc.  Am.  Phil.  Soc.  78.  373 
(1938). 

22  W.  A.  Fowler.  C.  C.  Lauritsen.  and  T.  Lauritsen,  Rev.  Mod.  Phys.  28. 
236  (1948). 

:3R.  R.  Wilson.  Phyv  Rev.  84.  100  ( 1951). 

24  J.  D.  Jackson.  Jr..  Classical  Electrodynamics.  1st  ed.  (Wiley.  New  York. 
1962).  p.  440. 

25  J.  D.  Jackson.  Jr..  Classical  Electrodynamics.  1st  ed.  (Wiley,  New  York. 
1962),  p.  457. 


o«v  «<•<  inatnim  Veil.  «9.  No.  19.  Pacambor  1991 


2903 


Appendix  JJ 


Enhanced  Mixing  from  Shock-Generated 
Turbulence  in  Dusty  Air 


investigation  of  weak 
^  Proc  15th  Inti  Symp 

n.  Adiabatic  waves  in 

reflection  of  a  shock 
29-248:422 

•f  planar  shock  waves 
®  on  Shock  Tubes  and 

gas  in  a  shock  tube. 

nonlinear  hypersonic 


Enhanced  mixing  from  shock-generated  turbulence  in 
dusty  air 
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Abstract.  Rapid,  localised  deposition  of  energy  in  air  accompanies  the  propagation  of  laser 
beams,  lightening  bolts,  and  charged-particle  beams.  Unless  the  beam  and  the  ionised  channel  in 
which  it  propagates  are  perfectly  symmetric,  uniform,  and  coaxial,  there  is  misalignment  between 
pressure  gradients  generated  by  the  shocks  associated  with  the  energy  deposition  and  the  density 
gradients  induced  by  the  rapid  expansion  of  the  heated  beam  channel.  This  results  in  persistent 
vortieity  rapidly  cascading  into  turbulence.  This  shock-generated  turbulence  mixes  cold  gas  from 
outside  the  channel  with  the  beam-heated  gas,  quenching  and  broadening  the  channel  much 
faster  than  thermal  conductivity  wouldwuggest.  This  “anomalous  thermal  conduction,”  which  in 
lightening  bolts  accounts  for  much  of  the  Earth’s  nitrogen  fixation,  was  first  observed  without 
explanation  in  experiments  (Grieg  et  si.  1985).  It  was  subsequently  explained  theoretically  and 
simulated  computationally  in  a  number  of  two-dimensional  cases  (Picone  et  al.  1981,  Picooe  and 
Boris  1983,  1988).  Recent  experiments  at  Livermore,  discussed  in  (Hubbard  1990)  with  very 
uniform  symmetric  beams  in  clean  gas,  however,  showed  markedly  lew  turbulence  than  earlier 
experiments,  suggesting_that  possibly  the  purity  of  the  propagation  gas  may  have  been  a  factor. 
This  paper  reporta  2-D  and  3-D  simulations  including  the  enhanced  turbulence  arising  Grom  dust 
particles  exploded  by  the  beam  in  air. 

Key  weeds:  Dusty  air,  Mixing,  Turbulence 

« 

1.  Description  of  the  simulation  codes 

Compressible  gasdynamk  problems  involving  both  rotational  effects  (vortices,  turbulence)  and 
compressible  effects  (sound  waves,  shocks)  are  described  by  m  set  of  multidimensional  continuity 
equations  which  express  the  physical  laws  of  mass,  momentum,  and  energy  conservation.  In  2-D 
gasdynamics  there  are  four  continuity  equations  all  having  basically  the  same  form.  In  3-D  there 
are  five.  Each  of  these  equations  requires  an  accurate,  high- resolution  algorithm  for  its  solution 
because  fluid  problems  usually  generate  very  steep  gradients  in  the  solution  such  as  at  shocks  and 
vortex  interaction  boundaries  (Boris  and  Book  1970). 

Each  of  the  individual  continuity  equations,  in  each  of  the  Cartesian  directions  is  solved 
by  a  single,  highly  optimised  algorithm  called  Flux -Corrected  Transport  which  guarantees  the 
physically  important  positivity  property  of  fluid  mass  and  energy  densities.  We  use  the  most 
recent  one-dimensional  version  of  the  FCT  algorithm,  LCPFCT  (Boris  et  al.  1991)  to  solve  the  set 
of  coupled  continuity  equations.  This  flexible  general  module  is  used  with  direction  and  timestep 
splitting  to  construct  tvn>dimensional  and  three-dimensional  simulations  which  allow  physically 
realistic  boundary  conditions  in  a  number  of  non-periodic  geometries.  The  kernel  of  the  algorithm 
consists  of  about  30  lines  of  C-star  which  has  been  specifically  designed  and  optimised  for  parallel 
computation  on  the  Connection  Machine. 

A  Connection  Machine  consists  of  many  thousands  of  individual  scalar  processors  connected 
in  a  hypercube  configuration  (Oran  et  al.  1990a,  1990b).  Communication  to  and  control  of  these 
processors  is  through  a  front-end  computer.  The  user  controls  the  16,384  processors  on  the  CM 
through  a  front-end  computer;  at  NRL  these  are  Suns.  Each  of  the  individual  processors  can  be 
reconfigured  into  a  larger  number  of  virtual  processors,  typically  in  powers  of  two.  The  actual 
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The  pictures  in  Figs.  2-5  show  graphically  the  turbulent  effects  that  can  occur  with  multiple 
particle  beams  in  air.  The  first  set  of  parameters  was  for  a  two  pulse  simulation  and  Fig*.  2  and 
3  show  density  contours  and  vorticity  contours.  The  second  set  of  parameters  was  for  a  five  pulse 
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cue  where  Fig*.  4  end  5  correspond  to  the  feme  quantities  a*  described  in  the  two  poise  case. 
Figure  2  showed  that  over  the  2  ms  time  scales  of  relevance  for  ATA/MPPE  the  channel  did  not 
deform  significantly  for  the  listed  parameters.  This  figure,  coupled  with  the  lack  of  turbulence 
seen  on  the  vorticity  plot  in  Fig.  3  and  with  the  velocity  data  taken  from  the  FCT  code  (Vmax 
after  equilibrium  of  2-3  m/s)  lead  to  the  conclusion  that  turbulence  won't  be  a  factor  in  the  two 
pulse  experiments. 

The  five  pulse  case  was  very  different,  however.  Figure  4  showed  much  greater  channel  defor¬ 
mation  after  the  fifth  pulse  than  was  seen  in  the  two  puke  case.  This  deformation,  added  to  the 
complex  vorticity  pattern  shown  in  Fig.  5  and  the  large  maximum  fluid  velocities  (10-13  m/s), 
lead  to  the  conclusion  that  turbulence  would  play  a  major  rote  in  the  beam  propagation  exper¬ 
iment  modeled  by  this  simulation.  The  turbulence  effect  could  be  lessened  if  the  beam-channel 
offsets  are  kept  small  (i.e.  leas  than  ss  0.1  J2»)  and  interpuke  separation  short  (i.e.  less  than  ns  1 
ms). 

3.  Three-dimensional  simulations 

The  recent  symmetric  beam  experiments  at'  Livermore  (Hubbard  1990)  in  uniform  clean  gas 
showed  much  leas  turbulence  than  earlier  experiments.  Several  different  reasons  were  postulated 
for  thk  difference:  1)  large,  undiagnosed  differences  between  the  two  sets  of  experiments  such  as 
two-dimensional  filamentation  of  the  earlier  beams,  2)  high  sensitivity  to  three-dimensional  beam 
instability  effects  not  treated  in  previous  theoretical  work  nor  accessible  to  earlier  computations, 
and  3)  the  generation  of  small-scale  turbulence  by  micron-scale  particulate  inclusions  in  the  gas 
which  explode  in  the  beam,  Earlier  generations  of  laser  experiments,  in  fact,  employed  particulates 
to  cause  the  initial  channel  ionisation  and  breakdown. 

We  now  present  3-D  time-dependent  numerical  simulations  of  shock-generated  turbulence  in 
the  presence  of  suspended  dual  particles.  Because  of  the  obvioua  differences  in  the  attention  to 
the  purity  of  the  propagation  gases  in  the  various  experiments,  thk  third  alternative  wa*  a  priori 
considered  to  be  the  moat  likely  explanation  and  the  subject  of  the  3-D  numerical  experiments 
reported  here.  Previous  research  on  shock-generated  turbulence  had  avoided  the  specifically  3-D 
effects  such  as  particle  inclusion  asymmetries  because  digital  computing  hardware,  until  the  last 
two  or  three  years,  has  been  too  small  and  slow  to  permit  adequate  treatment  of  the  3-D  problem. 
The  inclusion  problem  k  particularly  difficult  in  3-D  because  of  the  wide  range  of  space  scales 
involved.  With  the  arrival  of  multiprocessor  Crays  in  the  scientific  community  with  millions  of 
words  of  memory,  and  in  particular,  with  the  arrival  of  the  massively  parallel  TMC  Connection 
Machine  at  NRL,  such  computations  became  possible. 

The  3-D  effects  of  particle  inclusions  in  beam-generated  turbulence  were  studied  in  several 
long  computations  using  our  optimised  Flux-Corrected  Transport  model  FAST3D  with  a  256  x 
128  x  128  grid  on  the  CM.  The  computational  cells  were  0.1  nun  on  a  side.  The  straight  beam 
channel,  initially  at  rest,  had  a  linear  density  profile  from  0.43  mg/cm3  inside  of  2.0  mm  radius 
increasing  to  1.29  mg/cm3  at  2.5  mm  radius  and  beyond.  25  lower  density  pockets  (particulate 
inclusions)  were  added  on  a  helix  of  radius  1.5  mm.  Each  inclusion  had  a  factor  of  two  density 
reduction  in  an  expanded  radius  of  0.4  mm,  representing  a  dust  particle  already  exploded  by  the 
initial  beam.  A  second  beam  puke  was  represented  by  a  1.0  mm  radius  10:1  overpressure  in  a 
mode  3  oscillating  path  in  the  center  of  the  channel  with  a  displacement  of  1.0  mm.  This  roughly 
represents  a  hose- like  perturbation  of  about  8.5  mm  wavelength.  The  density  initial  conditions 
are  shown  in  Fig.  6  for  a  number  of  slices  along  the  length  of  the  beam  channel.  The  inclusions 
are  seen  as  dark  spots  near  the  periphery  of  the  channel. 

After  the  initial  rapid  expansion  to  pressure  'equilibrium,  a  residual  flow  of  complex  vortex 
filaments  remains  and  linearly  increases  the  area  of  the  well  mixed  region.  The  large-scale  vorticity 
pattern  generated  by  the  expansion  shock,  and  the  well-developed  turbulent  state  after  4000 
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timesteps  (250  pa)  are  shown  in  Fig.  7  where  a  remnant  of  the  large-scale  sinusoidal  perturbation  is 
overlaid  with  appreciable  small-scale  turbulence  from  the  inclusions.  The  long-term  linear  growth 
of  the  beam-channel  area  corresponds  to  an  anomalous  diffusion  coefficient  of  140  cm3/*  as  shown 
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in  Fig.  8-  Although  the  detailed  simulation*  left  residual  turbulence  velocities  of  about  40  m/s 
four  or  five  times  faster  than  previously  observed  in  3-D  simulations,  these  flows  are  still  slow 
compared  to  the  sound  speed  and  thus  requite  many  short  timestep*.  To  deal  with  this,  the 
timestep  stretching  algorithm  developed  and  implemented  in  the  original  2-D  CM  beam-channel 
code  (Picone  and  Boris  1983)  was  adapted  to  the  FAST3D  model.  Since  the  residual  turbulent 
Hosts  exceed  40  m/s,  the  time  stretching  factor  was  h mated  to  4:1  and  could  only  be  applied  after 
the  initial  fast  shock  solutions  from  the  second  beam  overpressure  had  exited  the  computational 
domain.  The  method  of  application,  essentially  an  artificial  compression  algorithm,  was  designed 
to  guarantee  no  numerical  vorticity  generation  in  iaentropic  regions. 

Using  this  algorithm  and  completely  filling  the  16K  processor  NRL  Connction  Machine  the 
first  200  fia  of  the  beam  channel  evolution  will  be  simulated.  The  mixing  diagnostic  used  was  the 
time  evolution  of  the  entrainment  volume,  defined  as  the  volume  of  the  gss  in  the  initial  beam 
channel  plus  the  volume  of  any  background  air  entrained  out  to  the  5%  channel  gas  contour  level. 
The  results  of  these  simulations  show  that  dust  particles  can  indeed  contribute  significantly  to 
the  shock-generated  turbulence  due  to  the  exceedingly  sharp  gradient*  and  small  scales  which 
they  induce.  - 
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1.  INTRODUCTION 

Our  objective  is  to  develop  a  model  for  the  long  range  reverberation  in  the  ARSRP  natural 
laboratory  that  ia  able  to.  reproduce  the  major  qualitative  feature*,  of  tho^data  anfeprovitfe-a 
reasonable  qu^marire  estimate  of  mch  revetberaiou  levels.  We  have beanmng  the  adiabatic 
normal  inodes  wmdel  to  estimate  the  transmission  loss.  A  full  wave  backacanering  calculation 
allows  us  to  also  the  scattering  straights. 

2.  REVERBERATION  MODELING 

Once  we  compute  the  transmission  loss  and  the  scattering  coefficients  using  an  approach 
discussed  by  the  authors  in  previous  meterings,  we  follow  a  procedure  similar  to  the  one  used 
by  Makris  [1]  to  map  the  experimental  reverberation  to  the  bathymetry.  Since  the  geometry 
far  the  Acoustics  Reconnaissance  experiment  was  to  a  good  aproximation  monostatic  we  consider 
here  only  this  case. 

From  our  approximate  solution  to  the  Helmholtz  equation  far  the  acoustic  field  we  obtain 
estimates  for  the  intensity  of  the  acoustic  field  at  the  bottom  and  for  the  backscattered  field 
at  the  bottom.  Then  we  cany  out  a  spatial  convolution  of  the  product  of  the  intensities  of  the 
incident  and  the  backscattered  fields  at  the  bottom  wife  the  beam  pattern  of  fee  receiving  array. 
This  procedure  involves  computing  for  each  point  on  fee  reverberation  map  at  a  distance  R  from 
the  source,  an  integral  over  an  annulus  with  the  same  radius  on  the  horizontal  plan,  centered  on 
the  source,  and  wife  width  equal  to  a  pulse  lenght  This  quantity  is  then  plotted  on  the  horizontal 
plane  covering  the  region  of  interest. 

3.  CONCLUSIONS 

We  present  five  plots.  The  first  one,  labeled  Bathymetry,  shows  the  bathymetry  in  the 
natural  laboratory,  with  the  SW  comer  at  coordinates  25.3  N  -  47,4  W  and  the  NE  comer  at 
coordinates  27.4N  -  45.0W,  corresponding  to  a  240  km  by  240  km  area.  This  is  the  high 
resolution  bathymetry  and  it  differs  significatively  irom  the  one  in  the  DB5  database.  Just  below 
it  is  a  experimentally  obtained  reverberation  map  extracted  by  N.  Makris  from  the  data  collected 
at  the  ARSRP  Acoustics  Reconnaissance  experiment.  The  other  three  plots  represent  our  attempt 
to  simulate  this  data  set.  The  parameters  are  those  of  the  experiment,  with  the  frequncy  being 


270  Hz.  The  third  plot  is  the  transmission  loss  at  the  bottom  over  the  same  area  as  in  the 
bathymetry  plot.  The  fourth  plot  is  the  dB  level  of  the  backscanered  field  at  the  bottom,  also 
over  the  240  km  by  240  km  region.  Finally,  the  fifth  plot,  entitled  Reverberation  Map,  presents 
our  attemp  to  reproduce  the  experimental  data  mentioned  above.  Noticed  that  area  has  been 
reduced  to  conform  with  the  data,  instead  of  a  240  km  by  240  km  area,  we  present  the 
reverberation  over  a  222  km  by  222  km  region.  Some  of  the  qualitative  features  of  the  data  are 
reproduced,  including  the  returns  from  the  big  spot  on  the  left  side,  near  mid* height  in  the 
empirical  reverberation  map.  But  the  reverberation  level  is  quite  off.  While  the  reverberation 
level  in  the  data  ranges  from  40  dB  to  100  dB,  ours  ranges  from  3  dB  to  46  dB.  At  this  moment 
we  do  not  know  whether  this  huge  difference  is  due  to  the  ommission  of  some  factor  in  our 
processing  of  the  synthetic  data  or  in  the  acoustic  field  modeling  itself. 
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INTRODUCTION 

Heated  columns  or  channels  have  been  produced  at  several  laboratories  using  lasers,  guided 
discharges,  or  propagating  relativistic  electron  beams.  These  experiments1  have  shown  that 
turbulent  or  convective  mixing  of  the  hot  air  with  the  cooler  gas  outside  the  channel  causes  the 
channels  to  cool  much  more  rapidly  than  expected  from  classical  thermal  conduction.  Picone 
and  Boris2  modeled  this  process  using  a  standard  2-0  FCT  hydro  code  and  developed  simple 
phenomenological  models  for  incorporating  convective  cooling  in  axisymmetric  models.  These 
simple  models  use  a  form  factor  /  to  model  the  cooling  process  and  have  been  used  by  several 
groups3,4  to  predict  range  extension  effects  in  the  upcoming  ATA  Multi-Pulse  Propagation 
Experiment  (ATA/MPPE). 

ATA/MPPE  will  attempt  to  produce  beams  which  can  propagate  with  modest  hose  insta¬ 
bility  growth,  thus  producing  nearly  axisymmetrc  deposition  patterns.  However,  most  previous 
experiments  and  simulations  treated  cases  with  highly  asymmetric  deposition  profiles,  so  rela¬ 
tively  little  is  known  in  the  regime  of  interest  to  ATA/MPPE.  In  this  paper,  we  describe  2-D 
hydro  calculations  using  a  new  FCT5  algorithm  developed  for  NRL’s  massively— parallel  Con¬ 
nection  Machine.  Since  the  time  scales  of  interest  for  ATA/MPPE  are  much  longer  than  those 
in  the  original  Picone-Boris  study2  and  a  finer  spatial  grid  is  required,  these  simulations  would 
have  been  very  expensive  to  run  on  a  CRAY.  A  major  goal  of  this  study  is  to  estimate  the 
scaling  of  the  Picone-Boris  form  factor  /  in  the  nearly-axisymmetric  regime. 

PROBLEM  DEFINITION 

A  version  of  the  LCPFCT*  code  was  run  for  several  sets  of  possible  ATA/MPPE  parame¬ 
ters.  Both  two  pulse  and  five  pulse  cases  were  studied.  The  turbulence  problems  were  set  up  on 
a  256  by  256  grid  with  periodic  boundary  conditions.  Both  a  stretching  and  a  damping  factor 
were  added  to  the  grid  in  order  to  limit  errors  caused  by  reflected  shock  waves  feeding  back 
into  the  calculations  through  the  boundary  conditions.  The  simulations  assumed  that  the  first 
pulse  generated  a  smooth  gaussian  density  depression,  and  the  calculations  began  at  the  arrival 
of  the  second  pulse,  which  created  an  offset  gaussian  overpressure.  In  the  five  pulse  cases,  a 
third  pulse  was  added  after  2.0  ms,  a  fourth  after  4.0  ms,  and  so  forth.  Each  pulse  after  the 
second  was  offset  from  the  channel  center  randomly  in  a  square  pattern  at  a  distance  L.  0.5 
cm  in  this  case.  The  random  placement  of  these  pulses  simulated  the  inherent  uncertainty  in 
aiming  the  particle  beam  in  the  experiment. 

The  physical  parameters  for  the  two  pulse  case  were:  characteristic  channel  radius,  Rr  = 
.800  cm,  characteristic  beam  radius,  Rb  =  .600  cm,  channel  center  density,  pc  =  8.90  x  10"4 
gm/cc,  and  beam  center  overpressure,  6 Pi,  =  2  x  Pa.  The  numerical  parameters  were  set 
to  a  cell  size  of  0.1  cm  in  both  the  x  and  y  directions  and  to  a  simulation  run  time  of  2.0  ms. 


The  multi-pulse  case  had  these  parameters:  characteristic  channel  radius,  Rc  =  .888  cm, 
characteristic  beam  radius,  Rb  =  .600  cm.  channel  center  density,  pe  =  5.90  x  10“*  gm/cc. 
and  beam  center  overpressure,  SPf,  =2  x  Pa.  The  numerical  parameters  were  set  to  a  cell 
size  of  0.1  cm  in  both  the  x  and  y  directions  and  to  a  simulation  run  time  of  6.8  ms. 

DESCRIPTION  OF  CODE 

Compressible  gasdynamic  problems  generally  involve  both  rotational  effects  (vortices,  tur¬ 
bulence.  etc.)  and  compressible  effects  (sound  waves,  shocks,  etc.)  but  are  described  by  a 
set  of  multidimensional  continuity  equations  (partial  differential  equations)  which  express  the 
physical  laws  of  mass,  momentum,  and  energy  conservation.  In  2-D  gasdynamics  there  are 
four  continuity  equations  all  having  basically  the  same  form.  Each  of  these  equations  requires 
an  accurate,  high-resolution  algorithm  for  its  solution  because  fluid  problems  generally  generate 
very  steep  gradients  in  the  solution  such  as  at  shocks  and  vortex  interaction  boundaries.7 

Each  of  the  four  individual  continuity  equations,  in  each  of  the  two  Cartesian  directions  is 
solved  by  a  single,  highly  optimized  algorithm  called  Flux-Corrected  Transport  which  guarantees 
the  physically  important  positivity  property  of  fluid  mass  and  energy  densities.  This  fluid 
convection  module  to  solve  the  set  of  coupled  continuity  equations,  is  the  most  recent  one¬ 
dimensional  version  of  the  FCT  algorithm5,  LCPFCT.  This  flexible  general  module  is  used 
with  direction  and  timestep  splitting  to  construct  two-dimensional  simulations  which  allow 
physically  realistic  boundary  conditions  in  a  number  of  non-periodic  geometries.  The  kernel 
of  the  algorithm  consists  of  about  30  lines  of  C-star  which  has  been  specifically  designed  and 
optimized  for  parallel  computation  on  the  Connection  Machine. 

A  Connection  Machine  consists  of  many  thousands  of  individual  scalar  processors  con¬ 
nected  in  a  hypercube  configuration8.  Communication  to  and  control  of  these  processors  is 
through  a  front-end  computer.  At  NRL,  there  are  two  Connection  Machines,  one  with  16,384 
(16K)  processors  and  one  with  8,192  (8K)  processors.  The  user  controls  these  through  one  of 
several  kinds  of  front  ends:  a  VAX.  a  Symbolics,  or  a  Sun.  Each  of  the  individual  processors  can 
be  reconfigured  into  a  larger  number  of  virtual  processors,  typically  in  powers  of  two,  the  actual 
number  limited  by  the  storage  required  for  the  algorithm  and  the  size  of  the  computational 
grid.  Floating-point  arithmethic  is  carried  out  by  Weitek  chips,  each  of  which  does  pipelined 
processing  of  the  floating-point  operations  for  32  of  the  scalar  processors. 

RESULTS 

In  order  to  estimate  the  Picone-Boris  form  factor,  /:  the  equation  given  by 
/  =  *  /gm/p.mi/r.,  )ln(pa/pc)  must  be  solved.  Here,  k  was  the  integrated  vor¬ 
tex  filament  strength,  g  =  (Rbf  -  Rb)2 / R2  was  a  measure  of  the  beam  expansion  rate  to  its 
final  value  Rbf,  6Pb  was  the  beam-generated  overpressure.  Pa  was  the  ambient  pressure,  re, 
was  the  equilibration  time  for  the  vortex  filament  strength,  and  pa  and  pc  were  the  ambient 
and  channel  densities,  respectively.  For  the  parameters  listed  above,  the  quantity  g  =  0.23. 

Values  of  /,  k,  and  re?  are  listed  in  table  1  for  various  values  of  the  beam-channel  offset, 
L.  Table  1,  yielded  the  graph  in  figure  1  which  represented  one  curve  of  the  family  of  curves 
that  make  up  the  form  factor.  The  curve  obtained  by  this  code  strongly  resembled  the  curves 
generated  by  Picone  and  Boris  and  for  L  <  Rb,  f  was  proportional  to  L.  thus  supporting  the 


assumptions  made  in  Ref.  3. 

The  following  pictures  show  graphically  the  turbulent  effects  that  can  occur  with  multipie 
particle  beams  in  air.  The  first  set  of  parameters  was  for  a  two  pulse  simulation  and  figures 
2  and  3  show  density  contours  and  vorticity  contours.  The  second  set  of  parameters  was  for 
a  five  pulse  case  where  figures  4  and  S  correspond  to  the  same  quantities  as  described  in  the 
two  pulse  case. 

CONCLUSIONS 

Figure  2  showed  that  over  the  2  ms  time  scales  of  relevance  for  ATA/MPPE  the  channel 
did  not  deform  significantly  for  the  listed  parameters.  This  figure,  coupled  with  the  lack  of 
turbulence  seen  on  the  vorticity  plot  in  figure  3  and  with  the  velocity  data  taken  from  the  FCT 
code  (vmax  after  equilibrium  of  2-3  meters/second)  lead  to  the  conclusion  that  turbulence 
won't  be  a  factor  in  the  two  pulse  experiments. 

The  five  pulse  case  was  very  different,  however.  Figure  4  showed  much  greater  channel 
deformation  after  the  fifth  pulse  than  was  seen  in  the  two  pulse  case.  This  deformation,  added 
to  the  complex  vorticity  pattern  shown  in  figure  5  and  the  large  maximum  fluid  velocities  (10-15 
meters/second)  lead  to  the  conclusion  that  turbulence  would  play  a  major  role  in  the  beam 
propagation  experiment  modeled  by  this  simulation.  The  turbulence  effect  could  be  lessened 
if  the  beam-channel  offsets  are  kept  small  (i.e.  less  than  ss  0.1  i?t)  and  interpulse  separation 
short  (i.e.  less  than  ss  1  ms). 

The  beam-channel  offset  used  for  the  five  pulse  simulations  in  this  paper  was  probably 
too  large  for  the  ATA/MPPE  experiment.  The  pulse  to  pulse  overpressure  ratio  in  the  actual 
experiment  will  decrease  with  pulse  number.  As  a  result  of  these  factors,  more  simulations  will 
have  to  be  conducted  to  better  model  the  experiment. 
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I.  INTRODUCTION 

Beam  propagation  in  density  channels  is  a  major  focus  of  the  current 
DARPA  experimental  program.  The  ATA  Multi-Pulse  Propagation  Experiment  (HPPE) 
vill  attempt  to  demonstrate  stability,  tracking  and  range  extension  in  the 
channel  formed  by  a  five-pulse  burst  of  10  HeV,  6-8  kA  beams.  Also  inprogress 
are  tracking  experiments  at  NRL  using  the  PULSERAD  and  SuperlBEX  beams  in 
laser-guided  electric  discharge  (LGED)  channels.  This  paper  provides  an 
overviev  of  theoretical  work  at  NRL  in  support  of  these  propagation 
experiments.  More  detail  can  be  found  in  Refs.  1-7. 

II.  ATA  MULTI-PULSE  PROPAGATION  STUDIES 

Overview:  Detailed  predictions  for  an  ATA/MPPE  burst  require  treatment 

of  the  complicated  coupling  between  beam  propagation  and  channel  physics  over 

times  scales  up  to  5  msec.  To  address  these  problems,  we  have  carried  out 

five-pulse  axisymmetric  simulations  which  combine  the  SIMM0  beam  propagation 

code,  the  CHMAIR  II  detailed  air  chemsitry  code  and  the  HINT  long- time-scale 

chemistry  and  hydro  code.1  The  redults  are  used  to  predict  the  range  of  each 

pulse  and  to  provide  realistic  channels  for  SARLAC  hose  instability 

simulations.  Supporting  these  simulations  are  more  detailed  studies  of 

2  3 

certain  air  chemistry  effects  and  convective  cooling.  Ve  have  also  studied 
the  sensitivity  of  lead  pulse  hose  instability  growth  to  the  amplitude  of  BBU 

4 

and  corkscrew-induced  perturbations  and  choice  of  emittance  tailoring 

method.^  Finally,  ve  have  assessed  the  feasibility  of  an  ATA  pulse-decoupling 
*  6 

experiment . 

Typical  parameters  for  these  studies  are  beam  energy  Eq  =  10  MeV,  peak 
curent  Iq  =  5  kA,  nominal  beam  radius  a^  =  0.5cm,  pulse  length  rp  =  33  nsec, 
pulse  separation  ts  -  1.25  msec  and  an  emittabce  variation  of  4:1. 


1 


multi-pulse  axisymmetric  propagation  and  channel  dynamics:  In  these 

simulatins,  the  SIMMO  particle  code  is  used  for  x  <  xp  to  propagate  the  bean 

abd  dump  beam  current  density  J^(r,C»z).  Here  £  =  ex  =  ct  -  z  is  the  distance 

from  the  beam  head  and  z  is  the  propagation  distance  in  air.  CHMAIR  II  uses 

the  input  from  SIMMO  to  calculate  beam  and  ohmic  depoeition  and  detailed 

air  chemistry  forx_  <  x  <  2x  at  several  z-locations.  HINT  is  then  used  to 
P  P 

calculate  the  ling-time-scale  behavior  of  the  channel  (x  <  x  ),  including  the 

s 

effects  of  htdrodynamic  expansion,  thermal  and  convective  cooling,  and 
vibrational  relaxation.  This  generates  a  density  profile  p(r,z)  which  is 
input  into  SimmO  for  the  next  pulse  in  the  burst,  and  the  process  id  repeated. 

Six  simulations  were  run  to  determine  the  sensitivity  of  the  channel 
depth  and  the  transported  beam  fluence  to  model  assumptions.  The  fluence 
Qn(R,z)  is  defined  as  the  transported  beam  charge  for  the  n**1  pulse  vithin  a 
radius  R  of  the  beam  axis  at  a  fixed  location  z.  The  ratio  Q^/Qj  for  R  *  1.1 
cm  and  z  *  6  m  varied  between  1.4  and  1.85,  indicating  modest  range  extension. 

The  channel  depth  at  z  =  0  was  very  sensitive  to  the  assumed  Picone-Boris  form 

3 

factor  f  for  convective  cooling:  the  on-axis  density  at  the  fifth  pulse  was  a 
factor  of  two  higher  when  f  was  raised  from  0  to  0.05.  However, the  predicted 
fluence  at  z*  6  m  changed  by  less  than  15%  because  the  convecUvely-cooled 
channel  was  significantly  broader.  Changes  in  the  assumed  chemistry  model  for 
SIMMO  and  the  inclusion  of  enhanced  vibrational  cooling  from  CO2  produced 

modest  but  noticible  changes  in  the  fluence. 7 

2  ^ 

Chemistry  effects  in  ATA/MPPE:  A  new  air  chemistry  model  for  SIMMO  and 

SARLAC  was  developed  using  these  same  basic  approach  as  in  the  standard 
"VIPER"  model.  The  new  model  includes  attachment  and  revised  rate  coeficients 
benchmarked  against  detailed  CHRAIR  II  calculations  in  the  ATA/MPPE  regime. 

The  new  model  gives  similar  axisymmetric  behavior  and  generates  sligthly  more 
hose  instability  growth.  The  second  major  focus  of  the  air  chemistry  studies 
was  a  treatment  of  the  transfer  of  the  energy  stored  in  ^  vibrational 
excitations  to  gas  heating.  This  process  occurs  on  the  millisecond  time  scale 

but  can  be  speeded  up  by  adding  a  small  amount  of  CO.,  or  water  vapor. 

3  ^ 

Convective  cooling  in  heated  air  channels: 


2 


Fig  1.  Initial  dis-  Fig  2.  X(C)  and  Y(£)  Fig  3.  X(t)  and  Y(C)  at 

placement  X(C,0)  and  at  z  =  6o  for  Case  A2.  z  =  8m  or  Case  A3.  IQ  is 

Y(C»0)  (solid  and  BBU-induced  hose  is  raised  to  8  kA;  beam  is 

dashed  lines):  Case  A2  stronger  (solid  line).  more  unstable. 

III.  RADLAC  HOSE  INSTABILITY  SIMULATIONS 

Overviev:  Both  HF  and  LF  perturbations  are  produced  in  RADLAC  even 

though  BBU  is  thought  to  be  unimportant.  A  series  of  SARLAC  simulations  were 

performed  using  a  0.02  cm  830  MHz  HF  perturbation  in  x  and  a  0.2  cm  (at 

C  =  900  cm)  sweep  perturbation  in  y.  Nominal  beam  parameters  in  the 

simulations  were  IQ  =  10  kA,  Yq  =  41  (ramped  in  some  cases),  beam  radius 

»  2  cm,  rise  length  Cr  =  300  cm  and  normalized  emittance  tapering  by  a 

factor  ht  of  2-4  over  a  characteristic  length  of  200  cm. 

RADLAC  simulation  results:  Six  simulations  were  performed  as  described 

in  the  table  below.  The  energies  E  .  and  E_  define  the  range  of  the  energy 

min  max 

ramp,  and  X  and  Y  are  the  maximum  hose  amplitudes  at  C  *  900  cm 

max  max 

exhibited  in  12  m  of  propagation. 


Case 

E  . 
min 

E 

max 

*t 

Comment 

Xmax 

Y 

max 

R1 

20  MeV 

@0  MeV 

4 

_ 

0.5  cm 

0.5  cm 

R2 

20 

20 

4 

a.  =1.5cm 

2.5 

0.8 

R3 

5 

20 

2 

D 

>  20 

>  5 

R4 

5 

20 

4 

- 

4.5 

1.5 

R5 

5 

20 

4 

YQ»0.02cm 

4.5 

0.6 

R6 

10 

20 

4 

Faster  r-ramp 

1.1 

0.4 

As  in  the  ATA  simulations  the  high  frequency  modes  dominate  even  though 
they  are  initiated  at  a  smaller  amplitude.  Comparing  Cases  R1  and  R3,  it  is 
apparent  that  relying  on  the  natural  tailoring  which  comes  about  from  the 
energy  ramp  may  lead  to  unacceptably  large  hose  amplitudes.  This  is  in  part 


'because  the  head  is  so  hot  that  it  is  quickly  lost,  leaving  behind  a  poorly- 
tailored  beam.  Even  when  the  4:1  emittance  variation  is  restored  to  a  bean 
vith  a  y-ramp  (Case  R4),  the  beam  is  more  unstable  than  in  the  constant  energy 
case.  Figure  4  plots  X(z)  and  Y(z)  at  C  =  675  cm  for  Case  R4,  shoving  an 
initial  damping  of  the  LF  mode  followed  by  an  eventual  coupling  to  the  faster¬ 
groving  HF  mode.  Hose  amplitudes  versus  t  at  z  =  120  cm  are  shovn  for  this 
case  (Fig. 5)  and  for  the  more  unstable  weakly- tapered  Case  R3  (Fig.  6). 


Fig  4  X(z)  and  Y(z)  at  Fig  5.  X(t)  and  Y(t)  at  Fig.  6.  X(t)  and  Y(0  at 

C  =  675cm  for  RADLAC  z  >  12  m  for  Case  R4.  z  =  12  m  for  Case  R4 

Case  R4.  Note  initial  HF  mode  (solid  line)  (veaker  taper).  Note 

decay  in  Y  (dash  line).  dominates.  shorter  pulse  length. 


IV.  CONCLUSIONS  AND  REFERENCES 


For  both  ATA  and  RADLAC,  high  frequency  perturbations  appear  to  couple 
more  strongly  to  the  resistive  hose  instability  and  should  be  suppressed  if 
possible  even  at  the  expense  of  higher  sweep  amplitudes. 
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INTRODUCTION 

I  2 

Adler  and  Humphries  have  proposed  foil  focusing  as  a  Beans  of 

3 

transporting  electron  beams,  while  Favley  has  proposed  foil  focusing  for 
conditioning.  In  this  paper  ve  address  various  issues  relating  to  the  use  of 
foils  for  transporting  and'  conditioning  ultrarelativistic  beans. 

FOCAL  LENGTH 

An  isolated  foil  say  be  treated  as  a  thin  lens  of  focal  length  f^ 
provided  ffc  »  b  and  b  3/3C  «  1,  where  the  pipe  radius  b  characterizes-  ther^ 
axial  range  of  the  foil  fields  and  C.  =  ct-z  measures  distance  behind  the  bean 
head.  Ve  have  extended  the  analysis  of  Adler  to  compute  f  ^  for  four  bean 
profiles:  flat-topped,  Gaussian,  parabolic,  and  Bessel.  Plots  of  f^  in  units 
of  RIA/(l-fc)Ib  versus  r/R  are  shovn  below  for  three  values  of  b/R;  here  R  is 
the  rms  beam  radius,  IA  *  17y  kA  is  the  Alfven  current,  and  fc  (=  0  in 
vacuum)  is  a  plasma  charge-neutralization  fraction.  Ve  conclude  from  these 
plots  that:  (i)  is  relatively  insensitive  to  beam  profile;  (ii)  the 
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Here  ur(r)  is  the  radial  fluid  velocity  at  r.  Some  general  properties  are: 
(i)  Sc  *  0  for  a  perfect  lens  (constant  f^);  (ii)  Sc  is  independent  of  the 
thermal  velocity,  Sv^  ■  v^  -  and  (iii),  »  0  if  the  beam  expands 

self-similarly  (u  «  r).  Hence,  unless  the  beam  profile  changes  radically, 

r  2 
the  emittance  increases  quadradically  by  ef(}. 

Using  the  previous  results  for  f£,  ve  find  that  for  foils 
efo  *  *3  R  (1'W17  * 


where  =0.1  for  flat- topped  profiles,  g^  =0.2  for  parabolic  and  Bessel 
profiles,  and  g^  =  0.5  for  Gaussian  profiles.  The  use^  of  flat-topped 
profiles  may  thus  considerably  underestimate  the  emittance  increase  produced 


by  anharmonic  foil  focusing.  Observe  that  e^,  like  the  emittance  increase 
from  foil  scattering,  is  independent  of  beam  energy  y.  A  foil  thus  tailors  e 


only  if  R  (or  1^)  varies  with  C. 


MULTI-FOIL  TRANSPORT: 

Interactions  between  adjacent  foils  become  important  at  foil  spacings 
d  <  b.  The  preceding  theory  of  foil  focusing  can,  however,  be  readily 
adapted  provided  the  focal  length  within  each  foil  cell  satisfies  f^  »  d. 
This  condition  becomes  the  new  paraxial  condition  and  allows  the  foil  cells 
to  be  treated  as  separate  thin  lenses. 


4 

Simple  ray  optics  shows  that  a  beam  passing  through  a  series  of  lenses 
at  fixed  spacing  d  and  constant  f^  is  stable  provided  d  <  4f ^ .  For  a 
harmonic  lens  but  with  f^  *  R,  we  find  that  stability  requires  d  <  2f^,  twice 
as  restrictive  as  for  constant  f^.  At  very  large  R,  saturation  occurs.  We 
have  also  derived  a  general  "matching  condition"  for  a  beam  of  given 
emittance  e: 

d  *  2ft  {1  +  [1  -  (^in^e)2]172}  >  2f^ 

where  R  .  is  the  (minimum)  radius  between  foils.  Because  this  condition 
min 

violates  the  stability  criterion,  we  conclude  that  a  matched,  stable  beam  is 
not  possible  with  foils  -  i.e.,  the  beam  must  vary  from  one  foil  cell  to 
another.  Moreover,  emittance  grovth  from  anharmonic  focusing  or  foil 
scattering  eventually  causes  the  radius  to  grow  linearly  with  foil  number  n. 

FRIEZR  SIMULATIONS 

Ve  have  run  two  types  of  FRIEZR  simulations:  those  that  explicitly 
compute  the  foil  fields,  and  those  that  use  the  thin-lens  formalism.  The 
former  can  treat  a  broader  class  of  problems,  but  it  requires  small  spatial 
and  temporal  steps  to  resolve  the  foil  fields.  The  full  code  typically 
agrees  with  the  theoretical  calculations  for  the  focal  length  and  emittance 
growth  to  within  20Z.  Moreover,  simulations  of  multi-foil  transport  are 
consistent  with  the  analytical  predictions  for  stability  and  radius  growth, 
even  at  high  where  the  paraxial  approximation  and  the  analysis  fail. 

The  use  of  foils  for  conditioning  was  examined  using  the  thin-lens 
approximation  in  FRIEZR.  Shown  below  are  typical  results  for  ATA  using  2-mil 
carbon  foils  at  z  »  0,  39,  60  cm  and  30-mil  at  z  *  78  cm  in  an  evacuated  tank 
of  radius  7  cm.  The  beam  parameters  were  r  *  21,  1^  =  6  kA  with  a  10  ns 
rise,  R  =  1  cm,  and  s  =  0.46  rad-cm.  Although  R  and  e  are  well  tailored  at 
exit,  e  is  higher  than  desired  in  the  tail.  Such  overheating  worsens  at 
higher  Ib/IA- 

CONCLUSIONS 

Our  analysis  and  simulations  indicate  that  foil  transport  and 
conditioning  work  best  at  low  I^/IA  and  short  distances.  At  high  I^/IA , 
emittance  growth  from  scattering  or  anharmonic  focusing  becomes  excessive, 


oi/a .  o t mi  (cm) 


and  this  grovth  accelerates  as  the  bean  expands.  For  transport,  ve  have 
found  that  the  foil  spacing  must  be  kept  small  to  prevent  unstable  grovth. 


Beam  Radius  RMS  Emittance 
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INTRODUCTION 

In  this  paper  ve  summarize  our  present  theoretical  understanding  of 
active  and  passive  vaeuun  vire  cells  as  devices  for  centering  or  tailoring 
relativistic  electron  beams.  The  analytic  theory  is  reviewed  first,  followed 
by  nuaerical  simulations.  Gas-filled  vire  cells  are  considered  separately  in 
the  coepanion  paper,  "Vire  Cells  II:  Gas."  v 


THEORY 

In  this  section  ve  present  results  froa  analytic  calculations.  Ve  begin 
vith  a  brief  description  of  passive  and  active  vire  cells. 

A  passive  vacuua  vire  cell  consists  of  a  thin  resistive  vire  centered  in 
an  evacuated  pipe  vith  conducting  end  plates.1  The  bean  induces  a  charge  A^ 
and  current  Iv  on  the  vire.  The  vire  resistance  Ry  resistively  damps  Iy  in  a 
time  Ly/Ry,  where  Ly  is  the  vire  inductance.  As  a  consequence,  an 
electrostatic  pinch  force  (from  A^)  develops  vith  time. 

An  active  vacuua  vire  cell  uses  a  highly  conducting  vire  vith  an  external 
2 

current.  Because  Ry  ■  0,  the  attractive  and  repulsive  forces  froa  the 
induced  vire  charge  and  current  nearly  cancel,  leaving  the  magnetic  force 
from  the  external  current,  lextt  to  pinch  and  center  the  beam. 

Away  from  the  end  plates  and  to  order  r-2,  the  only  force  on  the  beam 
electrons  is  the  vire  force,  Fy  •  -  2Ty/r  where  Ty  a  e(Iy/c  -  A^).  The  large 
spread  in  electron  oscillation  frequency,  *  1/r,  causes  rapid  phase-mix 
damping  so  that  the  beam  quickly  centers  and  equilibrates  about  the  vire. 

Inside  the  vire  cell,  the  average  equilibrium  beam  temperature  is  given, 
independent  of  injection  conditions,  by 


T 


rFy(r) 


T 


v 
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2  2 

to  order  ay  /ab  «  1.  Here  ay  is  the  wire  radius,  a^  is  the  beam  radius, 
is  the  beam  current  density,  and  Ib  is  the  beam  current.  By  contrast,  the 
equilibrium  temperature  o£  a  self-pinched,  self-similar  beam  in  air  is  given 
by  Tg  -  ele^/2c,  where  Jeff  <  is  the  e**ective  current.  An  active  wire 
cell  thus  does  not  overheat  the  beam  (Ty  <  Tg)  provided 

r«t  i  htt/1- 

However,  in  a  passive  wire  cell,  Iy  -»  0  while  Xy  -*  — Ib/2c.  Hence,  a 
passive  cell  overheats  the  beam  by  a  factor 


Tw/TB  * 


Ib/Ieff 


1. 


Adding  a  thick  exit  foil  overheats  the  beam  further. 

The  1/r  dependence  of  Ftf  produces  beam  profiles  strongly  peaked  about  the 
wire.  For  example,  for  an  isothermal  beam  about  a  hollow  vire, 

Jb(r)  -►  Jb(0)  (ay/r)2x, 


where 

x  -  H(atf-r)/(l-aw2/ab2). 

2 

Here  H  is  the  Heaviside  step  function,  and  ab  a  Xb/itJb(0).  For  r  >  ay  and 
ab  »  ay,  x  =  1.  For  a  beam  that  is  injected  cold  and  nearly  flat-topped, 
the  equilibrium  beam  current  density  still  peaks  about  r  »  0  but  falls  off 
more  gradually  with  a  sharp  cut-off  at  the  initial  edge  radius,  ai »  V 

Jb(r)  •>  (Ib/Jia.2)  I<a.-r)/(r+aw)]  H(ai-r). 

The  minimum  beam  emittance  can  estimated  by  shoving  that  a  cold  beam  at 
injection  contracts  according  to 

<rn>  *  (n+l)~1/2  <r.n>, 

where  <r.n>  is  the  nth  radial  moment  at  injection.  Combining  this  result 
with  the  result  for  T  *  Ty  yields  a  minimum  normalized  emittance  given  by 


4Bin)  *  i<itf-cxv)/iAi1/2, 

where  is  the  rms  radius  at  injection  and  1^  a  17r  kA  is  the  Alfven 

current.  The  passive  wire  cell  thus  inverse  tailors  e  .  On  the  other  hand. 

n 

the  active  wire  cell  tailors  eR,  for  constant  I  ,  only  if  R^  flares  in  the 
head  (or  r  falls  with  O •  Note  that  a  y-raap  produces  inverse  tailoring  for 
both  cells  and  is  therefore  usually  detrimental. 

Losses  to  the  walls  and  wire  are  a  major  concern  for  solid  beams.  By 
considering  the  turning  radii  of  the  electron  orbits,  we  have  concluded  that 
the  wall  losses  are  small  provided  the  beam  temperature  at  injection  is 
small,  ^  <  Ty/2,  and  the  wall  radius  large,  b  >  2  R..  Losses  to  the  vire 
should  be  small  provided  >  Ty/5  and  ay  <  0.01  R^;  here,  finite  Tj  imparts 
angular  momentum  to  the  beam  electrons,  causing  most  to  miss  the  vire  (much 
as  occurs  for  hollow,  rotating  beams  such  as  RADLAC).  A  related  concern  is 
vire  durability  which  typically  is  poor  at  high  bean  currents  and  long 
pulses;  the  vire  must  then  be  replaced  after  each  shot. 


SIMULATIONS 

Ve  have  used  the  PEW  code  to  simulate  both  the  passive  and  active  vire 

cells.  This  code  combines  a  fully  relativistic  particle  pusher  (courtesy  of 

G.  Joyce)  and  an  ultrarelativistic  circuit  equation  to  compute  Iy  and  \tf. 

End-plate  effects  are  not  included  in  the  simulations  presented. 

A  passive  vire  cell  of  length  L  ■  1  m  and  radius  b  *  14.8  cm,  with  a  vire 

resistance  Ry  -  1  2/ cm  and  radius  ay  *  0.05  cm,  is  simulated  below.  The  bean 

current  1^  rose  to  10  kA  in  5  ns  with  r  ■  10,  half-radius  Rjyj  *  1  cm,  and 

e  »  2.3  rad-cm.  The  beam  was  injected  off-axis  at  x  »  -0.5  cm.  Plotted  at 
n  _ 

cell  exit  are  R^  nnd  en>  and  the  centroid  x.  Observe  that  the  cell 
flares  R,  inverse  tailors  &n,  and  centers  the  beam  body  but  not  the  head. 

The  cell  overheats  the  beam  by  -  30X,  relative  to  the  Bennett  temperature  in 
air.  Adding  a  thick  exit  foil  to  tailor  &n  would  overheat  the  beam  further. 


Ve  next  show  a  simulation  of  an  active  cell  with  L 


20  cm. 


0.08  cm,  and  I 


5  kA. 


Ijj  rose  to  20  kA  in  12  ns  with  r  »  10 


and  a  matching  current  Iffl  =  1.7  kA.  The  beam  was  injected  off-axis  at 
x  *  -0.5  cm  vith  R  flared  as  shown.  The  beam  at  exit  is  well  centered  and 
emittance  tailored. 


Fig.  2.  An  active  vacuum  vire  cell  (flared  beam  at  injection). 
CONCLUSION 

A  passive  vacuum  vire  cell  flares  the  radius,  centers  the  body  but  not 
head,  and  overheats  the  body.  The  overheating  becomes  substantial  at  beam 
currents  above  10  kA.  An  active  cell  centers  the  entire  beam  vitbout 
overheating,  and  tailors  the  emittance  if  the  beam  is  flared  at  injection. 
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Introduction.  This  paper  summarizes  our  predictions  for  the  ATA  MPPE. 
For  the  nominal  parameters,  =  6  kA,  r^  =  0.5  cm,  *  33  ns,  Np  *  5 

pulses,  ve  predict  that  range  extension  can  be  shovn  by.  charge 
collection  diagnostics  at  propagation  distances  of  3-6  meters  into  full 
density  dry  air.  Longer  propagation  distances  were  not  analyzed.  For 
maximum  initial  hose  perturbations  under  0.1  mm,  hose  amplification  of 
under  70  is  seen  for  6  meters  of  propagation.  Stability,  measured  as  an 
offset  at  a  fixed  laboratory  p  sition,  is  comparable  for  the  first  and 
fifth  pulses.  A  4  to  1  emittance  tailoring  over  12  ns  vas  assumed.  It 
also  appears  that  hose  displacement,  at  least  for  moderate  propagation 
distances,  is  determined  more  by  the  initial  perturbation  than  by  the 
channel .  .  « 

Other  papers1  J  in  these  proceedings  discuss  various  aspects  of 
this  experiment. 

Simulation  Model.  Several  codes,  which  have  been  developed  over  the 
years,  were  combined  to  model  this  problem.  Propagation  vas  done  with 
the  particle  simulation  codes  SIMMO,  for  axisymmetric  cases,  or  SARLAC, 
for  non-axisymmetric  studies.  These  codes  dumped  the  beam  current 
density  at  specified  propagation  distances.  For  SARLAC,  the  current 
density  vas  symmetrized  because  the  hydro  models  were  one  dimensional. 
The  current  density  and  channel  profile  were  input  to  the  detailed  air 
chemistry  code  CHMAIR  II.  This  code  calculates  the  beam  deposition, 
population  of  species,  and  channel  temperatures  but  does  not  assume 
hydrodynamic  expansion.  CHMAIR  II  simulated  about  100  ns,  enough  time 
for  ohmic  deposition  to  finish  and  for  the  electron  and  vibrational 
temperatures  to  equilibrate.  The  particle  densities  are  then 
consolidated  and  used  as  input  to  HINT.  HINT  is  a  one  dimensional  hydro 
code  which  calculates  the  channel  for  the  rest  of  the  interpulse  time 
(~lms).  The  channel  for  the  next  pulse  is  then  input  to  the  propagation 
code  and  the  process  repeats  for  the  next  pulse.  HINT  has  a  simplified 
air  chemistry  model  which  includes  7  species  and  the  gas  and  vibrational 
temperatures.  It  has  cooling  by  thermal  conduction,  but  not  by 

4 

radiation.  Non-axisymmetric  cooling  is  modeled  by  the  Picone-Boris 
theory.  The  fields  are  assumed  to  have  decayed  away. 

★Work  supported  by  the  Defense  Advanced  Research  Projects  Agency,  ARPA 
Order  No.  4395,  Amendment  80,  monitored  by  the  Naval  Surface  Warfare 
Center. 


Axisymmetric  Studies.  The  following  table  summarizes  the  results  of  six 
axisymmetric  simulations  of  the  MPPE: 

5  PULSE  AXISYMMETRIC  PROPAGATION  RESULTS 


Case 

Chem. 

Enhanced 
Cool,  (f) 

Enhanced 
Vib.  Rel. 

zp2is 

Q1 

°5 

A 

Old 

0.0 

No 

.25 

.  64 

11.0 

20.4 

B 

Old 

0.05 

No 

.53 

.73 

11.0 

18.5 

J 

New 

0.0 

No 

.26 

.80 

12.5 

18.0 

K 

New 

0.0 

Yes 

.25 

.66 

12.5 

21.4 

KM 

Nev 

0.05 

Yes 

.53 

.74 

12.5 

18.9 

KL 

New 

0.05 

Yes 

.55 

.80 

12.1 

17.2 

For  Cases  A  and  B  the  pulse  separation  vas  1  ms;  for  the  other  cases  it 
was  1.25  ms.  In  Case  KL  the  nominal  beam  radius  vas  0.6  cm.  The  "Old" 
air  chemistry  is  the  standard  VIPER  model.  The  "New"  air  chemisty  vas 
obtained  by  benchmarking  MPPE-type  beams  with  the  detailed  air  chemistry 
2 

code  CHMAIR  II  .  The  enhanced  cooling  factor  f  is  the  phenomenological 
form  factor  in  the  Picone-Boris  cooling  theory  which  models 
non-axisynmetry  hydrodynamic  effects  by  using  an  enhanced  thermal 

3 

diffusivity.  "Enhanced  Vibrational  Relaxation"  means  the  inclusion  of 

carbon  dioxide  in  the  propagation  chamber  to  thermalize  the  vibrational 

2 

energy  of  nitrogen  to  aid  hole  boring.  pm^n  is  the  minimum  fractional 

density  at  the  entrance  of  the  fifth  pulse.  Qj  and  are  the 

transported  charges  (uc)  for  pulses  1  and  5  within  1.125  cm  of  the 
chamber  axis  at  a  propagation  distance  of  z=6  ra.  Six  meters  is  roughly 
twice  the  Nordsieck  length  of  the  initial  pulse. 

By  comparing  columns  7  and  8,  all  of  these  cases  show  at  least  an 
almost  50X  increase  in  transported  charge  clearly  verifying  range 
extension. 

Cases  A  and  J  differ  in  two  ways:  pulse  separation  time  and  air 
chemistry  model.  Case  A  shows  slightly  better  range  extension 
properties,  particularly  in  channel  depth  at  large  propagation  ranges. 
Its  shorter  pulse  separation  time  allowed  less  thermal  cooling,  but  the 
major  reason  for  the  deeper  channel  is  a  15Z  greater  direct  deposition 
rate  used  with  the  "old"  chemistry. 

Non-axisymmetric  hydrodynamic  effects  are  modeled  by  using  an 
enhanced  thermal  conduction 

2  1  [p®l 

Xj.  =  PCpcgT  ^  lnjj-J  f>  ergs/ cm-sec-°K, 

0  34 

where  T  is  the  pressure  equilibration  time  and  f  is  a  form  factor.  ’ 

We  have  chosen  f  =  0.05  assuming  an  individual  pulse  has  a  symmetric 


deposition  and  the  offsets  between  pulses  are  snail  compared  to  a  bean 
radius.  Cases  A  and  B  and  Cases  K  and  KM  differ  only  in  the  value  of  f. 
A  large  difference  in  channel  depth  at  the  nozzle  is  shown  even  for  f  = 
0.05.  The  channels  with  the  nonzero  f  are  slightly  broader.  At  4  m, 
the  contrast  is  not  as  great.  Charge  transported  6  m  is  10-152  lower 
with  enhanced  cooling  but  it  is  still  appreciably  higher  for  the  fifth 
pulse  than  the  first  one.  The  amount  of  cooling  is  difficult  to  predict 
and  the  MPPE  results  will  be  very  valuable. 

The  only  difference  between  Cases  J  and  K  is  the  addition  of 
carbon  dioxide  in  the  propagation  chamber  to  aid  in  the  thermalization 
of  the  vibrational  energy  of  nitrogen.  The  channels  at  the  nozzle  at 
the  entrance  of  the  fifth  pulse  are  very  similar  although  the  Case  K 
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channel  opened  much  sooner  .  At  larger  propagation  distances  Case  K  is 
definitely  better  and  152  better  transport  to  6  m  is  predicted.  The  use 
of  carbon  dioxide  is  recommended,  though  levels  should  be  kept  as  low  as 
possible,  say  ~  12,  to  avoid  other  air  chemistry  effects. 

Cases  KL  and  KM  differ  only  in  the  nominal  beam  radius,  which  was 
0.5  cm  for  KM  and  0.6  cm  for  KL.  The  broader  beam  showed  only  slightly 
worse  range  extension  at  6  m. 

Non-axisymmetric  Studies .  Three  of  the  n on-ax i symmetric  simulations 
will  be  discussed  here.  The  first  modeled  the  beam  into  ambient  air. 

The  other  two  considered  the  fifth  pulse.  In  one  case  into  the 
(axisymmetric)  channel  of  Case  KM  and  the  other  into  the  channel  of  Case 
K.  The  initial  maximum  perturbation  was  0.1  mm  in  the  x  or  y  direction 
with  the  standard  form.  Sensitivity  to  the  exact  form  of  the  initial 
perturbation  is  discussed  in  Reference  1.  The  following  table  shows  the 
total  charge  and  deposition  centroids  for  several  propagation  distances. 


CHARGE  CENTROID  DEPOSITION  CENTROID 


PULSE 

1 

PULSE 

5 -KM 

PULSE 

5-K 

PULSE  1 

PULSE  5-KM 

PULSE 

5-K 

Z(M) 

X(CM) 

Y(CM) 

X 

Y 

X 

Y 

X 

Y 

X  Y 

X 

Y 

1 

.03 

.03 

.03 

.04 

.04 

.05 

.03 

.04 

.03  .04 

.03 

.04 

2 

-.12  - 

.10 

-.15  - 

-.15  - 

.16  - 

.17 

-.13 

-.12 

-.16  -.16 

-.15 

-.16 

3 

-.10  - 

.15 

-.03  - 

.10 

.00  - 

.06 

-.10 

-.16 

-.02  -.11 

.00 

-.06 

4 

.10 

.04 

.20 

.15 

.25 

.20 

.11 

.04 

.21  .16 

.23 

.19 

5 

.28 

.25 

.28 

.28 

.22 

.36 

.30 

.27 

.29  .30 

.21 

.33 

6 

.15 

.19 

-.06  - 

.06  - 

.06  - 

.23 

.16 

.20 

-.07  -.07 

-.07 

-.21 

Through  5  m 

the 

centroids  of 

all 

three  pulses 

track 

each  other 

to  within 

a  millimeter.  This  indicates  that  the  hose  displacement  is  determined 
more  by  the  initial  perturbation  than  by  the  presence  of  the  channel. 
Thus  employing  a  moveable  charge  collection  diagnostic  to  catch  the 
hosing  beams  may  be  successful.  The  maximum  offset  of  any  beam  slice  in 
the  beam  body  is  around  0.5-0. 7  cm  for  all  three  cases  over  the  6  m 
range . 


Conclusions.  If  the  design  parameters  are  met,  the  MPPE  should  be 
successful.  The  beam  will  be  stable  enough  to  travel  over  6  m  and  dig 
enough  of  a  channel  to  show  range  extension.  Beam  stability  will  not  be 
very  sensitive  to  the  channel.  The  greatest  unknown  will  be  the  effect 
of  anomolous  cooling. 

References. 

T7  R.F.  Hubbard,  et  al.,  "Sensitivity  of  Hose  Instability  to  Frequency 
of  Initial  Perturbations  in  Low  and  High  Current  Beams",  these 
proceedings. 

2.  S.  Slinker,  et  al. ,  "Air  Chemistry  Aspects  of  the  ATA  Multipulse 
Experiment",  these  proceedings. 

3.  P.  Boris,  et  al. , "Hydrodynamic  Simulations  of  Beam-Generated 
Turbulence  in  Channels”,  these  proceedings. 

4.  J.M.  Picone  and  J.P.  Boris,  Phys.  Fluids  26  365-382  (1983);  J.M. 
Picone,  et  al.,  "PHAZR:  A  Phenomenological  Co3e  for  Holeboring  in  Air", 
NRL  Memo  Rpt.  5647  (1985). 


